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Introduction

The papers collected in this volume were all written in celebration of Bodil Branner’s
60 year birthday. Most of them were presented at the ‘Bodil Fest’, a symposium
on holomorphic dynamics held in June 2003 at the ‘Sgminestationen’ in Holbeek,
Denmark.

JOHN MILNOR gives an exhaustive survey of the so called Lattés maps, their history,
their properties and significance within holomorphic dynamics in general and within
Thurston theory in particular.

CARSTEN LUNDE PETERSEN and TAN LEI survey the Branner-Hubbard motion and
illustrate its power by old and new examples.

MICHAEL LYUBICH and ARTHUR AVILA study the Hausdorff dimension of the Julia
sets of the sequence of infinitely renormalizeable real quadratic polynomials with
p-periodic combinatorics closest to the Chebychev polynomial, p — oo, using their
Poincaré Series technicque.

ARNAUD CHERITAT surveys his joint work with XAVIER BUFF on quadratic Siegel
disks with prescribed boundary regularity.

ROBERT DEVANEY, DANIEL M. LOOK, MONICA MORENO ROCHA, PRADIPTA SEAL,
STEFAN SIEGMUND, and DAVID UMINSKY portray the family of quartic rational maps
7+ 72 + A/z* which exhibits many interesting properties, and they pose several ques-
tions about this family.

PASCALE ROESCH subsequently answers one of these questions affirmatively.

ToMOKI KAWAHIRA studies small perturbations of geometrically finite maps into other
geometrically finite maps which are (semi)-conjugate on the Julia set to the original map.

WOLF JUNG presents his interesting thesis work on self-homeomorphisms of the
Mandelbrot set. He shows among other things that the group of such homeomor-
phisms has the cardinality of R.

NURIA FAGELLA and CHRISTIAN HENRIKSEN study the natural complexifications of the
so-called standard maps and Arnold disks in the corresponding complexifications in para-
meterspace, of the irrational Arnold tongues for rotation numbers yielding Herman rings.

TAN LETI surveys and extends the results of the unpublished thesis of PIA WILLUMSEN,
who was a Ph.D. student of Bodil Branner.

ADRIEN DOUADY, in the final paper, describes Branner-Hubbard motions of com-
pact sets in the plane, poses several convergence conjectures and proves new results
on semi-hyperbolic parameters in the Mandelbrot set.

Bodil Branner is a graduate of Aarhus University. In 1967 she submitted her master
thesis in the area of algebraic topology. Since 1969 she has worked, first as an assistant



4 Introduction

professor, later as associate professor of
mathematics at the Department of Mathemat-
ics, Technical University of Denmark, which
is situated in Lyngby, near Copenhagen.

In the summer of 1983 Branner had the
fortune to be introduced to holomorphic
dynamics when she met Adrien Douady and
John H. Hubbard.

All three participated in the Chaos work-
shop at the Niels Bohr Institute at the Univer-
sity of Copenhagen, organized by Predrag
Cvitanovic. The workshop poster displayed
the Douady Rabbit. Branner had learned
from Cvitanovic that Hubbard had general-
ized kneading sequences — used to classify
_ f A one-dimensional real uni-modal maps such
— l I’ p ) A' \ as real quadratic polynomials — to the com-
= . - plex setting, the Hubbard trees. At the time

Branner worked on iterations of real cubic
polynomials. This was initiated by Peter Leth Christiansen who in 1980 suggested, as
a topic for a student’s master thesis, the Nature paper of 1976 by Robert May on Compli-
cated Behavior of Simple Dynamical Systems, dealing with the logistic family of real
quadratic polynomials. The master student, Henrik Skjolding, made under supervision
by Branner a careful numerical study of monic cubic polynomials, and afterwards
Branner continued to iterate polynomials.

At the Chaos meeting, Branner asked Hubbard to tell her about the Hubbard trees.
This became the starting point of a very fruitful collaboration. Hubbard convinced her
easily that cubic polynomials were better treated when studied over the complex field.
Moreover, if she wanted to shift to holomorphic dynamics there would be a great
opportunity later that summer, when William Thurston would be lecturing on his
groundbreaking topological characterization of rational functions at an NSF summer
conference in Duluth.

Less than two months later Branner flew to the United States for the very first time
and was introduced to an inspiring group of mathematicians working in dynamical
systems, complex analysis, topology and differential geometry. After the conference,
Branner continued with Hubbard to Cornell University. Already during the first week
they became convinced that there was a wonderful structure in the cubic parameter
space to be unfolded. Computer pictures generated by Homer Smith on the super-
computer at Cornell University supported this belief. As a result, Branner was invited
as visiting professor to Cornell University, starting one year later.

Before then, in the summer of 1984, Douady, Hubbard and Branner spent some
time at the Mittag-Leffler Institute in Sweden. Douady and Hubbard were most of the
time working on the understanding of, and the filling in of details in, Thurston’s proof




Introduction 5

from the previous summer (where Douady had not been present), with Branner
assigned ‘guinea pig’, taking notes while they were lecturing to each other, using the
blackboard. They completed a joint preprint on Thurston’s theorem. Several years
later the manuscript was published in Acta Mathematica. Thurstons theorem is a mile-
stone in holomorphic dynamics. It asserts the equivalence of any un-obstructed post-
critically finite branched self-cover of the sphere with hyperbolic orbifold to a unique
rational map up to Mdbius equivalence. In this theory the so-called Lattés maps play
a special role (see also Milnor’s paper in this volume).

During the next one and a half year, while Branner was a visiting professor at Cornell
University, Part I of [BH] on The iteration of cubic polynomials was finished. It
describes the global topology of the parameter space C* of monic, centered cubic poly-
nomials of the form P, ,(z) =z — a’z + b. Several decompositions of the parameter
space are considered. The first splitting is to separate the connectedness locus, where
both critical points have bounded orbit and the Julia set therefore is connected, from the
escape locus, where at least one critical point escapes to infinity. The second splitting is
to foliate the escape locus into different hyper-surfaces, each one corresponding to
a fixed maximal escape rate of the critical points. A particular way of constructing
Teichmiiller almost complex structures, invariant under P, ,, were introduced as wring-
ing and stretching the complex structure. This technique is now referred to as Branner-
Hubbard motion (see also the three papers by Petersen & Tan, Tan and Douady in this
volume). The wring and stretch operation is continuous on the cubic escape locus (it is
not continuous on the entire cubic locus, see Tan in this volume). It follows that each
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hyper-surface of fixed escape rate is homeomorphic to the three-dimensional sphere,
and that the connectedness locus is cell-like: an infinite intersection of a nested sequence
of closed topological three-dimensional balls. The third splitting is within each hyper-
surface. Measuring the argument of the faster (first) escaping critical value (a choice of
faster critical value if both escape at a common rate) one obtains a fibration over the
circle with fibers a trefoil clover leaf. The final splitting in each clover leaf is governed
by the behavior of the second critical point, which may escape or not. The structure of
the set of parameters for which the second critical point does not escape can be
described combinatorially. It includes infinitely many copies of the Mandelbrot set
each with its own combinatorics. These stem from quadratic-like restrictions of
(iterates of) cubic polynomials. In fact, the starting point of it all had been the under-
standing of this combinatorial structure.

In January 1986 Branner returned to Denmark. In Spring she learned from Douady
that Yoccoz had observed that the combinatorial structure in a particular clover leaf
over the zero-argument was similar to the combinatorial structure in the %—limb of the
Mandelbrot set. How could this be justified? The comparison of quadratic polyno-
mials with connected Julia set to cubic polynomials with disconnected Julia set was
not obvious. However, moving along a stretching ray through such a cubic polynomial
towards the connectedness locus the escape rate of the critical point decreases and in
the limit the critical point is mapped onto the fixed point, which is the landing point of
the zero-ray. In the cubic one-parameter family of polynomials with one critical point
being pre-fixed, there is a limb corresponding to the fixed point being the landing point
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of the zero-ray. The correspondence between the post-critically finite quadratic and
cubic polynomials can be understood in terms of Hubbard trees. It is much harder to
establish a homeomorphism between the two relevant limbs.

Douady was at the time trying to embed the %—limb of the Mandelbrot set into the %—
limb. He was motivated by the Corollary that would follow: The main vein in the
%—limb is a topological arc, being the image of the line segment of the real axis
included in the %—limb. It turned out that it was easier to work out the surgery technique
that was needed to obtain the homeomorphisms between the relevant sets of quadratic
and cubic polynomials than the one between the different sets of quadratic polyno-
mials. Therefore, the surgery technique was developed in that order, and resulted in
ajoint paper [BD] Surgery on Complex Polynomials in Proceedings of Symposium on
Dynamical Systems, Mexico 1986, with Theorem A relating the quadratic polyno-
mials via a homeomorphism, and Theorem B relating the quadratic and cubic polyno-
mials via a homeomorphism.

Part II of [BH] describing patterns and para-patterns was finished in the spring of
1988 during the special semester on dynamical systems at the Max-Planck-Institute
fiir Mathematik in Bonn. The main inventions were on one hand the tableaus, combi-
natorial schemes, which catch enough information in the dynamical plane in order to
estimate the modulus of annuli between consecutive critical levels of Green’s func-
tion; and on the other hand the use of Grotzsch’® inequality on moduli of annuli
together with the result that for an open, bounded annulus of infinite modulus the
bounded component of the complement is just one point. Hence, if for an infinite
sequence of disjoint open annuli A,, embedded in an open bounded annulus A, the
infinite series of moduli of the A, is divergent, then the annulus A has infinite modulus
and surrounds exactly one point. This method of proving components to be point com-
ponents has been called the divergence method. An infinite tree of patterns captures
the structure in the dynamical planes. Out of these one builds para-patterns, which cor-
respond to the structure in the clover leaves. The ends are either point components, as
proved by the divergence method, or copies of the Mandelbrot set, corresponding to
quadratic-like families.

The divergence method was later extended by Yoccoz to be applied to prove local
connectivity of Julia sets of non-renormalizeable quadratic polynomials z> + ¢ with ¢ in
the Mandelbrot set and both fixed points repelling. He also proved local connectivity of
the Mandelbrot set at the corresponding c-values. The complications in the quadratic
setting is much more profound than in the cubic case, in particular the estimates in the
parameter plane. Yoccoz called the division in the dynamical planes puzzles
(instead of patterns) and the one in the parameter space para-puzzles (instead of
para-patterns).

In the summer of 1993 Branner and one of the editors (PGH) organized a NATO
advanced study institute in Hillergd, entitled Real and Complex Dynamics. For two weeks
more than 100 participants, of which about two thirds were Ph.D.-students and Post.
Docs., stayed together in ideal surroundings listening to lectures of 15 main speakers,
combined with numerous talks by other participants and lots of informal discussions.
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Much collaboration grew out of this summer school, and these young mathematicians
are now leading the new developments. Branner began to work together with Nuria
Fagella, further developing the surgery technique with the aim to prove certain symme-
tries in the Mandelbrot set, through comparisons with higher degree polynomials. Their
first joint paper Homeomorphisms between limbs of the Mandelbrot set was finished in
1995 during the special semester on Conformal Dynamics at MSRI in Berkeley,
arranged by Curt McMullen (see also the paper by Jung in this volume.)

10 years after the Hillergd meeting, in 2003, a large number of eminent researchers,
colleagues young and old, gathered at the Sgminestationen, a former Danish navy
training site, now a peaceful conference centre picturesquely located by one of the
many quiet fjords of the Danish coast. It was mid-Summer in Scandinavia. The sym-
posium became a celebration of an exciting active area of mathematics, of warm and
long lasting international friendships, and, not least, of the wonderful life and inspiring
scholarship of Bodil Branner.

PGH & CLP
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§1. The Lattes paper. In 1918, some months before his death of typhoid fever,
Samuel Lattes published a brief paper describing an extremely interesting class of
rational maps, which have since played a basic role as exceptional examples in the
holomorphic dynamics literature. Similar examples had been described by Schroder
almost fifty years earlier, but these seem to have been forgotten. (Compare §6.) In any
case, Lattes provided a more general foundation for the study of these maps, and his
name has become firmly attached to them.

His starting point was the “Poincaré function” 8 : C — C associated with a repel-

ling fixed point zop = f(zo) of a rational function f : C — C. This can be described as
the inverse of the Kcenigs linearization around z(, extended to a globally defined mero-
morphic function.! Assuming for convenience that zo # oo, it is characterized by the
identity

FO@®) =06(n1)

for all complex numbers ¢, with 8(0) = zy, normalized by the condition that & (0) = 1.
Here = f'(z¢) is the multiplier at zo, with |p| > 1. This Poincaré function can be
computed explicitly by the formula

0 = lim [ (zo+1/u").

! Compare [La], [P], [K]. For general background material, see for example [M4] or [BM].
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Its image 6(C) C Cis equal to the Riemann sphere C with at most two points removed.
In practice, we will always assume that f has degree at least two. The complement

@\G(C) is then precisely equal to the exceptional set &, consisting of all points with
finite grand orbit under f.

In general this Poincaré function 6 has very complicated behavior. In particular, the
Poincaré functions associated with different fixed points or periodic points are usually
quite incompatible. However, Lattés pointed out that in special cases 6 will be peri-
odic or doubly periodic, and will give rise to a simultaneous linearization for all of the
periodic points of f outside of the postcritical set. (For a more precise statement, see
the proof of 3.9 below.)

We will expand on this idea in the following sections. Section 2 will introduce
rational maps which are finite quotients of affine maps. (These are more commonly
described in the literature as rational maps with flat orbifold metric—see §4.) They can
be classified into power maps, Chebyshev maps, and Lattes maps according as the Julia
set is a circle, a line or circle segment, or the entire Riemann sphere. These maps will be
studied in Sections 3 through 5, concentrating on the Lattes case. Section 6 will describe
the history of these ideas before Lattes; and §7 will describe some of the developments
since his time. Finally, §8 will describe a number of concrete examples.

§2. Finite Quotients of Affine Maps. It will be convenient to make a very mild
generalization of the Lattés construction, replacing the linear map 7+ p ¢ of his con-
struction by an affine map t+> at+ b. Let A be a discrete additive subgroup of the
complex numbers C. In the cases of interest, this subgroup will have rank either one or
two, so that the quotient surface C/ A is either a cylinder C or a torus 7 .

Definition 2.1. A rational map f of degree two or more will be called a finite quotient
of an affine map if there is a flat surface C/A, an affine map L(f) =at+ b from C/A

to itself, and a finite-to-one holomorphic map © : C/A — ([A:\Ef which satisfies the
semiconjugacy relation f o © = © o L. Thus the following diagram must commute:

c/An L /A
el el )
o L T

We can also write f=0 o L o © ! It follows for example that any periodic orbit of
L must map to a periodic orbit of f, and conversely that every periodic orbit of f out-
side of the exceptional set £ is the image of a periodic orbit of L. (However, the peri-
ods are not necessarily the same.) Here the finite-to-one condition is essential. In fact
it follows from Poincaré’s construction that any rational map of degree at least two
can be thought of as an infinite-to-one quotient of an affine map of C.
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These finite quotients of affine maps can be classified very roughly into three types,
as follows. The set of postcritical points of f plays an important role in all cases.
(Compare Lemma 3.4.)

Power maps. These are the simplest examples. By definition, a rational map will be
called a power map if it is holomorphically conjugate to a map of the form

fa)=2"

where a is an integer. Note that f,, restricted to the punctured plane C\{0} = @\5 fas
is conjugate to the linear map ¢+ at on the cylinder C/27Z. In fact f,(e'") =¢'™,
where the conjugacy > ¢’ maps C/2nZ diffeomorphically onto C\{0}. The degree
of f,is equal to |a|, the Julia set J(f,) is equal to the unit circle, and the exceptional
set £, = {0, oo} consists of the two critical points, which are also the two postcritical
points.

Chebyshev maps. These are the next simplest examples. A rational map will be called
a Chebyshev map if it is conjugate to £, (z) where U, is the degree n Chebyshev
polynomial, defined by the equation?

qn(u+u_l)=u”+u_”.
For example:
U, () =7 — 2, () =2 -3z, y=z'-4z2+2,....

We will see in §3.8 that power maps and Chebyshev maps are the only finite quoti-
ents of affine maps for which the lattice A C C has rank one.

If we set u = e, then the map ©(f) =u +u ~ ' =2 cos (¢) is a proper map of degree
two from the cylinder C/25Z to the plane C, satisfying

y,(O()) =O(nt) or equivalently vy, (2 cost)=2cos(nt),

and also —1,(©(#)) = O(nt 4 ). These identities show that both y, and —y, are
finite quotients of affine maps. The Julia set J(£1,) is the closed interval [—-2, 2],
and the exceptional set for = y, is the singleton {oo}. The postcritical set of & 1, con-
sists of the three points {42, co}. In fact, if 2 cos (¢) is a finite critical point of Y, then
by differentiating the equation y,(2cos?) =2cos (nf) we see that sin(nf) =0 and
hence that 2 cos(nt) = £ 2.

Note: If n is even, the equation —1,,(z) =1, (kz)/k with k= —1 shows that —q,, is
holomorphically conjugate to y,,. However, for n odd the map z+— —1],,(z) has a post-
critical orbit {£ 2} of period two, and hence cannot be conjugate to z — 1, (z) which
has only postcritical fixed points.

2 The Russian letter y is called “chi”, pronounced as in “chicken”.
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Lattes maps. In the remaining case where the lattice A C C has rank two so that the
quotient 7 =C/A is a torus, the map f=0 o L o © ! will be called a Lattées map.
Here L is to be an affine self-map of the torus, and © is to be a holomorphic map from

7T to the Riemann sphere C. These are the most interesting examples, and exhibit
rather varied behavior. Thus we can distinguish between flexible Lattés maps which
admit smooth deformations, and rigid Lattés maps which do not. (See 5.5 and 5.6, as
well as §7 and 8.3.) Another important distinction is between the Lattés maps with
three postcritical points, associated with triangle groups acting on the plane, and those
with four postcritical points. (See §4.)

For any Lattes map f, since O is necessarily onto, there are no exceptional points.
Furthermore, since periodic points of L are dense on the torus it follows that periodic points
of f are dense on the Riemann sphere. Thus the Julia set J( f) must be the entire sphere.

§3 Cyclic Group Actions on C/A. The following result provides a more explicit
description of all of the possible Lattés maps, as defined in §2.

Theorem 3.1. A rational map is Lattes if and only if it is conformally conjugate to
amap of theform LG, : T /G, — T /G, where:

e T = C/A isaflattorus,

e G, is the group of n-th roots of unity acting on T by rotation around a base point,
with n equal to either 2, 3, 4, or 6,

e 7/G, is the quotient space provided with its natural structure as a smooth
Riemann surface of genus zero (compare Remark 3.6),

e L isan affine map from T to itself which commutes with a generator of G,,, and

e L/G, is the induced holomorphic map from the quotient surface to itself.

Remark 3.2. Themap7 — 7 /G, = C can of course be described in terms of classi-
cal elliptic function theory. In the case n = 2 we can identify this map with the Weierstrass
functionp : C/A — C associated with the period lattice A. Here the lattice A or the torus
T can be completely arbitrary, but in the cases n > 3 we will see that 7 is uniquely deter-
mined by n, up to conformal isomorphism. For n = 3 we can take the derivative g’ of the
associated Weierstrass function as the semiconjugacy ¢’ : 7 — (E, while for n =6 we
can use either ()% or o as the semiconjugacy. (For any lattice with G3-symmetry, these
two functions are related by the identity (p')?> = 4> + constant. The two alternate forms
correspond to the fact that 7 /G can be identified either with (7 /G3)/G, or with
(T /G»)/Gs3.) Finally, for n =4 we can use the square p* of the associated Weierstrass
function, corresponding to the factorization 7 — 7 /G, — T /G4.

Remark 3.3. This theorem is related to the definition in §2 as follows. Let us use the
notation ©* : 7*=C/A* — ((A:\E ¢ for the initial semiconjugacy of Definition 2.1,
formula (1). The degree of this semiconjugacy ©* can be arbitrarily large. However,
the proof of 3.1 will show that ©* can be factored in an essentially unique way as the
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composition of a covering map 7* — 7 for some torus 7 and a projection map 7 —
T/G, = C with n equal to 2, 3,4, or 6.

The proof of 3.1 will be based on the following ideas. Let0 : C — Chbea doubly peri-
odic meromorphic function, and let A C C be its lattice of periods so that A € A if and
only if 6(t 4 1) = 0(¢) for all t € C. Then the canonical flat metric |d¢|> on C pushes for-
ward to a corresponding flat metric on the torus 7 = C/A. If £(t) = at + b is an affine
map of C satisfying the identity f o =6 o ¢, then for > € A and ¢ € C we have

O(at+b) = f(O(1)) = f(O(+ 1)) =0(a(t+ 1) + D).

It follows that a A C A. Therefore the maps ¢ and 6 on C induce corresponding maps L
and © on 7, so that we have a commutative diagram of holomorphic maps

T 5 7
@l @l ()
¢ L ¢

We will think of 7 as a branched covering of the Riemann sphere with projection
map O. Since L carries a small region of area A to a region of area |a|* A, it follows that
the map L has degree |a|*. Using Diagram (2), we see that the degree dy of the map f
must also be equal to |a|>. We will always assume that d > 2.

One easily derived property is the following. (For a more precise statement, see 4.5.)
Let C be the set of critical points of f and let V= f(C) be the set of critical values.
Similarly, let Vg = ©(Cp) be the set of critical values for the projection map O.

Lemma 3.4. Every Lattes map f is postcritically finite. In fact the postcritical set
Pr=V,Uf(VAU VU -

for f is precisely equal to the finite set Vg consisting of all critical values for the projec-
tion® : T — C.

Proof. Letd;(z) be the local degree of the map f at a point z. Thus

l=ds(z) <dy,
where df(z) > 1 if and only if z is a critical point of f. Given points ;€7 and z; € C
with

L
T = 70

o] el

f
21 g 20,

since L has local degree d; (t) = 1 everywhere, it follows that
de (o) =de(t1) - dg(z1). 3
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Since the maps L and O are surjective, it follows that z is a critical value of © if and
and if it is either a critical value of f or has a preimage z; € f ~!(zo) which is a critical
value of © or both. Thus Vg =V, U f(Vp), which implies inductively that

(Ve C Ve, hence Py C Ve.
On the other hand, if some critical point 7y of © had image ©(7() outside of the post-
critical set Py, then all of the infinitely many iterated preimages - - - = 72— 7; = 179

would have the same property. This is impossible, since © can have only finitely many
critical points. [

We will prove the following preliminary version of 3.1, with notations as in Diagram (2).

Lemma 3.5. If f is a Lattes map, then there is a finite cyclic group G of rigid rotations of
the torus T about some base point, so that ©(t') = ©(7) if and only if T = g T for some
g € G. Thus © induces a canonical homeomorphism from the quotient space T /G onto
the Riemann sphere.

Remark 3.6. Such a quotient 7 /G can be given two different structures which are
distinct, but closely related. Suppose that a point 7o € 7 is mapped to itself by a non-
trivial subgroup of G, necessarily cyclic of order » > 1. Any t close to t( can be written
as the sum of 7y with a small complex number t — 7. The power (tr — 79)" then serves
as a local uniformizing parameter for 7 /G near 7. In this way, the quotient becomes
a smooth Riemann surface. On the other hand, if we want to carry the flat Euclidean
structure of 7 over to 7 /G, then the image of 7o must be considered as a singular “‘cone
point”, as described in the next section. The integer r, equal to the local degree dg(70),
depends only on O(1y), and is called the ramification index of ©(ty). (See 4.1.)

Proof of 3.5. Let U be any simply connected open subset of @\P = @\V@. Then the
preimage © ~!(U) is the union U; U --- U U, of n disjoint open sets, each of which
projects diffeomorphically onto U, where n =dg is equal to the degree of ©. Let

0, : U; —> U be the restriction of © to U;. We will first prove that each composition
O;'00;:U;— Uy, “)
is an isometry from U onto Uy, using the standard flat metric on the torus.
Since periodic points of f are everywhere dense, we can choose a periodic point

zo € U. Now replacing f by some carefully chosen iterate ]A‘ and replacing L by the
corresponding iterate L,we may assume without changing © that:

e 7o is actually a fixed point of JA‘ and that
e every point in the finite L-invariant set © ~! (zo) is either fixed by L, oris mapped
to a fixed point by L.

In other words, each point 7; = (9/-‘ I(zo) is either a fixed point of L or maps directly
to a fixed point. For 7 close to 7;, evidently the difference  — 7; can be identified
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with a unique complex number close to zero. Setting L (t;) = 7, note that the affine
map
t—rj|—>f(r)—tj/ eC
is actually linear, so that L(x)— Ty =a(r—1;) wherea= L' is constant. Similarly,
for z close to z, the difference
Ki(2)=0;"'() -1,

is well defined as a complex number. For each index j we will show that the map z —
K j(z) € Cis a Koenigs linearizing map for JA‘ in a neighborhood of zy. That is,

Ki(f@)=aK;(z), with  K;(z)=0, (5)
where the constant @=L is necessarily equal to the multiplier of f at zo. In fact the
identity © (F(2)=L Gl !(2)) holds for all z close to zo. Subtracting 7 we see that

Kji(f(2)=ak;(). (6)
If 7 is a fixed point so that j' = j, then this is the required assertion (5). But 7 is always
a fixed point, so this proves that K j/(f(z)) =ak (z). Combining this equation with
(6), we see that K ;(z) = K 7(z), and it follows that equation (5) holds in all cases.

Since such a Koenigs linearizing map is unique up to multiplication by a constant, it
follows that every K;(z) must be equal to the product ¢;; K j(z) for some constant
¢ij 7 0 and for all z close to zo. Therefore ©;” !(z) must be equal to Cij G)j‘ '(z) plus
a constant for all z close to zo. Choosing a local lifting of ©;,7! 0 ©; to the universal

covering space 7 =~ C and continuing analytically, we obtain an affine map A;; from
C to itself with derivative A/ ;=cij, satisfying the identity 6 =6 o A, where 6 is the

composition T—>T ﬁ) C.

We must prove that |c | =1, so that this affine transformation is an isometry. Let G be
the group® consisting of all affine transformations g of C which satisfy the identity
0 =0 o g. The translations 7 — 7 + A with A € A constitute a normal subgroup, and the quo-
tient G=G /A acts as a finite group of complex affine automorphisms of the torus
T =C/A.In fact G has exactly n elements, since it contains exactly one transformation g
carrying U, to any specified U;. The derivative map g — g’ is an injective homomorphism
from G to the multiplicative group C\{0}. Hence it must carry G isomorphically onto the
unique subgroup of C\{0} of order 7, namely the group G, of n-th roots of unity. Further-
more, a generator of G must have a fixed point in the torus, so G can be considered as
a group of rotations about this fixed point. This completes the proof of 3.5. [

In fact, if we translate coordinates so that some specified fixed point of the G-action
is the origin of the torus 7 = C/A, then clearly we can identify G with the group G,
of n-th roots of unity, acting by multiplication on 7 .

3 This G is often described as a crystallographic group acting on C; that is, it is a discrete group of rigid
Euclidean motions of C, with compact quotient C/ G =~ 7T /G.(Compare 4.9 and 7.3.)
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Lemma 3.7. The order n of such a cyclic group of rotations of the torus with quotient
T/G, = Cis necessarily either2, 3, 4, or 6.

Proof. Thinking of a rotation through angle « as a real linear map, it has eigenvalues
e and trace ¢'* 4+ ¢~ =2 cos (). On the other hand, if such a rotation carries the
lattice A into itself, then its trace must be an integer. The function o+ 2 cos (@) is
monotone decreasing for 0 < o < 7 and takes only the following integer values:

2cos2n/ry = 1 0 —1 =2

This proves 3.7. O

Now to complete the proof of Theorem 3.1, we must find which affine maps
L(t) =art+ b give rise to well defined maps of the quotient surface 7 /G,. Let w be
a primitive n-th root of unity, so that the rotation g(#) = wt generates G,. Then evi-
dently the points L(t) =at+ b and L(g(t)) =a wt+ b represent the same element of
7T /G, if and only if

awt+b= wk(at +b)mod A for some power .

If this equation is true for some generic choice of ¢, then it will be true identically for
all . Now differentiating with respect to ¢ we see that w* = w, and substituting =0
we see that b = w b modA. It follows easily that g o L = L o g. Conversely, whenever
g and L commute it follows immediately that L/G,, is well defined. This completes
the proof of 3.1.

The analogous statement for Chebyshev maps and power maps is the following.

Lemma 3.8. If f=0 o0 L o ©~ ! is a finite quotient of an affine map on a cylinder C,
then f is holomorphically conjugate either to a power map z+> z° or to a Chebyshev
map £,

The proof is completely analogous to the proof of 3.1. In fact any such f is conju-
gate to a map of the form L/G,, : C/G, — C/G,, where L is an affine map of the cyl-
inder C and where n is either one (for the power map case) or two (for the Chebyshev
case). Details will be left to the reader. [

The following helps to demonstrate the extremely restricted dynamics associated with
finite quotients of affine maps. Presumably nothing like it is true for any other rational map.

Corollary 3.9. Let f=00 L o ©~! be a finite quotient of an affine map L which
has derivative L' =a. If 7 € (@\Sf is a periodic point with period p > 1 and ramifica-
tion index r > 1, then the multiplier of f°F at z is a number of the form u = (wa?)"
where " = 1.
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Figure 1: Model for a cone point with cone angle «.

(The ramification index is described in 3.6 and also in §4.) For example for a
periodic orbit of maximal ramification index » = n the multiplier is simply a”". In the
case of a generic periodic orbit with » = 1, the multiplier has the form wa?. In all cases,
the absolute value |u| is equal to |a|”".

Proof of 3.9. First consider a fixed point zo = f(zo) and let O(ty) = z¢p. As in 3.6, we
can take ¢ = (t — 79)" as local uniformizing parameter near zo. On the other hand,
since zg = f(zo) we have tg ~ L(ty), or in other words 7o = w L(t) for some w € G,,.
Thus f lifts to the linear map

T— 179+ wL(t) —wL(ty) =wa (t — 19).

Therefore, in terms of the local coordinate ¢ near z;, we have the linear map
¢+ (wa)'¢, with derivative u = (wa)”. Applying the same argument to the p-th iter-
ates of f and L, we get a corresponding identity for a period p orbit. [

§4. Flat Orbifold Metrics. We can give another characterization of finite quoti-
ents of affine maps as follows. Recall that £ is the exceptional set for f, with at most
two points.

Definition. A flat orbifold metric on ((AI\E ¢ 1s a complete metric which is smooth,
conformal, and locally isometric to the standard flat metric on C, except at finitely
many ‘“‘cone points”, where it has cone angle of the form 277/r. Here a cone point with
cone angle 0 < a < 2m, is an isolated singular point of the metric which can be visual-
ized by cutting an angle of « out of a sheet of paper and then gluing the two edges
together. (Compare Figure 1. A more formal definition will be left to the reader.) In
the special case where « is an angle of the form 27/r, we can identify such a cone with
the quotient space C/G, where G, is the group of r-th roots of unity acting by multi-
plication on the complex numbers, and where the flat metric on C corresponds to a flat
metric on the quotient, except at the cone point.

Evidently the canonical flat metric on a torus 7 or cylinder C induces a corresponding
flat orbifold metric on the quotient 7 /G, of Theorem 3.1 or the quotient C/G, of
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Lemma 3.8. Thus near any non-cone point we can choose a local coordinate 7 so that the
metric takes the form |d¢|>. I will say that such a metric linearizes the map f since, in
terms of such preferred local coordinates, f is an affine map with constant derivative.*
(An equivalent property is that f maps any curve of length § to a curve of length k§
where k = |a| > 1 is constant.) A converse statement is also true:

Theorem 4.1. A rational map f is a finite quotient of an affine map if and only if it is
linearized by some flat orbifold metric, or if and only if there exists an integer valued

“ramification index’’ function r(z) on @\5 r satisfying the identity
r(f(2))=ds(2) r(z) for all z, 7)

with r(z) = 1 outside of the postcritical set of f.

Proof in the Lattes case. First suppose that f is a finite quotient of an affine map on
a torus, conformally conjugate to the quotient map L/G, : 7 /G, — T /G,. If 1y is
a critical point of the projection © : 7 — 7 /G, = C with local degree dg(79) =1,
then the subgroup consisting of elements of G, which fix 7y must be generated by
a rotation through 27/r about 7y. Hence the flat metric on 7 pushes forward to a flat
metric on 7 /G, with 7 corresponding to a cone point zo = O(ty) of angle 27/r. This
integer r =r(z¢) > 1 is called the ramification index of the cone point. Setting r(z) = 1
if z is not a cone point, we see that r(©(7)) can be identified with the local degree
de(7) in all cases. There may be several different points in © ~'(z), but © must have
the same local degree at all of these points, since the angle at a cone point is uniquely
defined, or by 3.9. With these notations, the required equation (7) is just a restatement
of equation (3) of §3.

Conversely, suppose that (7) is satisfied. It follows from this equation that f is post-
critically finite. In fact we can express the postcritical set Py as a union PyU P, U - - -
of disjoint finite subsets, where

Pi=f(Cp) and Pyi1=f(P)\(PIU - UPy).

Let |P,| be the number of elements in P,. Since f(P,)D P, i, the sequence

|Cy¢l = |Pi| = |P2] = |P3] = --- must eventually stabilize. Therefore we can
choose an integer m so that P, maps bijectively onto Py 1 for k > m, and must prove
that the number of elements |P,|=|P,+1|= --- is zero. Note that each point of

Py, 41 has d; distinct preimages, where dy > 2 by our standing hypothesis. Thus if
| Py +1] # O there would exist some point z € P,, with f(z) € P,, 1. In fact it would
follow that z ¢ Cy U Py. Forif z werein CyU Py U --- U P, _ then f(z) would be in
some Pj with k <m + 1, while if z were in Py with k > m then f(z) would be in P |

“* The more usual terminology for a map f which is linearized by a flat orbifold metric would be that f has
“parabolic” or “Euclidean” orbifold. Following Thurston, for any postcritically finite f there is a smallest

function r(z) > 1 on @\51- such that r( f(z)) is a multiple of d(z) r(z) for every z. Furthermore there is an

essentially unique complete orbifold metric of constant curvature <0 on (6\5  with r(z) as ramification
index function. The curvature is zero if and only if equation (7) of 4.1 is satisfied. (See [DH] or [M4].)
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with k 4+ 1 > m + 1, contradicting the hypothesis that f(z) € P,, + in either case. The
existence of a point z ¢ C ;U Py with f(z) € Py clearly contradicts equation (7).

Let me use the notation M for the Riemann sphere C together with the “orbifold
structure” determined by the function r : C — {1,2,3, ...}. The universal covering
orbifold M can be characterized as a simply connected Riemann surface together with
a holomorphic branched covering map 6 : M — M =C such that, for each Z € M, the
local degree dy(7) is equal to the prescribed ramification index r(6(z)). Such a univer-
sal covering associated with a function r: M — {1,2,3, ...} exists whenever the
number of z with 7(z) > 1 is finite with at least three elements. (See for example [M4,
LemmaE.1].)

For this proof only, it will be convenient to choose some fixed point of f as base
point zop € M. Using equation (7), there is no obstruction to lifting f to a holomorphic

map f which maps the Riemann surface M diffeomorphically into itself, with no criti-
cal points. Furthermore, we can choose ? to fix some base point Z lying over zy. The
covering manifold M cannot be a compact surface, necessarily of genus zero, since
then f and hence f would have degree one, contrary to the standing hypothesis that
dy > 2. Furthermore, since the base point in M is strictly repelling under f it follows
that M cannot be a hyperbolic surface. Therefore M must be conformally isomorphic
to the complex numbers C, and ]7 must correspond to a linear map L from C to itself.
Evidently the standard flat metric on C = M now gives rise to a flat orbifold metric on
M = C which linearizes the map f.

Finally, suppose that we start with a flat orbifold metric on C which linearizes the
rational map f. The preceding discussion shows that f lifts to a linear map ]7 on the
universal covering orbifold M. Let G be the group of deck transformations of M, that
is homeomorphisms g from M to itself which cover the identity map of M, so that
0 o g =0. Then the quotient surface M / G can be identified with M =C. If A C G is
the normal subgroup consisting of those deck transformations which are translations

of M = C, then the quotient group G = G /A is a finite group of rotations with order
equal to the least common multiple of the ramification indices. It follows that the
quotient 7 = M /A is a torus, and hence that f is a finite quotient of an affine map of
this torus.

The proof of 4.1 in the Chebyshev and power map cases is similar and will be
omitted. [

Remark 4.2. Note that the construction of the torus 7, the group G, and the affine
map L from the rational map f satisfying (7) is completely canonical, except for the
choice of lifting for f. For example, when there are four postcritical points, the con-
formal conjugacy class of the torus 7 is completely determined by the set of post-
critical points, and in fact by the cross-ratio of these four points.
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However, to make an explicit classification we must note the following.
e We want to identify the torus 7" with some quotient C/A. Here, A is unique only
up to multiplication by a non-zero constant; but we can make an explicit and unique
choice by taking A to be the lattice Z @ yZ spanned by 1 and y, where y belongs to
the Siegel region

=1, [R(I=1/2, S(y)>0,
with R(y) > 0 whenever |y| =1 or |R(y)| =1/2. ®)

With these conditions, y is uniquely determined by the conformal isomorphism
class of 7. We will describe the corresponding A =7 @ yZ as a normalized lattice.
e For specified A, we still need to make some choice of conformal isomorphism
v: C/A — T .In most cases, v depends only on a choice of base point v(0) € 7, up to
sign. However, in the special case where 7 admits a G3 (or G4) action, we can also
multiply v by a cube (or fourth) root of unity. As in §3, it will be convenient to choose
one of the fixed points of the G,, action as a base pointin 7 .
e The lifting L(¢) =at+ b of the map f to the torus is well defined only up to the
action of G,,. In particular, we are always free to multiply the coefficients a by an n-th
root of unity.

We will deal with all of these ambiguities in §5.

Here is an interesting consequence of 4.1. Let f and g be rational maps.

Corollary 4.3. Suppose that there is a holomorphic semiconjugacy from f to g, that
is, a non-constant rational map h with h o f =g o h. Then f is a finite quotient of an
affine map if and only if g is a finite quotient of an affine map.

Proof. It is not hard to see that h = (£,) = €, so that h induces a proper map from
(E\Ef to @\Sg. Now if £ is a finite quotient of an affine map L,say f=0oLo©~!,
then it follows immediately that g = (h 0 ©) o L o (h 0 ©) ~!. Conversely, if g is such
a finite quotient, then there is a flat orbifold structure on @\5 ¢ Which linearizes g, and
we can lift easily to a flat orbifold structure on ((A:\é' ¢ which linearizes f. [

In order to classify all possible flat orbifold structures on the Riemann sphere, we

can use a piecewise linear form of the Gauss-Bonnet Theorem. For this lemma only,
we allow cone angles which are greater than 2.

Lemma 4.4. If aflat metric with finitely many cone points on a compact Riemann surface
S has cone angles oy, . . ., ay, then

Qr—a) + - + Qr—op) =27 x(9), ©)

where x(S) is the Euler characteristic. In particular, ifa; =27 /r; and if S is the Riemann
sphere with x(S) =2, then it follows that . (1 — 1/rj)=2.
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Proof. Choose a rectilinear triangulation, where the cone points will necessarily be
among the vertices. Let V be the number of vertices, E the number of edges, and F the
number of faces (i.e., triangles). Then 2E = 3 F since each edge bounds two triangles
and each triangle has three edges. Thus

xS =V-E+F=V-F/2. (10)
The sum of the internal angles of all of the triangles is clearly equal to wF. On the

other hand, the j-th cone point contributes «; to the total, while each non-cone vertex
contributes 2. Thus

nF=a1+ - +ap+27(V—k). (11
Multiplying equation (10) by 27z and using (11), we obtain the required equation (9). [

Corollary 4.5. The collection of ramification indices for a flat orbifold metric on the
Riemann sphere must be either {2,2,2,2} or {3,3,3} or {2,4,4} or {2,3,6}. In
particular, the number of cone points must be either four or three.

Proof. Using the inequality 1/2 < (1 —1/r;) <1, itis easy to check that the required
equation

Y a-1/rp=x© =2,
J
has only these solutions inintegers 7; > 1. [

Remark 4.6. 1fzeC corresponds to a fixed point for the action of the group G, on the
torus, then the ramification index r(z) is evidently equal to n. For any other point, it is some
divisor of n. Thus the order n of the rotation group G, can be identified with the least com-
mon multiple (or the maximum) of the various ramification indices as listed in 4.5.

Remark 4.7. To deal with the case of a map f which has exceptional points, we can assign
the ramification index r(z) = oo to any exceptional point z € £ ;. If we allow such points, then
the equation ) (1 — 1/r;) =2 has two further solutions, namely: {oco, oo} corresponding
to the power map case, and {2, 2, oo} corresponding to the Chebyshev case.

Combining Corollary 4.5 with equation (7), we get an easy characterization of
Lattes maps in two of the four cases.

Corollary 4.8. A rational map with four postcritical points is Lattes if and only if
every critical point is simple (with local degree two) and no critical point is postcriti-
cal. Similarly, a rational map with three postcritical points is Lattes of type {3, 3, 3}
if and only if every critical point has local degree three and none is postcritical.

The proof is easily supplied. [
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Remark 4.9. We conclude this section with a more precise description of the possible
crystallographic groups G acting on C, and of the corresponding orbifold geometries on

C/G = T/G,. We first look at the cases n > 3 where there are exactly three cone
points in 7 /G, or equivalently three postcritical points for any associated Lattés map.
Thus the collection of ramification indices must be either {2, 3, 6} or {2,4,4} or
{3, 3, 3}. Each of these three possibilities is associated with a rigidly defined flat orbi-
fold geometry which can be described as follows. Join each pair of cone points by a min-
imal geodesic. It is not hard to check that these three geodesics cannot cross each other;
and no geodesic can pass through a cone point since our cone angles are strictly less than
27. In this way, we obtain three edges which cut our locally flat manifold into two
Euclidean triangles. Since these two triangles have the same edges, they must be precise
mirror images of each other. In particular, the two edges which meet at a cone point of
angle 27r/r; must cut it into two Euclidean angles of 7r/r ;. Passing to the branched cov-

ering space 7 or its universal covering T, , we obtain a tiling of the torus or the Euclidean
plane’ by triangles with angles 7/r|, m/r, and 7/r3. These tilings are illustrated in
Figures 2, 3, 4.

In each case, each pair of adjacent triangles are mirror images of each other, and
together form a fundamental domain for the action of the group of Euclidean
motions C~}n on the plane, or for the action of G,, on the torus. For each vertex of this
diagram, corresponding to a cone point of angle 25r/rj, there are r; lines through the

vertex, and hence 2r; triangles which meet at the vertex. The subgroup of 6n (or G,)
which fixes such a point has order r; and is generated by a rotation through the angle
o = 2 / rj.

The subgroup A C G, consists of all translations of the plane which belong to G,.
Recall from 4.4 that the integer n can be described as the maximum of the ;. The 2n
triangles which meet at any maximally ramified vertex form a fundamental domain
for the action of this subgroup A. In the {2, 3, 6} and {3, 3, 3} cases, this fundamental
domain is a regular hexagon, while in the {2, 4, 4} case it is a square. In all three cases,
the torus 7 can be obtained by identifying opposite faces of this fundamental domain
under the appropriate translations. Thus when n > 3 the torus 7 is uniquely deter-
mined by n, up to conformal diffeomorphism.

In the {2, 3, 6} case, the integers r; are all distinct, so it is easy to distinguish the
three kinds of vertices. However, in the {2, 4, 4} case there are two different kinds of
vertices of index 4. In order to distinguish them, one kind has been marked with dots
and the other with circles. Similarly in the {3, 3, 3} case, the three kinds of vertices
have been marked in three different ways. In this last case, half of the triangles have
also been labeled. In all three cases, the points of the lattice A, corresponding to the

base point in 7, have been circled. For all three diagrams, the group G, can be
described as the group of all rigid Euclidean motions which carry the marked diagram

3> More generally, for any triple of integers r j > 2 there is an associated tiling, either of the Euclidean or
hyperbolic plane or of the 2-sphere depending on the sign of 1/r; +1/r, 4+ 1/r; — 1. See for example [M1].
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Figure 2: The {2, 3, 6}-tiling of the plane. In each of these diagrams, all of the points
of maximal ramification n have been marked.

to itself, and the lattice A can be identified with the subgroup consisting of translations
which carry this marked diagram to itself.

The analogue of Figures 2, 3, 4 for a typical orbifold of type {2, 2, 2, 2} is a tiling
of the plane by parallelograms associated with a typical lattice A=7Z & yZ, as

Figure 3: The {2,4,4}-tiling.
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Figure 4: The {3, 3,3}-tiling, with one tile and its images under G labeled.

illustrated in Figure 5. All of the vertices in this figure represent critical points for the
projection map 6 : C — C. Again lattice points have been circled. Any two adjacent
small parallelograms form a fundamental region for the action of the group G», which
consists of 180° rotations around the vertices, together with lattice translations. The
four small parallelograms adjacent to any vertex forms a fundamental domain under
lattice translations.

In most cases, the corresponding flat orbifold is isometric to some tetrahedron in
Euclidean space. (Compare [De].) For example, consider the case where the invariant y

/ ..... r ' "

Figure 5: A typical {2, 2, 2, 2} tiling of the plane.
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Figure 6: Illustrating the orbifold structure of 7 /G».

in the Siegel domain (8) satisfies 0 < R(y) < 1/2. Then the triangle with vertices 0,
1 and y has all angles acute, and also serves as a fundamental domain for the action of
the crystallographic group G, on C. Joining the midpoints of the edges of this triangle,
as shown in Figure 6, we can cut this triangle up into four similar triangles. Now fold
along the dotted lines and bring the three corner triangles up so that the three vertices
0, 1 and y come together. In this way, we obtain a tetrahedron which is isometric to the
required flat orbifold 7 /G,. The construction when — 1/2 <R(y) <0 is the same,
except that we use — 1 and O in place of 0 and 1. The tetrahedrons which can be
obtained in this way are characterized by the property that opposite edges have equal
length, or by the property that there is a Euclidean motion carrying any vertex to any
other vertex. In most cases this Euclidean motion is uniquely determined; but in the
special case where we start with an equilateral triangle, with y = wg, we obtain a regular
tetrahedron which has extra symmetries.

In the case R(y) =0 where y is pure imaginary, this tetrahedron degenerates and the
orbifold can be described rather as the “double” of the rectangle which has vertices

0,1/2,y/2, 1 +y)/2.

Again, in most cases there is a unique orientation preserving isometry carrying any
vertex to any other vertex; but in the special case of a square, with y =i, there are extra
symmetries.

§5. Classification. By taking a closer look at the arguments in sections 3 and 4,
we can give a precise classification of Lattes Maps. (Compare [DH, §9]; and see
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also [H, pp. 101-103] and [Mc3, p. 185].) It will be convenient to introduce the
notation

w, = exp(2mi/n), (12)

for the standard generator of the cyclic group G,. Thus
wr=—1, w3=(—14iV3)/2, wi=i, ws=w3+ 1.

As usual, we consider a Lattés map which is conjugate to L/G,, : T /G, — T /G,,
where 7 = Z/A and where L(t) =at+ b. Here it will be convenient to think of b
as a complex number, well defined modulo A.

Lemma 5.1. Such a Lattés map f is uniquely determined up to conformal conjugacy by
the following four invariants.

e First: the integer n, equal to 2, 3, 4, or 6.

e Second: the complex number a", with |a|? equal to the degree of f.

e Third: the lattice A, which we may take to have the form A =7 @ yZ with y in the
Siegel region (8). This lattice must satisfy the conditions that w, A = A and a\ C A.
Let k be the largest integer such that wp A = A.

e Fourth: the product (1 —w,) b € A modulo the sublattice

(1—w)A + (a— DA C A,

up to multiplication by G with k as above. This last invariant is zero if and only if the
map f admits a fixed point of maximal ramification index r = n, or equivalently a fixed
point of multiplier p =a".

For most lattices we have k = 2, so that the image of (1 — w,) b in the quotient group
A/((I=w)A + (a—1DA) (13)

is invariant up to sign. However, in the special case where A has G4 or G¢ symmetry,
so that ¥ = w4 or y = wg, this image is invariant only up to multiplication by w4 or wg
respectively.

Note that the first invariant n, equal to the greatest common divisor of the ramifica-
tion indices, can easily be computed by looking at the orbits of the critical points of f,
using formula (7) of §4. The invariant a” can be computed from the multiplier x at
any fixed point, since the equation u = (wa)” of Corollary 3.9, with «" = 1, implies
that u"/" = a". It follows from this equation that u = a" if and only if r = n.

The cases with n > 3 are somewhat easier than the case n = 2. In fact a normalized
lattice A with G3 or G¢ symmetry is necessarily equal to Z[w3;] = Z[ws], and the con-
dition aA C A is satisfied if and only if a € Z[wg]. Similarly, G4 symmetry implies
that A =Z[i], and the possible choices for a are just the elements of Z[i], always
subject to the standing requirement that |a| > 1.
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Theorem 5.2. [fn > 3, then the conformal conjugacy class of f is completely deter-
mined by the numbers n and a* where a € Z|w, ], together with the information as to
whether f does or does not have a fixed point of multiplier u = a".

Evidently there is such a fixed point if and only if (1 — w,) b is congruent to zero
modulo (1 — w,)A + (a — 1)A. (When n = 6 there is necessarily such a fixed point.)
The proof of 5.1 and 5.2 will be based on the following.

Lemma 5.3. The additive subgroup of T =C/A consisting of elements fixed by the
action of G, is canonically isomorphic to the quotient group A /(1 —wy,)A, of order
11 — w,|> =4sin® (/n). In fact, the correspondence t— (1 — w,) t maps the group of
torus elements fixed by G,, isomorphically onto this quotient group.

Proof. The required equation w,f =t mod A is equivalent to (1 — w,) f € A, and the
conclusion follows easily. O

Note that points of 7 fixed by the action of G, correspond to points in the quotient
sphere 7 /G, of maximal ramification index r=n. As a check, in the four cases
{2,2,2,2},1{3,3,3},{2,4,4}, and {2, 3, 6}, there are clearly 4, 3, 2, and 1 such
points respectively. This number is equal to 4 sin® (/) in each case.

Proof of 5.1. It is clear that the numbers n, y, a”, and b completely determine the
map L/G, : T/G, — T /G,.Infact y determines the torus 7, and the power a”" deter-
mines a up to multiplication by n-th roots of unity. But we can multiply L and hence a
by any n-th root of unity without changing the quotient L /G, . Since the numbers n, a”,
and y are uniquely determined by f (compare the discussion above), we need only study
the extent to which b is determined by f.

Recall from Theorem 3.1 that the map L(¢) = at + b must commute with multipli-
cation by w,. That is

L(w,t) = w,L(t) mod A.

Taking r=0 it follows that b= w,b mod A, or in other words (1 —w,)b € A, as
required.

Next recall that we are free to choose any fixed point #, for the action of G, on 7 as
base point. Changing the base point to ¢, in place of 0 amounts to replacing L () by the
conjugate map L(t + ty) — to = at + b’ where

b=b+(@—1)ty, andhence (1—w,)b=(1—-w,)b+@—1D1—-w,)t.
Since the product (1 — w,) ty can be a completely arbitrary element of A, this means

that we can add a completely arbitrary element of (a — 1) A to the product (1 — w,) b
by a change of base point. Thus the residue class

(I—w)beA/((I-w)A + (a—1)A),
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together with n, y, and a”, suffices to determine the conjugacy class of f. However,
we have not yet shown that this residue class is an invariant of f, since we must also
consider automorphisms of 7" which fix the base point. Let w be any root of unity
which satisfies wA = A. Then L(¢) = at + b is conjugate to the map wL(¢t/w) = at + wb.
In most cases, we can only choose w = =+ 1. (The fact that we are free to change the sign
of b is irrelevant when n is even, but will be important in the case n = 3.) However, if
A = Z[ws] then we can choose w to be any power of wg, and if A =Z[i] then we can
choose w to be any power of i. Further details of the proof are straightforward. [

Proof of Theorem 5.2. In the cases n > 3, we have noted that A is necessarily equal
to Z[w,]. Furthermore, for n =3, 4, 6, the quotient group A/(1 — w,)A is cyclic of
order 3, 2, 1 respectively. Thus this group has at most one non-zero element, up to
sign. The conclusion follows easily. [

The discussion of Lattés maps of type {2, 2, 2, 2} will be divided into two cases
according as a € Z or a ¢ Z. First suppose that a ¢ Z.

Definition. A complex number a will be called an imaginary quadratic integer if it
satisfies an equation a> — ga + d =0 with integer coefficients and with ¢> < 4d, so
that

a=(q+\/q>—4d)/2 (14)

is not a real number. Here |a|> =d is the associated degree. Evidently the imaginary
quadratic integers form a discrete subset of the complex plane. In fact for each choice

of |a|* = d there are roughly 4+/d possible choices for ¢, and twice that number for a.

Lemma 5.4. A complex number a can occur as the derivative a= L' associated with an
affine torus map if and only if it is either a rational integer a € 7. or an imaginary quadratic
integer. If a € Z then any torus can occur, but if a ¢ Z then there are only finitely
many possible tori up to conformal diffeomorphism. Furthermore, there is a one-to-
one correspondence between conformal diffeomorphism classes of such tori and
ideal classes in the ring Z[a].

Proof. Let7 =C/A. The condition that A C A means that A must be a module over
the ring Z[a] generated by a. We first show that a must be an algebraic integer. Without
loss of generality, we may assume that A =Z @ yZ is a normalized lattice, satisfying
the Siegel conditions (8). Thus 1 € A and it follows that all powers of a belong to A. If
Ay is the sublattice spanned by 1, a, d?, ..., d*, then the lattices A CA, C --- CA
cannot all be distinct. Hence some power a* must belong to A _ |, which proves that a
satisfies a monic equation with integer coefficients, and hence is an algebraic integer.
On the other hand, a belongs to a quadratic number field since the three numbers
1, a, a®> € A must satisfy a linear relation with integer coefficients. Using the fact that
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the ring of integer polynomials forms a unique factorization domain, it follows that a
satisfies a monic degree two polynomial.

Now given a ¢ Z we must ask which normalized lattices A are possible. Since
a € A, we can write a =r + s y with r, s € Z. Changing the sign of a if necessary, we
may assume that s > 0. Taking real and imaginary parts, it follows that

r=%R(a) — sR(y) and s=(a)/S(y).
On the other hand, it follows easily from the Siegel inequalities
lyl = 1, IR(»I=<1/2, S(»=>0

that 3(y) > v/3/2. Since a has been specified, this inequality yields an upper bound
of 2 3(a)/+/3 for s, and the inequality |R(y)| < 1/2 then yields an upper bound for |r].
Thus there are only finitely many possibilities for y = (a —r)/s.

Next note that the product lattice Z =s A =sZ @ (a — r)Z is contained in the ring
Zla], and is an ideal in this ring since a Z C Z. Clearly the torus C/A is isomorphic to
C/Z.If T’ is another ideal in Z[a], note that C/Z = C/Z' if and only if 7' = ¢ Z for
some constant ¢ # 0. Such a constant must belong to the quotient field Q[a], so by
definition this means that Z and 7’ represent the same ideal class. [

For further discussion of maps with imaginary quadratic a see 7.2, 8.1 and 8.2
below. We next discuss the case a € Z.

Definition. A Lattés map
L/G,:T/G,—~T/G, with T=C/A

will be called flexible if we can vary A and L continuously so as to obtain other Lattes
maps which are not conformally conjugate to it.

Lemma 5.5. A Lattes map L/G, : T /G, — T /G, is flexible if and only if n =2 and
the affine map L(t) = at + b has integer derivative, L' = a € Z.

Proof. This follows easily from 5.1and5.4. O

We can easily classify such maps into a single connected family provided that the
degree a2 is even, and into two connected families when a2 is odd, as follows. In each
case, the coefficients a and b will remain constant but 7" will vary through all possible
conformal diffeomorphism classes.

e Maps with postcritical fixed point. Let H be the upper half-plane. For each integer
a > 2 there is a connected family of flexible Lattés maps of degree a*> parametrized
by the half-cylinder H/Z, as follows. Let 7 (y) be the torus C/(Z & yZ) where y
varies over H/Z, and let L : 7 (y) — 7 (y) be the map L(f) = at. Then

L/Gy:T(y)/G2—T(y)/G:
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is the required smooth family of maps, with the image of 0 € 7 as ramified fixed point.
If we restrict y to the Siegel region (8), then we get a set of representative maps which
are unique up to holomorphic conjugacy.

e Maps without postcritical fixed point. The construction in this case is identical,
except that we take L(¢) =ar + 1/2. If a is even, this construction yields nothing new.
In fact, the quotient group (13) of 5.1 is then trivial, and it follows that every Lattés
map with L' =a must have a postcritical fixed point. However, when a is odd, the
period two orbits

0172, y/2< (+1)/2

in 7 (y) map to ramified period two orbits in 7 (y)/G>, and there is no postcritical
fixed point.

Caution: In this last case, we can no longer realize every conjugacy class of maps
by restricting y to the Siegel region. A larger fundamental domain is needed. For
explicitly worked out examples in both cases, see equations (15), (18) and (19) below;
and for further discussion see §7.

Here is another characterization.

Lemma 5.6. A Lattes map is flexible if and only if the multiplier for every periodic orbit
is an integer.

Proof. If n =2 and a € Z, then it follows immediately from Corollary 3.9 that every
multiplier is an integer. On the other hand, if n > 2 or if a ¢ Z, then we can find infinitely
many integers p > 0 so that w a” ¢ Z for some w € G,,. The number of fixed points of the
map o L°? on the torus 7 grows exponentially with p (the precise number is
|wa? — 1|%), and each of these maps to a periodic point of the associated Lattés map f. If
we exclude the three or four postcritical points, then the derivative of f°7 at such a point
will be w a?, so that the multiplier of this periodic orbit cannot be an integer.  [J

It seems very likely that power maps, Chebyshev maps, and flexible Lattés maps
are the only rational maps such that the multiplier of every periodic orbit is an integer.
(For a related result, see Lemma 7.1 below.)

§6. Lattes Maps before Lattes. Although the name of Lattés has become firmly
attached to the construction studied in this paper, it actually occurs much earlier in the
mathematical literature. Ernst Schroder [S], in a well known paper written in 1871,
first used trigonometric identities to construct examples of what I call “Chebyshev
maps”’. He then constructed an explicit one-parameter family of “Lattes” type exam-
ples as follows. Let x =sn(u) be the Jacobi sine function with elliptic modulus £,
defined by the equation

u—/x dé
Do JU—H(1—kE)
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More explicitly, for any parameter k2 # 0, 1, let E; C C? be the elliptic curve defined
by the equation y*> = (1 — x?)(1 — k?x?). Then the holomorphic differential dx/y is
smooth and non-zero everywhere on Ej (even at the two points at infinity in terms of
suitable local coordinates). The integrals ¢ dx/y around cycles in Ey generate a lattice
A C C, and the integral

(x,y)
uen = [ vy
0, 1
along any path from (0, 1) to (x, y) in E} is well defined modulo this lattice. In fact the
resulting coordinate u parametrizes the torus 7 = C/A, and we can set x = sn(u) and
y=cn(u)dn(u). Here sn(u) is the Jacobi sine function, and cn(z) and dn(u) are
closely related doubly periodic meromorphic functions which satisfy

cn’(u)=1—sn’(u) and  dn’(u)=1—k*sn*(u).
Furthermore
Sn(2u) = 2sn(u) cn(u) dn(u)
T 1 —k2sn*(u)

(Compare [WW, §22.2].) Setting z = x> = sn”(u) it follows easily that there is a well
defined rational function

4z(1 —2)(1 — k%2)

(1—k2z2)? (1)

f@)=

of degree four which satisfies the semiconjugacy relation

sn®(2u) = f(sn*(u)).

This is Schroder’s example (modulo a minor misprint). In the terminology of §5, f is
a “flexible Lattes map”, described 47 years before Lattes.

It is not hard to see that sn(u) has critical values + 1 and & 1/k, and hence that
sn(u) has critical values 1, 1 /kz, 0, and co. On the other hand the map f has three
critical values 1, 1/ k% and oo, which all map to the fixed point 0 = f(0). Each of these
three critical values is the image under f of two distinct simple critical points.

Lucyan Bottcher cited the same example in 1904, with a different version of the
misprint. (See [B6].) He was perhaps the first to think of this example from a dynamical
viewpoint, and to use the term “chaotic” to describe the behavior of the sequence of iter-
ates of f. In fact he described an orbit zg — z; — - - - as chaotic if for every convergent
subsequence {z,,} the differences n; | —n; are unbounded. (Note that this includes
examples such as irrational rotations which are not chaotic in the modern sense.)

Bottcher actually cited a much earlier paper, written by Charles Babbage in 1815,
for a fundamental property of what we now call semiconjugacies. For example, in
order to find a periodic point /" x = x of a mapping 1, Babbage proceeded as follows
(see [Ba, p. 412]):
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“Assume as before yx =¢ ' fox, then

Vx=¢"'foo  fox=0""fpx
Vx=¢ oo fox=0""px,

and generally ¥"'x = ¢~ ' f*¢ x, hence our equation becomes

o ' flpx=x....”

In modern terminology, we would say that ¢ is a semiconjugacy from i to f. It follows
that any periodic point of ¢ maps to a periodic point of f; and furthermore (assuming
that ¢ is finite-to-one and onto) any periodic point of f is the image of a periodic point
of . Bottcher pointed out that the use of such an intermediary map ¢ to relate the
dynamic properties of two maps 1 and f lies at the heart of Schroder’s example.

J. F. Ritt carried out many further developments of these ideas in the 1920’s.
(Compare [R1], [R2], [R3], and see the “Ritt-Eremenko Theorem™ in §7. For further
historical information, see [A].)

§7. More Recent Developments. This concluding section will outline some of the
special properties shared by some or all finite quotients of affine maps.

We first consider the class of flexible Lattés maps, as described in 5.5 and 5.6. These
are the only known rational maps without attracting cycles which admit a continuous
family of deformations preserving the topological conjugacy class. In fact the C*°
conjugacy class remains almost unchanged as we deform the torus. Differentiability
fails only at the postcritical points; and the multipliers of periodic orbits remain
unchanged even at these postcritical points.

Closely related is the following:

Fundamental Conjecture. The flexible Lattés maps are the only rational maps which
admit an “invariant line field”” on their Julia set.

By definition f has an invariant line field if its Julia set J has positive Lebesgue
measure, and if there is a measurable f-invariant field of real one-dimensional sub-

spaces of the tangent bundle of C restricted to J. The importance of this conjecture is
demonstrated by the following. (See [MSS], and compare the discussion in [Mc2] as
well as [BM].)

Theorem of Mané, Sad and Sullivan. If this Fundamental Conjecture is true, then
hyperbolicity is dense among rational maps. That is, every rational map can be
approximated by a hyperbolic map.

To see that every flexible Lattés map has such an invariant line field, note that any
torus C/(Z & yZ) is foliated by a family of circles & (f) = constant which is invariant
under the affine map L. If f is the associated Lattés map L /G, then this circle folia-

tion maps to an f-invariant foliation of J(f) = C which is not only measurable but
actually smooth, except for singularities at the four postcritical points.
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Let us define the multiplier spectrum of a degree d rational map f to be the function
which assigns to each p > 1 the unordered list of multipliers at the d” 4 1 (not neces-
sarily distinct) fixed points of the iterate f°P. Call two maps isospectral if they have
the same multiplier spectrum.

Theorem of McMullen. The flexible Lattes maps are the only rational maps which
admit non-trivial isospectral deformations. The conjugacy class of any rational map
which is not flexible Lattes is determined, up to finitely many choices, by its multiplier
spectrum.

This is proved in [Mcl, §2]. I am grateful to McMullen for the observation that the
Lattes maps L/G, associated with imaginary quadratic number fields provide a rich
source of isospectral examples which are not flexible. First note the following.

Lemma 7.1. Two Lattes maps L/ G, : T /G, — T /G, are isospectral if and only if they
have the same derivative L' = a, up to sign, and the same numbers of periodic orbits of
various periods within the postcritical set Py.

Proof Outline. Let w ==+ 1. The number of fixed points of the map wL°? on the torus
can be computed as |wa” — 1|*. These fixed points occur in pairs {=£ ¢}, and each such
pair corresponds to a single fixed point of the corresponding iterate f°7, where
f = L/G,. Whenever t # — ¢t on the torus, the multiplier of f°7 at this fixed point is
also equal to wa?”. For the exceptional points = — ¢ which are fixed under the action
of G, and correspond to postcritical points of f, the multiplier of £°7 is equal to a>”.
Thus, to determine the multiplier spectrum completely, we need only know how many
points of various periods there are in the postcritical set. [

Example 7.2. Let £ =iv/k where k > 0 is a square-free integer, and let a = mé& + n.
Then for each divisor d of m the lattice Z[&d] C C is a Z[a]-module. Hence the linear
map L(t) =art acts on the associated torus 7 /Z[&d]. If m is highly divisible, then
there are many possible choices for d. Suppose, to simplify the discussion, that mk
and n are both even, so that @ is divisible by two in Z[a]. Then multiplication by a?
acts as the zero map on the group consisting of elements of order two in 7. Thus
0= L(0) is the only periodic point under this action, hence the image of 0 in 7 /G is
the only postcritical periodic point of L/G5. It then follows from 7.1 that these exam-
ples are all isospectral.

Berteloot and Loeb [BL1] have characterized Lattes maps in terms of the dynamics
and geometry of the associated homogeneous polynomial map of C2. Every rational map
f:P' P! of degree two or more lifts to a homogeneous polynomial map
F : C* — C? of the same degree with the origin as an attracting fixed point. They show
that f is Lattes if and only if the boundary of the basin of the origin under F is smooth and
strictly pseudoconvex within some open set. In fact, this boundary must be “spherical”,
except over the postcritical set of f; that is, it can be transformed to the standard sphere
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>z j|2 =1 by a local holomorphic change of coordinates. For the corresponding result
in higher dimensions, see [Du]. (For higher dimensional Lattés maps, see 7.3.)

Anna Zdunik [Z] has characterized Lattés maps using only measure theoretic prop-
erties. It is not hard to see that the standard probability measure on the flat torus pushes
forward under © to an ergodic f-invariant probability measure on the Riemann
sphere. This measure is smooth and in fact real analytic, except for mild singularities
at the postcritical points. Furthermore, it is balanced, in the sense that the preimage

£~ 1(U) of any simply connected subset of (E\P 7 is a union of n disjoint sets of equal
measure. Hence it coincides with the unique measure of maximal entropy, as con-
structed by Lyubich [Ly], or by Freire, Lopez and Mané [FLM], [Ma]. The converse
theorem is much more difficult:

Theorem of Zdunik. The Lattés maps are the only rational maps for which the mea-
sure of maximal entropy is absolutely continuous with respect to Lebesgue measure.

The same result for higher dimensional maps has been proved by Berteloot and
Dupont [BD]. They also characterize higher dimensional Lattes maps by minimality
of the Lyapunov exponents or maximality for the Hausdorff dimension associated
with their measure of maximal entropy.

We can think of the maximal entropy measure (i, as describing the asymptotic
distribution of random backward orbits. That is, if we start with any non-exceptional
initial point zg, and then use a fair d-sided coin or die to iteratively choose a backward
orbit

= Z_ 2= Z_1H 20,

then {z, } will be equidistributed with respect to (¢, - This measure 1., always exists.
An absolutely continuous invariant measure is much harder to find, and an invariant
measure which is ergodic and belongs to the same measure class as Lebesgue measure
is even rarer. However Lattés maps are not the only examples: Mary Rees [Re] has
shown that for every degree d > 2 the moduli space of degree d rational maps has a sub-
set of positive measure consisting of maps f which have an ergodic invariant measure
(1 in the same measure class as Lebesgue measure. Such a measure is clearly unique,
since Lebesgue almost every forward orbit zg — z; > z - - - must be equidistributed
with respect to w.
Using these ideas, an easy consequence of Zdunik’s Theorem is the following.

Corollary. A Lebesgue randomly chosen forward orbit for a Lattés map has the same
asymptotic distribution as a randomly chosen backward orbit.

I don’t know whether Lattés maps are the only maps of degree d > 2 with this
property.

In general, different rational maps have different invariant measures, except that every
invariant measure for f is also an invariant measure for its iterates f°”. However, every
Lattes map L/G, shares its measure [, with a rich collection of Lattés maps
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L /G, where L ranges over all affine maps of the torus which commute with the
action of G,,. This collection forms a semigroup which is not finitely generated. (If
we consider only the linear torus maps E(r) =art, then we obtain a commutative
semigroup.) I don’t know any other examples, outside of the Chebyshev and power
maps, of a semigroup of rational maps which is not finitely generated, and which
shares a common non-atomic invariant measure. (See [LP] for related results.)

Closely related is the study of commuting rational maps. Following a terminology
introduced much later by Veselov [V], let us call a rational map f integrable if it com-
mutes with another rational map, f o g=go f, where both f and g have degree at
least two, and where no iterate of f is equal to an iterate of g.

Theorem of Ritt and Eremenko. A rational map f of degree dy > 2 is integrable if
and only if it is a finite quotient of an affine map; that is if and only if it is either
a Lattes, Chebyshev, or power map. Furthermore, the commuting map g must have
the same Julia set, the same flat orbifold metric, the same measure of maximal
entropy, and the same set of preperiodic points as f.

This is a modern formulation of a statement which was proved by Ritt [R2] in 1923,
and by Eremenko [E] using a quite different method in 1989. For higher dimensional
analogues, see [Di2], [DS].

Remark 7.3. There has been a great deal of interest in higher dimensional analogues of

Lattes maps in recent years. Let Gbea complex crystallographic group of automorphisms
of C", that is a discrete group of complex affine maps with compact quotient. (Such maps
were characterized by Bieberbach, also in the real case—see for example [M2]) If

L : C"— C" is an affine map, andif Logo L~ ' e G for every g € G, then L induces

a holomorphic self-map of the quotient orbifold C"/ G. We are particularly interested in
the case where this quotient can be identified with complex projective r-space. As an

example, glven any one-dimensional example with crystallographlc group G, and affine
map L, let G be generated by the r-fold cartesian product Gy x - xGy, together with

the symmetric group of permutations of the r coordinates. Then the quotient C"/ G can
indeed be identified with complex projective space, and the map L =1L x --- x L of
C" givesrise to a “Lattés map” of this quotient r-dimensional projective space.

For further information about higher dimensional Lattes maps, compare [BL2],
[Dil], [Di2], [Du], and [V].

§8. Examples. This concluding section will provide explicit formulas for some partic-
ular Lattés maps.

8.1. Degree Two Lattés Maps. Recall from Lemma 5.4 and equation (14) that the
derivative L' = a for a torus map of degree d must either be a (rational) integer, so that
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d = a?, or must be an imaginary quadratic integer of the form a = (g% +/q2 — 4d) /2
with ¢ < 4d, satisfying a> —ga+d=0 and |a|> = d. Furthermore, replacing a by
— a if necessary, we may assume that g > 0. Thus, in the degree two case, the only
distinct possibilities are ¢ =0, 1, 2, with

a=iv2, or  a=1xiV1/2, or a=1+i.

In each of these cases, the associated torus 7 = C/A is necessarily conformally iso-
morphic to the quotient C/Z[a]. In fact we can assume that A =Z @ yZ with y in the
Siegel region (8), and set a =r + sy with r, s € Z. Let us assume, to fix our ideas, that
&(a) > 0. Then:

2@ _ 2l _ 22
VRV RV St

0<s=S(@)/S(y) <

Therefore s = 1, hence a = y(modZ); so the lattice A must be equal to Z[a].

First suppose that f=~L/G, is a Lattés map of type {2,2,2,2}, with
L(#) = at + b. The four points of the form A/2 in 7 map to the four postcritical points
of f. Hence the action of the Lattés map f on its postcritical set is mimicked by the
action of L on this group of elements of the form A/2 in 7, or equivalently by the
action of 7+ at+ 2b on the four element group Z[a]/27Z[a]. A brief computation
shows that the quotient group Z[a]/(2Z[a]l+ (a — 1)Z[a]) of Lemma 5.1 is trivial
when g is even but has two elements when ¢ is odd. Thus, in the two cases a =iv/2
and a = 1 4+ i where ¢ is even, we may assume that L(¢) = ar. In these cases, the equa-
tion a*> — ga + 2 = 0 implies that a> =0 mod 2Z[a], and hence that

l~a—0 and 14a+ a0 (modulo 2Z[a])

under multiplication by a. Thus in these two cases there is a unique postcritical fixed
point, represented by 0, where the multiplier at this fixed point must be a? by 3.9. In
fact, the diagram of critical and postcritical points for the Lattes map f necessarily
has the following form.

O]
i
* = (] (d ° < e <
Here each star stands for a simple critical point, each heavy dot stands for a ramified
(or postcritical) point, and the heavy dot with a circle around it stands for a postcritical
fixed point. If we put the two critical points at &= 1 and put the postcritical fixed point
at infinity, then f will have the form

f@=@G+z YH/a*+c
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for some constant c¢. (Compare [M3].) In fact it is not difficult to derive the forms
f@=—(z+zY/24+V2 when a=iV2, and
f@=%@E+z""/2i when  a=I1+i.

On the other hand, for a = (1+£ i\/7 )/2, a similar argument shows that there are two
possible critical orbit diagrams, as follows. Either:

= e = @ ¥ = e = @
with two postcritical fixed points, or
* > o —> e —— e <~ e < x

with no postcritical fixed points. In the first case, if we put the postcritical fixed points
at zero and infinity, and another fixed point at + 1, then the map takes the form

z+a®
a’z+1"

f@)=z
This commutes with the involution z — 1/z, and we can take the composition

az?+1
2(z+ad?)

2= f(/2)=1/f(2) =

as the other Lattés map with the same value of a, but with {0, co} as postcritical
period two orbit. (See [M6, §B.3] for further information on these maps.6)

We can also ask for Lattes maps of degree two of the form L/G, with n > 2.
However, only the type {2,4,4} with n =4 can occur, since, of the lattices Z[a]
described above, only Z[1 + i] = Z[i] admits a rotation of order greater than 2. In fact
the rotation ¢+ it of the torus C/Z[i] corresponds to an involution z — — z which
commutes with the associated Lattés map f(z) = (z +z~')/2i. To identify z with
— z, we can introduce the new variable w = z2 and set

gw) =g =f(2)*=—(+2+z H/d=—w+2+w /4

Up to holomorphic conjugacy, this is the unique degree two Lattes map of the form
L/Gy. Tts critical points 41 have orbit 1+ —1+> 0> 0c0<D, so that — 1 is both
a critical point and a critical value, yielding the following schematic diagram.

¥ = o > e = @

2 4 4

6 Caution: In both [M4, 2000] and [M6], the term “Lattés map” was used with a more restricted meaning,
allowing only maps of type {2, 2, 2, 2} withn =2.)
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Here the ramification index is indicated underneath each ramified point. Thus the map
has type {2, 4,4}, as expected. (Alternatively, the map z+> 1 —2/z?, with critical
points zero and infinity and with critical orbit O — co+> 1+ — 1 <D, could also be
used as a normal form for this same conjugacy class.)

Remark. Itisinteresting to note that every quadratic Latteés map can be constructed as
a mating p; LL p,, where p; and p, are quadratic polynomial maps which have den-
drites as Julia sets. (Compare [M6, §B.8]. In fact, in the special case a = (1% V7 )/2
with postcritical fixed points, there are four essentially distinct representations as a

mating.) Each such mating structure gives rise to a continuous map R/Z — C which
semiconjugates the doubling map on the circle to the Lattés map. Hubbard has asked
whether a corresponding statement holds for higher degree Latteés maps.

8.2. Degree Three. If the torus map L(f) = at + b has degree |a|* =3, then according

to equation (14) we can write a = (¢=% /g* — 12)/2 for some integer g with ¢*> < 12
or in other words |g| < 3. I will try to analyze only a single case, choosing g =0 with
a=iv/3sothata® = —3.

For this choice a =i\/3, setting a =r + sy as in the proof of 5.4, we find that s can
be either one or two, and it follows easily that there are exactly two essentially distinct
tori which admit an affine map L with derivative L' =a. We can choose either the
hexagonally symmetric torus 7 = C/Z[ws] = C/Z[(a + 1) /2], or its 2-fold covering
torus 7' =C/Z[a).

For the torus C/Z[a], since there is no G3 or G4 symmetry, we are necessarily in
the case n =2. A brief computation shows that the quotient group Z[a]/(2Z[a] +
(a—1)Z[a]) of Lemma 5.1 has two elements, so there are two possible Lattés maps,
corresponding to the two affine maps L(f) =at and L(t) = at + 1/2. In the first case,
the corresponding critical orbit diagram has the form

¥ > @ * > @ > e <« e <« x

with two postcritical fixed points. In the second case, it takes the form

* = [ = (] < %

1 I

* [ ® < [ ] < %

with a period four orbit of postcritical points. In the first case, if we place the postcriti-
cal fixed points at zero and infinity, and place a fixed point with multiplier +a at + 1,
then the map takes the form

2(z — a)?

The remaining fixed point then lies at — 1 and has multiplier — a. The two remaining
critical points & 2i — a map to the period two postcritical orbit — 2i + a«—2i 4 a.
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We can construct the other Lattés maps with the same a and the same lattice Z[a]
by composing f with the Mdbius involution g which satisfies

g:0<2i+a, g:00 «— —2i+a.

The critical orbit diagram for this composition permutes the four postcritical points
cyclically, as required.

A beautifully symmetric example. Now consider the torus 7 = C/Z[wg]. As noted
at the end of §4, the quotient 7 /G,, with its flat orbifold metric, is isometric to a regu-
lar tetrahedron with the four cone points as vertices. Again there are two distinct
Lattés maps with invariant a> = — 3, according as there is or is not a postcritical fixed
point. The map L(f) = at induces a highly symmetric piecewise linear map L/G, of
this tetrahedron. (Compare [DMc] for a discussion of symmetric rational maps.) The
four vertices are postcritical fixed points of this map, and the midpoints of the four
faces are the critical points, each mapping to the opposite vertex. Thus the critical
orbit diagram has the following form.

¥ = @ ¥ > @ ¥ > @ ¥ = @

The midpoint of each edge maps to the midpoint of the opposite edge, thus forming
three period two orbits.

If we place these critical points on the Riemann sphere at the cube roots of —1 and
at infinity, then this map takes the form

6z
=2

f@=

(16)

with a critical orbit w — — 2w<D whenever @ = — 1, and also co > 0<D.
The affine map L(f) =at+ 1/2 yields a Lattes map L/G, with the same critical

and postcritical points, but with the following critical orbit diagram.
* = [ ) — ) < % * = o < [ ) < %

Such a map can be constructed by composing the map f of (16) with the Mdbius
involution

g)=2—-2)/(1+2)

which satisfies — 1 «<» 0o and wg < wg. This corresponds to a 180° rotation of the
tetrahedron about an axis joining the midpoints of two opposite faces.

Now consider Lattés maps L/G, with n > 3 and with a=i+/3. Evidently the
lattice must be Z[wg], and n must be either 3 or 6, so the type must be either {3, 3, 3}
or {2, 3, 6}. Using Theorem 5.2, we can easily check that there is just one possible
map in each case, corresponding to the linear map L(¢) = at. Since both G, and G3
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are subgroups of Gg, this torus map L(r) = at gives rise to maps of type {2, 2, 2, 2}
and {3, 3, 3} and {2, 3, 6} which are related by the commutative diagram

L — L/G,

I I

L/Gs +— L/Gs.

Here L/G, is the “beautifully symmetric example” of equation (16). The correspond-
ing Lattés map L/Gg of type {2, 3, 6} can be constructed from (16) by identifying
each z with w z for w € Gs. If we introduce the new variable ¢ = z3, then the corres-
ponding map L/G¢ = f/G3 is given by mapping ¢ = z° to g(¢) = f(z)*, so that

([ 6z 3_ 6°¢
g(C)—(Z3_2> =T (17)

The three critical points at the cube roots of —1 now coalesce into a single critical
point at —1, with g(—1) = g(8) =8. There is still a critical point at infinity with
g(00) = g(0) =0. But now infinity is also a critical value. In fact there if a double criti-
cal point at ¢ =2, with g(2) = oco. The corresponding diagram for the critical and post-
critical points 2 — oo+ 0 and —1 > 8 takes the form

¥k = kx = @ > @
3 6 2

where the symbol s stands for a critical point of multiplicity two. The multipliers at
the two postcritical fixed points are a® = —27 and a®> = — 3 respectively.

Similarly we can study the Lattés map L/G3. In this case the three points of 7
which are fixed by G3 all map to zero. Thus the three cone points of the orbifold
7T /G5 all map to one of the three. The corresponding diagram has the following form.

Xk > e > @ <4 e < kx

3 3 3

If we put the critical points at zero and infinity, and the postcritical fixed point at + 1
(compare [M5]), then this map takes the form

23+w3
w32 +1°

f@)=

with critical orbits 0+ w3 — 1D, and 0o+ @3 > 1<D. In contrast to L/G, and

L/Gég, this cannot be represented as a map with real coefficients. In fact the invariant

a® = —i/27 is not a real number, so this f is not holomorphically conjugate to its

complex conjugate or mirror image map. (For a similar example with a*> = —8 which
occurs in the study of rational maps of the projective plane, see [BDM, §4 or §6].)

Note that f commutes with the involution z +— 1/z. If we identify z with 1/z by
introducing a new variable w =z 4 1/z, then we obtain a different model for L/Ge,
which is necessarily conformally conjugate to (17).
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8.3. Flexible Lattés maps. Recall from §5 that there is just one connected family of
flexible Lattés maps of degree a” for each even integer a, but that there are two distinct
families of degree a> when a is odd. For a®> = 4, the Schroder family (15), constructed by
expressing sn?(2¢) as a rational function of sn?(¢), exhausts all of the possibilities. This
family depends on a parameter k> € C\{0, 1} and has postcritical set {0, 1, oo, 1/k%},
with all postcritical points mapping to the fixed point zero. Using the corresponding
formula for sn?(3¢) and following Schrdder’s method, we obtain the family

(k2 —6k2 2 + 4K + 1)z — 3)?
(Bk4z* — k2 (K2 + 123 + 6k222 — 1)?

f@)= (18)
of degree nine Lattés maps, with the same postcritical set {0, 1, oo, 1 /kz}, but with all
postcritical points fixed by f. Note that f commutes with the involution 7+ 1/k’z
which permutes the postcritical points. Composing f with this involution, we obtain
a different family

(19

Z

e Kz) "~ 12z(kiz — 6222 + 4(K2 + 1)z — 3)°

1 f( 1 ) Bk — 4K+ D 6K — 1)°
with the same postcritical set, but with all postcritical orbits of period two. Higher degree
examples could be worked out by the same method. Presumably they look much like the

degree four case for even degrees, and much like the degree nine case for odd degrees.
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Branner-Hubbard motions and
attracting dynamics

C. L. Petersen
Tan Lei

Abstract. Branner-Hubbard motion is a systematic way of deforming an attracting holomorphic dynamical
system f into a family (f;);cr, via a holomorphic motion which is also a group action. We establish the
analytic dependence of f; on s (a result first stated by Lyubich) and the injectivity of f; on f. We prove that
the stabilizer of f (in terms of s) is either the full group LL (rigidity), or a discrete subgroup (injectivity). The
first case means that f; is Mobius conjugate to f for all s € L, and it happens for instance at the center of
a hyperbolic component. In the second case the map s+ f; is locally injective. We show that BH-motion
induces a periodic holomorphic motion on the parameter space of cubic polynomials, and that the corres-
ponding quotient motion has a natural extension to its isolated singularity. We give another application in
the setting of Lavaurs enriched dynamical systems within a parabolic basin.

1. Introduction. This paper describes systematic perturbations of holomorphic
dynamical systems via structured holomorphic motions that are also group actions.
The technique, commonly known as the Branner Hubbard motion or in short BH-
motion, was introduced by Branner and Hubbard in [BH1] to study parameter spaces
of monic polynomials. It was later used by, for example, Branner’s Ph.D. student
Willumsen [Wi] (see also [Ta] in this volume).

In order to better exhibit the general properties of BH-motions we introduce the
notion of attracting dynamics (see Definition 2.3), on which the BH-motion naturally
acts. Given an attracting dynamics f, a BH-motion provides a parametrized family of
attracting dynamics ( f;), 1., with the parameter space IL equal to the right half com-
plex plane, equipped with its usual complex structure and with a specific real Lie
group structure. The map s — f is naturally a group action.

We give a thorough description of the construction of the BH-motion together
with basic properties. We prove then the holomorphic dependence of f; on s
(Theorem 2.5.(2)), in a holomorphic motion context more general than BH-motions
(Theorem 2.7). This result was first stated without proof by Michael Lyubich. We
proceed to prove the injectivity of f > f; (Theroem 2.5.(6)). These two results will
be our main tool, while performing BH-motions on a full slice of cubic polynomial
attracting dynamics, to promote a holomorphic motion of the dynamical planes to
a holomorphic motion of the parameter space of such polynomials.

We then study the mapping properties of s +— f;. We show that the stabilizer (see
Definition 3.1) exhibits the following dichotomy: it is
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e cither the full group L, in which case f behaves like the center of a hyperbolic
component, in other words all critical points attracted by the attracting cycle actu-
ally lay on the cycle or its preimages;

e or adiscrete subgroup of L contained in the vertical line 1 + iR, in which case f is
necessarily a non-center, in other words at least one attracted critical point has an infi-
nite orbit (Theorem 3.3).

There are many possible applications of BH-motions. We have chosen here two of
them which we find illustrative for the diversity of applications.

The first one concerns a family (P,) of cubic polynomials, such that O is an attract-
ing fixed point of multiplier independent of a, and attracts exactly one simple critical
point. We will perform a BH-motion on each P,, thus obtain a double indexed family
P, s of cubic polynomials. As mentioned above, we prove that these dynamically
defined BH-motions promote to a holomorphic motion of the a-slice within the space
of cubic polynomials, which turns out to be 2mi-periodic on s (Theorem 4.1). This
induces naturally a quotient motion over D* ~ IL/2miZ, which is the most natural
way to change the multiplier of P, at 0, but keeping the remaining part of the dynam-
ics fixed. We then make one more effort to extend this motion over D, and thus suc-
ceed in deforming systematically the attracting fixed point into a superattracting fixed
point (Theorem 4.2).

The second one concerns the BH-motion of the basin of oo of the quadratic cauli-
flower z > 72 + i, enriched by a Lavaurs map g. We give a detailed study of the effect
of the BH-motion on the enrichment of the dynamics (Theorem 4.6).

For other illustrations beyond the paper of Willumsen and the original paper of
Branner and Hubbard, the reader may want to consult the beautiful master thesis of
Uhre [U], the paper [D] in this volume and the paper [P-T] which explores further the
notion of attracting dynamics.

2. Definition and basic properties of BH-motions. In this paper we shall use the
notion of holomorphic motions in a slightly more general sense than the usual
definition:

Definition 2.1 (Holomorphic motion). Let (¥, A, p) be a triple with x, A two com-
plex analytic manifolds and p : x — A an analytic surjective mapping. Denote by y;
the fiber p~!(1). Choose Ao € A a base point and E C X3,- A holomorphic motion of
E over A into yisamapping H : A x E— X, (A, 2) — H(}, 7) satisfying:

1. For any fixed A, z+— H(}, z) is injective on E and maps E into ;.
2. Forany fixed z € E, A+ H(-, z) is analytic.
3. H(X, -) is the identity map on E.

In practice, we often have x = A x X, in which case we suppress the first coordinate
of Handwrite H : A x E—X.
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2.1. The model BH-motion. The notation below is taken from [Wi]. Further calcu-
lations can be found there.
Define L = {u +iv, u > 0} and for any s =s, + is, € L, define an R-linear diffeo-
morphismlNS :C— Chy:
s+ 1 s—1_

l:(z):(s—l)zx+z=szx+izy=Tz 5 <

(0 )(2)-(2%0)
o Sy 1 Zy o Sny-i-Zy '

where z = z, + izy. Moreover define a homeomorphism /; : C— Cby

ls(Z) — ls(reZniO) — rseZm'Q =z. P 1 =z. e(x—l)logr’

so that exp o l~S =1, o exp. Then the almost complex structure o5 = INS*(O‘Q) obtained by
pulling back the standard almost complex structure oy, is given by the ‘constant’

Beltrami form #, % where the constant 7y = $= } depends only on s, but not the position z.

Letx : L x L. — L denote the group structure for which the map s+ I, isa group

isomorphism onto its image, i.e., s’ * s > Iy o [ and in algebra

Vs S(+3)+(s—3)
N 2

1 1 ,Sy 2—S+§
s =——i==—

Sy Sy s+5

! Ly
=55+ l(SySX +s,), and

Note that s = (s, +i0) x (1 4is,). The group (I, * ) is therefore a real Lie group and
is generated by the two Abelian but non mutually commuting subgroups (W, x) and
(S, x) called wring and stretch respectively. Where W =1+ R with « is given by
addition of imaginary parts and where W acts on the group (IL, ) from the right by
addition of the imaginary part. And S =R | with % given by multiplication and where
S acts on the group (I, x) from the right by multiplication. The (collection of) maps I
and /; have many useful properties. We state them below as:
Define Hy ={z€ C|£R(z) > 0}, the right (left) half plane.

Lemma 2.2 (basic properties of l~Y and [y).

1. The map Z; is the unique linear map mapping the ordered triple (i,0, 1) to the
ordered triple (i, 0, s). The maps

(5,200~ 1(z), LxC—C, LxHy —H,
(s,2)—~L(z), LxC—C

satisfy simultaneously the following properties:

o they are holomorphic motions over L, with base point sy = 1
o they are group actions of (I, x), acting on the left.
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e they are dynamical conjugacies, more precisely TS conjugates 7+ kz (ke R)
to itself and conjugates 7+ 7+ L to 7+ z+ L, where Ly = l:(L); and l; con-
jugates 7+ 7% (ke N) to itself and conjugates 7+ Az to 7+ Az, where
A =L M) =A- AL

2. TSI,»R = 1Id, it maps R to the oblique line passing through 0 and s, and any other
horizontal line iy + R to the line parallel to s, passing through iy. It maps any
vertical line to a vertical line.

3. Forany zeHy :dpy, (z, l?(z)) =dp, (1, s) = Cs, where dy, denotes the hyperbolic
distance.

4. Fors;=142mi, 2;] maps m + i - R (m € Z) onto itself, mapping m to m + 2mwim.

5. Lil{z1=1y = id, I maps the circle |z| =r to the circle {|z| =r"} (where u = R(s)),
and the ray e*™ . R, to an oblique (logarithmic) ray.

6. The Beltrami coefficient on(z) is a constant depending only on s, i.e., is transla-
tionally invariant and that of l; is invariant under linear maps z — az, a # 0:

52: _s—1

(2)

zs—1
o, s+1

zs+1

ol
=1, eD — = =: D.
t;eD, 3l (2) ts €

Moreover the dilatations K(ly) = K (Z:) = } + m are also constants.

7. When s varies from 1 to 1 4 2mi, the circle {|z| = €™} makes m-turns, relative to
the unit circle, for all m € Z, under the action of I;.

Proof. We will only prove 3 for H, the rest being straight forward. Fix zo € H; . The
map w— w — i - J(z9) is a hyperbolic isometry of H, , mapping z to (zp) and Z(Zo)
to l:(%(zo)) by the conjugacy property). Now w — w/%(zo) is again an isometry, map-
ping (zp) to 1 anleS(%(z())) to l:(l) = s (by the conjugacy property). [

2.2. BH-motion of an attracting dynamics (f, W, ).

Definition 2.3. We say that (f, W, «) orin short (f, &) or f, is an attracting dynam-
ics, if: i) W c C is open, ii) f : W—>C is holomorphic and iii) « € W is an attracting
or superattracting periodic point for f.

Any attracting dynamics (f, W, «) comes with a long string of informations

(fs W, o, k(), 2(f), B@), B(@), ¢, U)

defined as follows: k=k(f) € N is the exact period of &, and A(f) € D denotes the
multiplier (%)’ (). The set

B(a) :={zeW|VYn f" ) eW & f"**(z) @ for some / € N}

denotes the entire attracted basin of the orbit of «, and B(«) denotes the immediate
basin of ¢, i.e., the connected component of B(«) containing «. The map ¢ : U—>C
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is a choice of a linearizing (possibly a Bottcher) coordinate defined and univalent on
some neighborhood U of a.

Note that different choices of ¢ on a given U differ by a multiplicative constant. In
what follows we shall for any subset W C C denote by W¢ the complement C\ W.

Definition 2.4. Define a BH-motion of (f, W, «) to be a map:
s> (oy, hsy (fs, Wy, o), @5, Us),sell or in short s+ hy, se€ll
as follows (see the diagram below):

e 0y is the measurable and bounded Beltrami form defined by

(so¢)* (o) onU

oy=0, =1 (f") oy on f~"(U),neN

) on B(a)¢.
That is oy is given by the above formulas on U and B(a)¢ and extended to B(a) by
iterated pull-backs of f. Note that for every zo € U the assignment s+ o4(zq) is
a complex analytic function on L. In fact if we write o4(z) = u,(2) Z—g in some local
coordinate z on W/ C W, then for every fixed zg € U the map s — pu,(z0) : L—>D is
a Mobius transformation. On C which has a natural preferred chart the identity, we
shall abuse the notation and simply write y for the Beltrami form p g—g
e hy=h, ;: C—>C is a family of integrating maps for o normalized so as to
depend complex analytically on s, as supplied by the measurable Riemann mapping
theorem with parameters.

o (fss ny, Olfs) =(fs; Ws,as5)=(hso fohg 19 hs(W), hs(a)).
o py=¢;=Iso¢poh  landUs=Uy =hy(U).

Note that another s-analytic normalization }7 s of hy differs by an s-analytic family of
Mobius transformations. In other words l?s = M, o h; with M; Mobius and analytic in s.

Example 1. (f, W,a) = (e 'z+z% C,0) is an attracting dynamics with k(f) =1
and A(f) =e~'. In a BH-motion of it, we may normalize the integrating maps &, so
that they fix 0 and oo and they are tangent to the identity at oo. Then one checks easily
that f,(z) =e "z + 2.

Example 2. Let P be a monic centered polynomial. We do a BH-motion for
(f, W, a) = (P, C, 00). We normalize /, so that each f; is again monic centered. In case
that P has a connected Julia set, a theorem of Branner-Hubbard ([BH], Propostion 8.3)
shows that f; = P. We will reprove this result below in a more general setting.

The basic properties of a BH-motion are:
Theorem 2.5 (BH-motion of dynamics). Let (f, W, ) be an attracting dynamics

with k() =k and A(f) = A and let s+ (o5, hy, (fs, Wy, ay), @, Us) be a BH-motion
of (f, W, ). Then:
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. Forany z € C, the assignment s — o,(z) is independent of the choices of (¢, U) in

the long string information.

. The two maps of two complex variables (s, z) — f;(z) and (s, z) — ¢,(z) are com-

plex analytic in {(s, 2), s€ L, z € W} and {(s, z), s € L, z € Uy} respectively.

. For any s €L the triple (f;, Wy, o) is again an attracting dynamics, whose long

string of information takes the form:
(va WS’ aSv kv )"l)‘"s_l ’ hS(E(a))v hS(B(a))7 ¢S’ US)
If A € D* then s+ Ay is holomorphic and depends on A only.
If A =0 then Ay =0 and ¢, is a Bottcher coordinate for ( fs, o), defined and univalent
on Us. Moreover write f*(2) —a=a(z — o)+ higher order terms, with a # 0 and

d > 1 the local degree at a, then ff (2) —os =a(s)(z —ay)d + higher order terms,
with a(s) non vanishing and holomorphic in s.

. If ¢ extends holomorphically to some domain U’ C B() then s o ¢ ohisaholo-

morphic extension of ¢, to U. =h,(U") C E(O!s).

. The maps (s, z) > hy(z)

e form a holomorphic motion of C over L. with base point s = 1;
e are dynamical conjugacies as indicated in the following diagram:

(f) Az, 2™ (z+ L, mz)
woBwou 5 gwce 2 ¢ 6o
lhs lls lls linear )
WsD Blay) DUy,  —> ¢ (U)CC «— C, (,0,5)
¢A:=lx¢h;1 €xXp
(fs) (Asz, 2™) (z+ Ly, mz)

e are group actions. More precisely, (fs)y = fyxs, hyxs, f=hg, r 0hs r and
Gyns, £ = (b5, )y I (subject to suitable normalizations). And for any fixed s € L,

the map
/
5 > (Ogsss Psness (fyxss Wrkss @sins)s Dyrass Ugns)

is a BH-motion of f.

. (injectivity) If (fy,, Wiy, .oz ) and (g5, Wy, , atg ) are Mébius conjugate by M

(see Definition 2.6 below) for some sy €L and some pair of attracting dynamics
(f, Wy, ayp)and (g, W, o). Then (fs, Wy, o) and (g5, Wy, ag ) are Mébius con-
jugate for all s by a holomorphically varying family M, of Mobius transformations
with My, = M.

The proof of this theorem is postponed to the next subsection.

Definition 2.6. Two attracting dynamics (f, Wy, ay) and (g, W,, a,) are Mobius
conjugate, if there is a Mobius transformation M, with M (o) =0y, M(Ws) =W,
andMo f=goM.
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Remark. The map s+ f; may not extend continuously to the boundary iR of L. See
[BH1], [Wi], [KN] or [Ta] for details.

2.3. Proof of Theorem 2.5. The non trivial part of Theorem 2.5 is the analytic
dependence on s of fi(z) and ¢,(z). It is a consequence of a theorem first stated by
Lyubich, which we restate and prove below. It requires however a little setup.

Let U, V C C be open subsets and f : U—> V be a holomorphic map. Let A be
a complex analytic manifold and suppose o : A x V—Bel (V) is an analytically vary-
ing family of bounded measurable Beltrami forms supportedon V. Let ¥ : A x C—C
be a corresponding analytically varying family of integrating quasi-conformal homeo-
morphisms as supplied by the measurable Riemann mapping theorem with parameters.
That is for each fixed z € C: A — W, (z) is holomorphic and for each A the map ¥, =
W (A, -) is a quasi-conformal homeomorphism with ¥} (o9) =0, on V and ¥} (0p) =
ogon V¢. Let similarly ® : A x C— C be an analytically varying family of integrating
quasi-conformal homeomorphisms ®; =®(%, -) for the pulled-back structures
ox = f*(03.), with @ (0¢) = 75, on U and D} (0¢) = o on U°. See diagram (2).

W.5)) —5 (Us.o0)
il | % @
Vo)) —5 (Vi o0)

Define for each e A : U, =, (U) and V, =V, (V) and open subsets U,V C
AxC by U={(r2)zeU,} and V={(%, z)|z € V;}. Finally define a continuous
map (homeomorphism if f is bi holomorphic) F : .{— ) by

F(L2) =, fi(2) =, ¥y 0 fo ;' (2)).
Note that although @;1 (z) is still quasi-conformal in z and continuous in (A, ), it is

in general no more analytic in A. However, we have, as a miracle,

Theorem 2.7 (Lyubich). The above map F is complex analytic or equivalently

(X, 2) — fi(2) is complex analytic.

Proof. The map (X, z) — f;(z) : d—>C is continuous, because the two maps
AP @) AxU—U and (A, 2)—~ A, V;(2): AXxV—YV

are homeomorphisms. Moreover f; is holomorphic for each fixed Ag as f; pulls back
the standard Beltrami form oy to itself,

f1@0) = (T 0 fod ) (00) = (@) 0 £ 0 Ui (00) = (®; 1) (f*(0)) = 0.

Thus we need only check that for each fixed z the map A +— f; (z) is holomorphic in
each of the coordinate functions of a complex analytic local chart on A. Equivalently
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we need to prove that f; (z) has a complex partial derivative at each point (A, zo) €U
with respect to each such coordinate function. Hence the theorem is an immediate
consequence of the following one variable version. [

Proposition 2.8. In the notation above suppose A, U,V C C are open subsets and
U,V A xC. For (ry, 20) € U write wg= <I>;01 (z0) € U then

o1 i £2G0) = fiu o) _ 0T,

afi RA 2N
Ty (z0) rpy = Am o 8)» (f (wo)) e 13, (0) BA (wo) -

=A0

The same proof shows that if A is a real parameter and ®; (wo) and ¥, (f(wo)) are
real partially differentiable as functions of A at X, then f; (zo) is partially real differen-
tiable at Ao with the same formula for the partial derivative. See the following diagram:

(I))‘O
Wo I 20

fl lf)»()

\PA.O
f(w()) - f)\.() (ZO)

Proof. Atfirst (A, z) — f3(z) is continuous on (X, z) and analytic on z. By the Cauchy
integral formula, f; (z) and f'(z) depend continuously on (1, z). In particular, for

u(h, 2) = f(2) — fr(z0) — f1(z0)(z — 20),

there is some x> 0 such that |[u (), z)| < x|z —zo|* for (A, z) ina neighborhood of (X, zo).

As the maps A — @, (z9) and A — U, ( f(wy)) are C-differentiable at 1y, we can write
B (o)l =A, B (Fwo)l;, =B and ®;(wo) —20=A(— Ao) +0(% — ol).
From the relation f; o ®;, = ¥, o f we obtain

W5 (f(wo)) = W3, (f (wo)) _ fo.(P5(w0)) = fig (P1y (Wo))

B = *— Ao A — Ao
_ [i(@u(wo)) — f3,y(20)
*—
_ Ju(®i(wo)) — f3(z0) n fi.(z0) = fi,(20)
A—2o A— Ao
_ f1(z0) (P (wo) — z0) + u (X, ;(wo))
A—Xo
Si(20) — firy(20)
+ A— Ao
_ fi(z0) AL = Xo) +0(|A — X))
A—Ap

Si(20) — fiy(z0) .

+ A—2Xo
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It follows that
. f(@o) = iy (zo) ,
T
O
Proof of Theorem 2.5.
1. Let (¢;, Uy), i =1, 2 be two choices of the linearizer (or Bottcher coordinate). Then on

a neighborhood U C U; N U, of «, there is a constant a # 0 such that ¢; =a - ¢,.
But (a-)*(liog) =Iiop, by 6. of Lemma 2.2. Thus on U, (I; 0 ¢;)* oo = (Is 0 ¢,) 0p.
It follows from the f-invariance of oy that o(z) is independent of the choice
of (¢, U).

Complex analyticity of the maps (s, z) — f;(z) and (s, z) — ¢,(z) follow immedi-
ately from Theorem 2.7 applied to the following two commutative diagrams:

N N
7l [P |#..
N LN

As hy is a homeomorphism and f;(z) =hy o foh; ! it follows that oy = hy(e) is
a k-periodic point. Moreover

¢Sofsko¢s_]=lso¢ohs_lohsofkohs_lohsoqb_lols_lzlsocj)ofkocj)_lol;l.
If A #0thengo ffo¢p~'(z)=Azand
oo fiod @ =lon ol @) =Az=AAI""z.

If A=0, we have fk (2)—a=a(z—a)+ higher order terms for some a # 0 and
¢po fFogp~!(d)=z" then

¢,0 frog () =l0z% 0l (2)=2".

Moreover fs" (z) — g =a(s)(z —a,)? + higher order terms with a(s) = (¢ (ozs))d*1
depending holomorphically on s.

The facts that §(ozs) = hS(E(a)) and B(o,) = hy(B(«)) are immediate from the
definition.

The extension of ¢, is immediate from the definitions.

The map (s, z) — hy is a holomorphic motion by the measurable Riemann map-
ping theorem with parameters. Each A is automatically a dynamical conjugacy by
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the commutative diagram. To prove the group action properties, just look at the
following diagram:

f, WO B(ay) DU i ¢;(U) CC,
Jps It
~ Gyi=1sph;!
(s, /)= fs, WyD Blay) DU e ¢,(Uy) cC
\hs. 2
Pyi=lodih ],

g=, ), (Wy)y D Blag) D (Uy)y — " 9, ((Uyy) CC.

Aslyoly=ly,, themap hy r o hy rintegrates the complex structure pulled back by

Ly xs © ¢ . So, up to normalization, hy z, © hs f =hgs, g and (fs)g = fis. Similarly
¢g:lS/ o¢,0 hs_’,lfs =lgyol;opo hs_l o hs_’,lfs =lg,s0¢o0 hv_,ig
6. Injectivity. If so=1 so that g=Mo fo M~'. Then M*(o, ) =0, ; so that
Mi=h;,0Mo h;lf is a Mdbius transformation, depends holomorphically on
sell and conjugates (f;, Wy, ay) and (g5, Wq,,
that by the group action property for any s € L the inverse map h;lf : C—>C inte-

g ). For the general case note

grates the f; invariant almost complex structure o1 ¢, i.e., (h;lf)*(ao) =051, -
And simillarly for g. If (fy,, Wy, , ap, ) and (g5, W, , g, ) are Mobius conjugate
by some M. Then M*(o1 , )=01 s and hence M= hlyoMohy, ;s
a Mobius conjugacy between (f, Wy, ar) and (g, W,, o). So the first part applies
and yields M, = M.

O

h
C (Us,fv o)) — C (UO,US*I,fA,)
fO f:0 :

lMl J,Mv
(C (as,gs 60) b) (C (0-01 qY_l’gY) ’
g0 8s :
l(bg ~L¢gs
C(ls(00),00) C(00, I5_1(0p))

3. Centers, stabilizers and proper attracting dynamics. In this section we study
the mapping properties of s — f; in a BH-motion. We will show that it is either locally
injective (as in Example 1, page 5) or constant (rigid, as in Example 2, Page 5). For this
we will need some notations:
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Definition 3.1. In a BH-motion of an attracting dynamics (f, W, «), we denote by
Stab( f) C L, the stabilizer, to be the set of s for which (f;, Wy, «) is Mdbius conju-
gateto (f, W, o).

Definition 3.2. We say that an attracting dynamics ( f, W, «) is proper, if on every con-
nected component € of B(«) the restriction [ Q—> f(Q) is a proper map (for example
a rational map with an attracting cycle and with the choice W = C is always proper).

We shall use the term central orbit synonymously with the grand orbit of « :
G.O.(@)= {z|ImeN: f(2) =a}.

A proper attracting dynamics ( f, ) is a center if all critical points in B(«) are cen-
tral, i.e., belongs to the central orbit, in particular « is f-superattracting. In other
words, f is not a center if either A(f) # 0 or A(f) =0, but at least one critical point in
B(a)isnota preimage of «.

Theorem 3.3 (Injective or rigid). Let (f, W, @) be a proper attracting dynamics with
k(f) =k, ()= A

o Assume that (f,a) is not a center. Then Stab(f) is a discrete subgroup of W :=
(14iR, x) and the map s+ fs is injective on the semi strips {R(s) >0, |S(s —sg)| <3}
for some §>0 and any sq € L. Moreover Stab( f) =51 *Stab( f) *s.

o Assume now (f,«) IS a center. Then Stab(f) = Stab(fs) =L and fs= f for all
s € L (after suitable normalization of hy).

Remark that Branner and Hubbard’s original result ([BH]’s Proposition 8.3, see
also [Wi]’s Proposition 5.5) corresponds to the case that f is a polynomial and ( f, oo)
is a center, which means in this case the absence of escaping critical points, or equiva-
lently the connectedness of the Julia set.

The first step in our proof is the following:

Proposition 3.4. For any attracting dynamics (f, o) (with k(f) =k, A(f) =A), the
stabilizer Stab( f) is a subgroup of (I, x ) and is independent of the normalizations of
hs. If & € D* then Stab(f) is a discrete subgroup of W. If A =0 and if Stab(f) is not
discrete, then there is a sequence s, —> 1 such that fy = f, after suitable normaliza-
tion of hy. Consequently f; = f under this normalization.

Proof. Assume s;, s, € Stab(f). We shall prove that sl‘1 * §p € Stab(f), which
implies that (Stab( f), * ) is a group.

By Theorem 2.5 5. the maps s+ fi,, S fous, are BH-motions of f; and f;,
respectively.

Fori=1,2 let M; be Mobius transformations with M; (@) =y, and f= lel ofy oM.

Then f;, =N"'o f,,o N, where N=M, oM '. By Theorem 2.5 6. the dynamics fj,,

and fi,,, are Mdbius conjugate for all s€LL. Setting s=s7"' we get that f and f, 571, ATE
“1

Mobius conjugate, i.e., Sfl * 57 € Stab( f).
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Therefore Stab( f) is a subgroup. Now different normalizations of 4 lead to Mobius
conjugated f, and therefore the same Stab( f).
Assume now A €D*. A necessary condition for s € Stab(f) is that A, =2, i.e.,

se{l+i 13;% |n € Z} which is a discrete subgroup of W.

Assume now A = 0. We will make a sequence of Mobius conjugations to reduce f to
a suitable normal form.

We start by remarking that there is a Mobius transformation G with G («) =0 such
that in a neighborhood of the origin

671 © fk o G(Z) =Zd(1 +D(Z)) =1 -Zd—|—p.zd+1 +D(Zd+2),

where d is the local degree of f* at a.
Next we choose a further Mébius transformation M fixing 0 so that (G o M)~ 'o
%o G o M(z) has alocal expansion in the following normal form

21 4+DE))=1-2240-2T 4+ D72, 3)

By looking at the local expansions one can check easily that such M exists, and there
are precisely d — 1 of them, in the form

M(z)=N(pz), p* '=1, N@z) =

“)

It follows easily that there are exactly d — 1 choices of the composed Mobius map
G o M toreduce f to its normal form.

Now for each s we may and shall post-compose h; by Mobius maps G, o M, to
reduce f; to its normal form. Again there are exactly d — 1 choices for each given s.
By Theorem 2.5 2. the map s+ f; is analytic. So G50 M can be chosen to be
s-analytic.

Therefore there are s-analytic normalizations of 4, so that all f; have the above
normal form. We may and shall thus suppose that all f; have already the above normal
form.

Assume that Stab(f) is not discrete. Then there is a sequence s, € Stab( f) with

Sy i> s" € L. Then there is a sequence of Mobius transformations M,, with M,,(0) =0
and M, Yo foM,= fs,- As both f and f;, have the normal form (3), by (4) we con-
clude that M, (z) = p,z with p?~ ! =1.

If there is a subsequence (n,)) for which p, =1, then fi = f;, . But the right hand
side converges to fy. So fsn,, = fi= fy-

Otherwise there is a subsequence with Pp, =P for some fixed p with p¢~! = 1. Thus
M,,(z) = M(z) = pz and M lofoM= Jsn, - Again the right hand side converges to
f:Yl' SO fSnp :M71 © fO M: f:&‘,'

In both cases we get = (fy) -1 = f(_v,)fl*snp. Setting 5/, = (s') ' % Su,, We get the

proposition, except the final consequence.
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But due to Theorem 2.5 2. the map s — f(z) is analytic for each fixed z. By the iso-
lated zero theorem we conclude that f(z) = f(z). O

Using Riemann-Hurwitz formula, it is quite easy to prove that (f, «) is a center if

and only if any connected component A of B(w) is simply connected and has a unique
point in the central orbit.

Proof of Theorem 3.3, non-center part. If A € D* we know already that Stab( f) C
{1+i 1§§|'1\ |n € Z} which is a discrete subgroup of W.
For A =0 we have to work a little harder. Let ¢ : U— V be a Bottcher coordinate

for f* near a.

Case 1. There is at least one non central critical point in the immediate basin B(«).
There is a maximal radius 0 < r < 1 and an open subset U° C B(x) such that 3U° con-
tains at least one and at most finitely many critical points ¢/ and ¢ extends as a biholo-
morphic map ¢ : U’—ID(r). The radius  is a conformal invariant. For the Béttcher
coordinate ¢, of f, the maximal radius r(s) =" . Hence if R(s) # 1 then f; and f;
can not be Mobius conjugate, yielding Stab(f) C W := {s, R(s) = 1}.

Assume that Stab( f) is not discrete. Then by Proposition 3.4 we have f; = f after
suitable normalization of &,. But 7(s) = %) is not constant, which is a contradiction.

Case 2. The point « is the sole critical point of f*in B(e). Then ¢ extends to a biholo-
morphic map ¢ : B(o)— DD and by assumption there is at least one connected compo-

nent 2 of B(a) containing a critical point not in the central orbit. Let n be the minimal
iterate for which f"(€2) = B(«) and let r be the maximal modulus of the critical values
of ¢ o f" on (). Then again r is a conformal invariant, and the corresponding value for
fyis r(s) =", Reasoning as above we may conclude that Stab( f) is again a discrete
subgroup of W.

Finally we show that s — f| is injective on the semi strips. Let § > 0 be minimal so
that 1 4+ 8i € Stab(f). Then Stab(f) = {1 +ind, n € Z} and

fs =st=>s2_1 * 81 €Stab(f) = dne€Z, sy =5, % (1 +ind)
:>%(S1 —57) € §7.
O

Rather than proving now the center part, we prove at first a slightly more general
result, unrelated to BH-motions:

Definition 3.5. We say that two attracting dynamics ( f, W, «) and (fy, Wy, p) are hyb-
ridly equivalent, if there is a q.c. homeomorphism % : C—C, h(a) =a, h(W) =W,
which is conformal a.e. on B(a)¢, and which is a conjugacy ho f= fyoh on a
neighborhood of B(a)°. We alsocall h a hybrid conjugacy.
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Proposition 3.6 (rigidity). Let ( f1, Wi, oy) and (fo, Wa, an) be two proper attracting
dynamics which are centers and which are hybridly equivalent to each other by a quasi-
conformal map h (in particular k( f1) =k(f2) :=k). Then they are Mobius conjugate

(see Definition 2.6), by a Mobius transformation M, which coincides with h on §(a)c.

Proof. Let p; : B(e;)—> D denote Riemann maps (Bottcher coordinates) such that
0; © fl." = (pl-)P“, where p+1=deg(f*: B(a) = B(x)). The maps are unique
modulo multiplication by a pth-root of unity. Let /& : C — C be a hybrid conjugacy.
Then the quasi-conformal homeomorphism 7 :=p, o h o p;! : D—>D extends by
reflection to a global quasi-conformal homeomorphism and conjugates z — z”+! to
itself on a neighborhood of S'. It follows that its restriction to S' equals to a rigid rota-
tion of order p, that is wz with @” =1 (see Lemma 3.8 below and its trailing remark).
Hence given a choice of p, we can choose p, such that the restriction of 7 to S' is the
identity. Define ¢ = p; 1 0 p; : B(o;) —>B(cr2). We shall also express this fact that
n(z) =z on S' by saying that ¢ and & are identical on the ideal boundary or 2~! o ¢ is
the identity on the ideal boundary. See the following diagram.

Q -5 Ba) 2 D

|| g n | n||id 5)
D
P

Since 7 is quasi-conformal and equal to the identity on S', there exists a constant
C > 0 depending only on the maximal dilatation of n (and thus implicitly on %) such
that Vz € D: dpy (z, n(z)) < C or equivalently Vz € B(e;): dp(a2) (h(2), ¢(z)) < C. This
is a classic compactness result for q.c. mappings. For completeness we reprove it in
Lemma 3.9 below.

For 2 any connected component of B(a;) let n=n(Q) = min{m| f" () = B(e)}
and p(Q) =deg(f!' : @ — B(x;)). Then p(2) = p(h(Q)) and n(2) =n(h()) and
¢ o f1 lifts by f3 to an isomorphism ¢, : 0— A (). This lift is uniquely determined
up to post composition by a deck-transformation for f3. Also h and ¢, differs on the
ideal boundary by a deck-transformation for the action of f on the ideal boundary. We
let ¢, be the unique choice of lift for which 4 and ¢, are identical on the ideal boundary
of (2. Then by the same argument as above we have Vz € Q: djq)(h(z), ¢pq(2)) <C,
with the same C, since h o ¢51 is K-qc with the same K as above.

Define H : C—>C by H =h on B(a;) and by H = ¢, on each connected compo-
nent 2 of E(al).

In order to prove that H is continuous, choose two distinct points 8, y outside B(ay).
Let w, €(),, where the 2, are (not necessarily distinct) connected components of
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E(al) and w, >we 8l~?(a] ). (The point w may be one of 8, y, but is never o] € E(al)).
Then

d@\h({al By wh) (h(wn)v H(wn)) fdh(ﬂn)(h(wn)’ ¢Q,Z (wn)) =< C<oo.

By a classical inequality (see for example Milnor [Mi]) we have H (w, ) — h(w) asn— oo.

Thus H is a homeomorphism, which coincides with A outside E(al ).

But then by Rickman’s lemma ([Ri], see also [DH2], Lemma 2) H is also quasi-
conformal, because 4 is globally quasi-conformal and the patches ¢, are also quasi-
conformal, in fact conformal. Moreover H is 1-quasi-conformal, because the maps ¢q,

are conformal and #/ is conformal a.e. on E(ozl)". Finally H is conformal and thus
a Mobius transformation by Weyl’ s lemma. [

Remark. Note that the key point here is the existence of bi-holomorphic conjugacies
¢, ¢, equal to h on the ideal boundaries, as indicated in the diagram (5). We may thus
replace the assumption of being centers by this requirement and obtain a more general
rigidity result. We will need this fact twice in Section 4.

Definition 3.7. A degree d > 2 orientation preserving covering map f: S'—S! is
called weakly expanding iff Vx, y € S' and for each of the two complementary subarcs
I, =[x, yland I, = [y, x] of {x, y} in S! there exists an n € N such that f"(I;) =S' or
equivalently f” is not injective on any of the two arcs.

The following Lemma is a classical result included for completeness.

Lemma 3.8. For any pair of degree d > 2 weakly expanding covering maps f; : S'— s!
and any choice of fixed points o;; €S', fi(a;) =« fori=1,2. There exists a unique ori-
entation preserving homeomorphism h : S'— S with h(a;) =z and ho fi = f>oh.

Proof. Existence: Let o : S'—S' be any orientation preserving homeomorphism
with hg(o;) = an, e.g. ho(z) = Z—;z. Define recursively 4, : S'—S! to be the unique
lift of h,,—; o fi to f, with h,, (o) = ap. (Equivalently define %, to be the unique lift of
ho o fT to f5.) Then each A, is order preserving and for every m >n : h,, (f{ " (at1)) =
f3"(a2). As each f; is weakly expanding, both families {4, }, and {h, '}, are equicon-
tinuous and hence pre-compact. Let 4 : S'—S' be any limit map. Then A is a homeo-
morphism and & o f; = f5 o h on the subset, U, f" (1), which is dense because f; is
weakly expanding. Hence 1 o f; = f» o honS' as desired.

Uniqueness: If h:S'—S'is any orientation preserving conjugacy with hi (o)) = an,
then & = h on the dense subset Uy, fi " (a1) and hence everywhere in s'. O

As an immediate consequence of this Lemma the automorphism group of z — z¢
for d > 2 (i.e., the set of orientation preserving homeomorphisms which commutes
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with z9) equals the set of rigid rotations {z+> pz|p?! =1}, since {p|p? ! =1}
equals the set of fixed pointsin S' of z¢. I

Lemma 3.9. There exists C = C(K) > 0 such that for any K-gc homeomorphism,
h:D—Dwithh=idon S':VzeD:dpl(z, h(z)) <C.

Proof. Define
Kx={h:D—D|h is K—gc and h=id on S'}.

Then K is compact, because any h € K extends by Schwarz-reflection in S' to
a global K-qc map, which fixes three distinct points say 1,7, —1. Since the map
h+— dp(0, h(0)) is continuous on the compact set Kx we can define C = C(K) as its
maximal value.

Let h € Kk and zo € D be arbitrary and let M(z) = fi;(?z, so that M(0) = zo. Then

M~'oho M e Kk and since M is a hyperbolic isometry we have

dpy (2o, h(z0)) =dpy (0, M~ o h o M(0)) < C.
O

End of the proof of Theorem 3.3, the center part. This can be deduced easily as

follows: We normalize &, so that it fixes o and two points of B(a)¢. For any s the maps
fi1, fs and hy satisfy the hypothesis of Proposition 3.6 and the Mobius conjugacy M,
fixes three points on the sphere. So f; = fand Stab(f)=L. 0O

Remark. The proof of Proposition 3.6 can also be done explicitly using the formula of L.

4. Applications.

4.1. Cubic slices. The first of our two examples is the two parameter family of
cubic polynomials

P, o(z) = Az +Vaz* +2°, A, aeC. (6)

Here the two different determinations of /a yields maps which are conjugate by
the map z — —z and hence are holomorphically equivalent. Moreover any cubic poly-
nomial admitting O as a fixed point is linearly conjugate to P;_, for some unique para-
meters A, a. Let

H= {(*,a) €D x C | both critical points belong to EM,(O)}
H ={(x, a)eD x C | only one simple critical point belongs to EA’ «(0)}
Pr={,a)|]) =1} ~C, Hy= H NP, in particular

H¢- ={aeC | only one simple critical point belongs to B, 1 ,(0)}.



Branner-Hubbard motions and attracting dynamics 61

We study the effect of the BH-motion on both the parameter space and the dynamical
plane, and determine completely the stabilizers.

Theorem 4.1. There exists a holomorphic motion H : (s, a, z) — (v(s, a), h(s, a, 7)),
L x C? — C? overL based at sy = 1 such thatforhg=e~! =e™:

1. For each fixed a, the map s+ h(s, a, -) is a BH-motion of the attracting dynamics
(P14, C,0), in particular h o © Pyt ;= Pes y(5,a) © N5, a-

2. Foreach fixed (s, a) the quasi-conformal conjugacy z +— h(s, a, 7) is conformal on
the exterior of I§(1 (0.

3. The holomorphic motion (s, a) — v(s, a) restricted to 1L x 7:22',1 is 2mi-periodic in
the s variable. In particular Stab(P,-1 ,) = 1+ 2miZ. Furthermore the holomorphic
motion H restrictedto {(s, a, z),s€L,ae ﬁg_, ,ZE Ee—l a(0)°} is also 2mi-periodic
in the s variable (but has a more complicated monodromy structure elsewhere).

By the A-lemma for holomorphic motions, the maps (s, z) — h(s, a, z) foraeC
fixed and (s, a) — v(s, a) are continuous as functions of two variables. However in
general the map & (s, a, z) is discontinuous with respect to a.

The periodicity leads naturally to the following operations:

Define v:D* x 77{271—>(C by v(e™*,a)=v(s,a); define h:D* x ﬁ}l X
Ee,l,a(O)C—xC by ﬁ(e‘s, a, z) =h(s, a, z), and finally define

H:{(\az),reD acH_, z¢ Eeflya(O)"}—ﬂfJ2

1

by I-AI()», a,z) =, a), }7()», a, z)). Thenbothv( -, -) and I-?( -, a, -) are holomorphic
motions over ID* with base point Ao = e~!. We call them the quotient motions.
With a little extra work we obtain:

Theorem 4.2. The quotient holomorphic motions v( -, -) and H (-,a, ) both extend
to holomorphic motions over D with base point 0.

Proof of Theorem 4.1. For acC fixed and a fixed choice of \/a, we consider a BH-
motion for the attracting dynamics (f, W, a) :=(P,-1 ar C, 0). We normalize the integrat-
ing maps hs=h; 4 so that h; ,(0)=0, h, ,(c0) =00 and h; , is tangent to the identity at
oo. This implies that the new maps f; are again 2 cubic polynomials in the form (6).
Further, by Theorem 2.5 3. the new multipliers A ( f;) equal to e~!|e~!|*~! =¢™*. Therefore

Jfs= Po—s v(s.a) for some v(s,a) €C. Set h(s, a, z) :==h;, ,(z) and
H(s,a,z):=(v(s,a),h(s,a,2)).
We check at first that H : L x C* — C? is a holomorphic motion:

o Injectivity on (a, z): For any fixed s € L, assume H(s, a, z) = H(s, @', 7). In particu-
lar v(s, @) = v(s, d’) and s0 P, (s, a) = Pes, v(s, «)- By Theorem 2.5 6. we conclude
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that P,-1 , and P,-1_, are linearly conjugate and hence a = a'. Consequently h(s, a, z7) =
h(s,a, 7). But h(s,a, -)=hg, 4(-) is a homeomorphism of C, so we conclude
thatz=2'.

e Analyticity in s: The map h(s, a, z) is analytic in s for any fixed a, z € C, by the
measurable Riemann mapping theorem with parameters. Due to Theorem 2.5 2. for
a € C fixed, the map

51 Pes,a(s, 0) (2) = Aoz + U(s, )2 +2°
=hsa0 @ e 24 Vat +27) o hy 4 (2),

where v(s, a) = v(s, a)2 is analytic in s for every fixed z. It follows v(s, @) and hence
v(s, a) depends complex analytically on s.
o Identity at the base point s=1. In this case hj ,(z)=z and consequently

Pe-t y(1,q) =h1,a0 Pet g0 hl_la =P, 4.50v(l,a)=aand H(1, a, z) =(a, 2).
This proves that H is indeed a holomorphic motion over .. We proceed to prove
the remaining part of Theorem 4.1.

(1) By construction.
(2) is obvious.

(3) Fix now any a € H°_,, and set B(0) = B

e 1s

~1.4(0) and B(0) = B,1_,(0). Recall
that by definition of ﬁg,l, the entire attracted basin B(0) of 0 for P,-1 , contains

a unique critical point ¢y = co(a). This critical point is in the immediate basin B(0)
and has local degree 2.

e la

Let s € Stab(P,-1 ). Thus Pe-s y(, 5 is MObius conjugate to P,-1 ,. A necessary
condition on s is that e~* = e~ !. In other words Stab(P,— ) C1 42717

Claim. We have v(1 +27i,a) =v(l,a) =a, i, fiio2i =Pty 420 o €quals to
f=fi1 =P, Furthermore h ; 27 4(z) = h1,4(z) =z forall z € B(0)“. Consequently
Stab(P,-1 ) =1+ 27iZ.

Proof of Claim.
Let ¢ : B(0)—> C be the linearizer with ¢(cop) =1 and let vy : D— U be the local

inverse carrying 0 to 0. Define hi= Y oliimio¢: U—>U sothat l?(f(co)) = f(co),
and extend 7 by iterated lifting to a quasi conformal homeomorphism
h: B(0)— B(0), which integrates o7, and which conjugates f to itself. By
further iterated lifting we can uniquely extend h to a g.c. homemorphism
h E(O)—) §(0) which preserves each connected component of E(O).

We now prove that h equals to the identity on the ideal boundary of B(0). Let
n : B(0)—>D denote a Riemann map fixing 0 and define R=7no f o n~'. Then R is

a quadratic Blaschke product fixing the origin. Define h= no ho n~! and extend h to
a global g.c. homeomorphism /% : C—C by reflection in the unit circle. Then
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hoR=Rohandin particular this holds on the unit circle which is invariant by both
R and h. However since the degree of R is 2 there is a unique self homeomorphism of
S!, which commutes with R. It is the identity. Thus h equals to the identity on S'. It
follows that /1 equals to the identity on the ideal boundary of B(0).

Similarly h equals to the identity on the ideal boundary of every connected compo-

nent of B(0). As in the proof of Proposition 3.6 (see also the Remark following its
proof), we conclude that the extension

p_fh on B
id on B(0)“.
is a global quasi-conformal homeomorphism, conjugating f to itself. As n integrates
the almost complex structure o 4,5, fixes the origin and is tangent to the identity at
00, it follows that h= hi 4 omis f= f1+2m and hy 42, equals to the identity on E(O)C.
This ends the proof of the Claim.
Now we may prove that s = P,—s (s, o) 18 2mi-periodic, or equivalently s — v(s, a)
is 2mi-periodic. We have
v(s + 2mi, a) = v(s x (1 4+ 27i), a) = v(s, v(1 + 27, a)) = v(s, a) @)

where the first equality is due to the (simple) equality s + 27i = s % (1 + 271), the second
is due to the group action property ( fy); = [y in Theorem 2.5 5. and the third is due to
the claim above.

Assume now z € E(O)C, we want to prove that s — h(s, a, z) is also 2mwi-periodic. In
particular the maps A1 1 . 24i, 4(2), 7 € Z are the identity on E(O)C. Again
h(s+2mi,a,z) =h(s* (142mi), a, 2)
=h(s, v(1 +2mi, a), h(1 +27i, a, 2)) =h(s, a, 2),
where the second equality is due to the group action property hy, g ;=h; y, 0 hy sin
Theorem 2.5 5. and the third is due to the claim above.

In the proof of Theorem 4.2 the hard work is really to prove that H extends to a holo-
morphic motion to A = 0. Because then one can change the base point from e~ to 0 as
follows: for any holomorphic motion K : A x E— x with base point Ao € A define
E;, = E and more generally E; := K (E) for A € A. Then K : Ax E,,—> x given
by K' (A, z) = K(A, K;ll (z)) is a holomorphic motion with the same fibers and the same
set of graphs { K(A, 2)|z € E;,} = {K'(A, 2)|z € E,, }, but with base point 1 ;.

We start by proving

Lemma 4.3. Both maps v :D* x ﬁi_] —Candh :D* x ﬁg_l X Eefl’a(O)C—ﬂC
have unique extensions to ). =0 such that . v(A, a) and )+ }?()\, a, 7) are holo-
morphic for every fixed a € ﬁg,l and every fixed z € Ee—l a(0)°.

For P a monic polynomial of degree d denote by gp : C—[0, oo[ the Bottcher
potential at infinity. That is g = gp is the unique subharmonic function, which satisfies
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1) g(P(2))=d-g(z), ii) g(z)=0 on C\Bp(c0) and iii) g(z)—log|z]|=0(1) at co.
Denote by g, , the map gp, .

Proof of Lemma 4.3. The conjugacy h; , is conformal on the attracted basin of
infinity B,-1 ,(co) for f= P, , and hence preserves the Bottcher potential, i.e.,
8e=s,v(s,a)(h(s,a,2)) = g,1 ,(2). Hence for any z € E(,—l’a(o)c the map A +— ﬂa(k, Z)
is bounded. To see this note that the Béttcher coordinate at oo for P, s is tangent to the
identity at oo for any A, @' € C, and apply the compactness of normalized univalent maps.
Similarly v(A,a) is bounded because v(A,a) ~ 3ci(A,a)/2 for small A, where
c1(A, a) =iz\a()\, c¢1) denotes the critical point of P, 414 not in ﬁw(ﬁeﬂa(O)) and
c1 denotes the critical point of P,—; , notin ng_| _«(0). By the theorem of removable sin-

gularities both s — (-, @) and s — h (-, a, 7) extends holomorphicallytoA =0. [

To complete the proof of Theorem 4.2 we need to check that the extended maps
a— v(0,a) and z+— f/l\a(O, z) are injective on ﬂg_l , respectively on Ee_lya(O)" for

ae 7T(Z_l . For this we prove at first the following

Theorem 4.4. Foranyae ﬂg,, and any A € D the map P; ;. q) is hybridly equivalent
to Py i0.q. More precisely there exist hybrid conjugacies H, ,: C—C between
P> 50,0 and Po 50,4y, Which are asymptotic to the identity at oo, such that, for each
fixed a, and as ). — O, the dilatations ||0H;, ,/dH,_ .||, converges to zero uniformly,
and H,_, converges locally uniformly to the identity.

Proof. In the following we fix an arbitrary a € 7~1§71 and suppress a in the rest of the
proof, e.g. write P, for P, ;.. 4 etc. It is easy to see (see below) that there is a center
attracting dynamics (see Definition 3.2) which is hybridly equivalent to P.-i1. Once
properly normalized, this center is a cubic polynomial of the form Py ,, with
b e C\{0} as it is a cubic polynomial with a superattracting fixed point of order 2.
Moreover as h;, is a hybrid conjugacy between P,.-1 and P;, the map Py ; is a common
center for all P;, A € D, by uniqueness of centers (Proposition 3.6) . Thus to prove that
v(0, a) = b we need only to show that, as A — 0, the coefficients of P; converge to
those of Py, 5, or equivalently, the non-captured P, -critical point c;(A) € E,\, oo, a) (0)€
converges to the Py ,-critical point ¢ (b) € Eo, »(0)¢ (as the captured P; -critical point
co(h) € Ek, .. a)(0) converges to 0 and the critical points determine Pp) .

To this end let ¢, : B;(0)—>D be the Riemann map with ¢, (0)=0 and
R, = qb;l oP,o¢, =z f:&. Note that D(|A|) contains the critical point of R; in D as
well as both preimages of 0. Define V] :=/\¢;1(ID) (V/TAD) and V; == P1(V}) N B, (0)
so that V] C C V; and define a new map P; : C—C by

P, on C\V,
Pr={ ¢ o@D o, on V]
degree 2 quasi-regular interpolation on A := VA\W.
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Note that on the boundary of the annulus A the map f’; is a priori defined as real analytic
covering maps of degree 2. It easﬂy follows that there exists a, say C! extension also
denoted P, P, : A—> A = = ¢, ({zl|*| < |z| < VIAT}), which is also a degree 2 cover-
ing. We need a little more, namely we need that this extension can be chosen so that its com-
plex dilatation converges to 0 as || — 0. Using the Riemann map ¢, we can transport the
problem to D, solve it and transport the solution back. That it can be solved (for R; in D) is
a consequence of Lemma 4.5 below. The map P, is evidently quasi regular. And any point
of z passes at most once through the zone A, where P; is not conformal. With the quasi reg-
ular extension on A given by Lemma 4.5 through ¢, let .« denote the measurable P, -invari-
ant Beltrami form, which equals the standard O Beltrami form on V/ and on B, (0. Let
also H, : C—>C denote the integrating map for p, given by the measurable Riemann
mapping theorem, and normalized by H; (0) =0 and H;, being tangent to the identity at co.
Then Py , = H, o PA o HA and the dilatation of H, is bounded by that of u on A, which
is bounded by 16 -2 - y/JA]/log+/|A[, as shown in Lemma 4.5. This bound of distortion
tends to 0 as A — 0. With the chosen normalization it follows that H; converges uniformly
to the identity on compact sets of C. In particular the P; -critical point c; (A) € Ex,f;(x, a(0)¢
converges to the Py, ,-critical point ¢; (b) € EO, »(0)°. We conclude then Py , = Py. O

Lemma 4.5. For each fixed d > 1 there exists 0 <ry = ro(d) < 1 with the following
property: Let R : D—D be any degree d Blaschke product fixing 0 and 1 for which
the critical values and the zeros are contained in D(r) for some r <ry. Define

=D(/r) and V=R"! (‘7’) (we have VoV by Schwarz Lemma). Then there exists

a degree d quasi regular branched covering F : D—D with F(z) =z% on V' and
F(z)=R(z) on ID)\V such that

1
. 6d+/r )

~ llogy/r|”

Proof. Let A'={z|r<|z] <1}, A=R(A’) and A" ={z|r'/? <|z] <1}. Let I':
A"—>s A denote the lift of z¢ to R which fixes 1, ie., R(I(z))=z% Set
C={z|r'/* <|z| < 1}. Then it suffices to construct a quasi-conformal map G, which
is the identity on V' and equals I" on C, because then

F(z) =(G ' (2))*

would be the required map. Write r = exp (dm) (with m < 0) and let A, A" C, V' be
the preimages by exp (z) of the corresponding un-tilded (and hatted for V) sets in D*.
In particular

~//_ . ~_ . ﬂ ~/_ . df’n
A" ={x+iylx € Im, 0[}, C—{x—i—lylxe]Z,O[}, V—{x+ly|x< 5 }

Denote by [: A”—>A the lift of T'o exp (z) to exp(z) which fixes 0. Then
f(z +27) = f(z) + 27 and we shall construct a q.c. homeomorphism G:H_—H_



66 C. L. Petersen and Tan Lei

which equals [ on Cand the identity on % , which satisfies G (z4+2m) = G () +2mas
well as (8). Then

F(z) .= exp(d- éfl(logz)) 9)

is the required map. To construct G we need only construct its values on the vertical
strip {x+iy|lx € [%’", 21} so that it verifies (8) and such that G is continuous. The
extension to this strip is the standard affine extension, i.e., it maps each horizontal seg-
ment affinely to the segment whose endpoints are determined by the values of G
already defined. More precisely, set f(u) =u—+ w(u). For x€[a, b] .= [‘17’”, %1 and
yeR, we have

Xtiy= S (a+iy) + e (b+iy).
b—a b—a
Set
~ bh— —a~ _
Gotivy="Xatin+ 29T b+iy=x+iv+ —Lwb+iy).
b—a b—a b—a

The reader may check easily that Gisa homeomorphism provided |’ (b +iy)| < }1 for
every yeR.

dm dm m
2 m g 0 dm m
2 2 - 3 ~m 5
i _ P Pl
St r : ol g
e e : e o F
L- Ar ~ : A
- > \pr cxp/ : .
b-Ti-” Iy : i
o e I - . -
Lo TseT A" A : -7 i
[t : G2 a7
AN SR : g
iy m dm ~ M
2 2 2 2
v : el G
: : - o9
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To give more precise estimates we write I'(z) =z(1 + g(z)) and '~ (z) = z(1 +h(z)).
Then

=TT =21+ 1 +rT(2)).
llog(1+g(2))| = [log(1+-h(I'(z))!. (10)

Assume now aj, ..., ag are the zeros of the Blaschke product R, we have

d _
l—ajz—a;
d d J J
(1+h@)'=R@Q)= || —7.
2(1+h(2)) () ,-l_l —a;1—a:
a]/z
—szz

so (1+h(2)!= H1—
and

d
|1og(1+h<z>>|s;§j<

J=1

log(l —) ‘+ llog(1—a;2)| +[log(1—a;)| + [log(1 —a,>|).

As |a;| <rand |z| > /7, and [log(1 +v)| <2|v] for [v| <1 5 there is ro > 0 so that if r < ro,
llog(1+h(2)| <2(+/r+3r) <8V/T.
Therefore
~ 10
Vue A", |w)|=log(1+g@)| 2 log(1 +hT )| <8Vr. (1)
Now we use thE Cauchy integral to estimate ' (b+iy). Set p="= — 1‘%. Note that
D(b+iy,p)CA”.So

8
|wl(b+iy)|f\p/;—>r—>0 0. 12)

We may thus adjust ry so that for r<ry, |@'(b+iy)| Si and therefore G is a homeo-
morphism. We can readily estimate the Beltrami coefficient of G :forxe la, bl,
wb+iy) 1 3G

Ty O )_1+%w (b+iy).

il =1
(x+)+ba’ b

w(b+iy)+(x—a)o' (b+iy)
2(b—a)

G 1{dG 139G
—tiy=5| -G+ +-——G+iy) | =1
0z 2\ ox i dy

w(b+iy) — (x—a)o (b+ly)
2(b—a)

E(x—l—iy):l ((x+ly)—(x+ ))
0z 2
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We may therefore adjust again r( so that if r <ry, | (x+ly)| > 1/2 forall x € ]a, b[. Note
thatb—a=(d—1)p.So
‘ e sup 28] of20| _letbti
xelab[|0G| | 0Z d—1p
8\/_+8\/— 16d\/r
p o llog(yAl

See [Sh] for a similar estimate. ]

+o (b+iy)|

Proof of Theorem 4.2. Let us first show that the map a+— v(0, a) is injective on
I-I§,] . It follows from Theorem 4.4 that if v(0, a) =v(0, &'), for some a, a', then P, |,
and P, , are hybridly conjugate. The dynamics of P,- , and P, , are conformally
conjugate on the immediate attracted basins of 0, by a unique biholomorphic map fixing
the origin, because both basins are quadratic and the multipliers at the origin are identical.
Hence essentially repeating the proof of Proposition 3.6 (see also the Remark following
its proof) one proves that this hybrid equivalence coincides with a Mbius conjugacy on
B,-1 ,(0)°. Details are left to the reader. It follows thata =d'.

To prove that each ho, « 18 injective, we prove that it has a quasi conformal extension
to all of C. As in the proof of Theorem 4.4 fix an arbitrary a € H;_, and let H;, . € D
be the hybrid (fonjugacws whose existence is assured by Theorem 44.Fix AeD and
define h=h, o H,”" o H,1, so that each & is a hybrid equivalence from P, to
itself, which is tangent to the identity at co. Repeating once more the proof of
Proposition 3.6 we find that / coincides with the identity on B ~1(0)¢. Hence the two
maps h;, and H_'o H, coincides on B -1(0)°. Since H; ! converges locally uni-
formly to the 1dent1ty, it follows that /; converges locally umformly to the quasi con-
formal homeomorphism H, I':C—C on B,-1(0)°, from which the injectivity of
ho =H,1onB,1(0) follows

Flnally,

H(0,a,2)=H(0,d,7) = 90,a)=00,d) & h(0,a,z)=h(,d,7)
= a=d & h(0,a,2)=h(0,d,7)
= a=d & 1h(0,a,2)=h(0,a,7)
= a=d & z=7.

So H is injective. [

4.2. Lavaurs motion. The following example is different from the first and most
other applications of the BH-motion. It is a motion of a two generator dynamical sys-
tem (P, g,) consisting of a center attracting dynamics (P, C, oo) with P(z) =z>+ %
(which is invariant under the BH-motion, by Proposition 3.6) and a so called parabolic
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enrichment or Lavaurs map g, coming from the complementary parabolic basin B(0).
Let ¢ : B(co)—>C\D denote the Béttcher coordinate at oo and let v denote its
inverse. Let @ : B(0)— C denote an attracting Fatou coordinate and ¥ : C—C
denote a repelling Fatou parameter, i.e., ®o P(z2)=14+P(z) and Po V¥ (z) =
W(z + 1) where defined. We shall normalize  and ¥ by $(0) =0 and ¥ (0) = o (e).
Define the Lavaurs map g, : B(0)—>C of phase 0 € C by g,(z) =V o T, o ®, where
T,(z)=z+oandlet = {0 € C | g,(0) € B(co)} = U~ (B(c0)) > 0. The Julia set
J(P,g,) of the Lavaurs enriched dynamical system is the closure of
Unm=0 P~ (85" (Tp)).

Theorem 4.6. There exists a holomorphic motion h : ¥ x C—>C, suchthath, o P=
Pohyandh, o go=gs 0 hy.

The map &, fixes Jp point-wise, but moves the points of the enrichment. However the
the enriched Julia set is 1 periodic as a compact set, because g, +1 = P o g, = g, o P and
hence the two enriched dynamical systems (P, g,) and (P, g,+1) have the same
enriched Julia set.

Proof. Denote by v : C\D— B(c0) the inverse of ¢, the Bottcher parameter at co. We
consider a BH-motion of the enriched dynamical system (P, g¢) based at the super attract-
ing fixed point co. More precisely let 1, denote the unique Beltrami form which equals
(Iyo0p)* (1rg) on B(oo), where 1y =0 is the zero or standard Beltrami form and which is
invariant under the enriched dynamical system (P, go), i.e., P*(uy) =, and go(1,) = .
Note that 1, is also supported in B(1/2), because go maps part of B(1/2) into B(c0).

Let i, : C— C denote the solution of the Beltrami equation 4 = 1,0k normalized
by hs(0)=0, hy(1/2)=1/2 and h;(co) =00. Then f=hs0 Po hs_1 is a centered
quadratic polynomial with a parabolic fixed point of multiplier 1 at 1/2. There is only
one such polynomial, it is P. So A conjugates P to itself.

Define i, = ¥U*(u,) on C, then T (fi,) = ji,. Let  : C—C denote the solution of
the Beltrami equation d f = j1,d f normalized by 1,(0) =0, n,(1) = 1 and ,(c0) = c0.
We have n,(z + 1) = n,(z) + 1, because [, is 1-periodic.

For each s the map 1, o ® o 4! is holomorphic, conjugates P to translation by 1 and
fixes 0. Hence it equals ® by uniqueness of normalized Fatou coordinates. Arguing sim-
ilarly we find that h; o ¥ o n;I =W o Tj,(5 for some complex number o(s) € X. We
have hy; o ¥ o n;' (0) = hs(¥(e)) = Y¥(e®) by the normalization of W. Thus o (s) can be

To Ta(s)

C,0<—2—C,0 C,0—=>C,0
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chosen to depend continuously on s. Furthermore 4 o gy = g, © h,. See the following
diagram.

The restriction ¥ : ¥—>B(0co) is a universal covering, (see e.g. [P]) with
V() =vY(e). And Yyoexp: H—>B(oco) is also a universal covering, but with
Yroexp (1) =1(e). Hence there exists a unique lift o : H— X of Yroexp to ¥
with o (1) =0. This lift is an isomorphism, since both coverings are universal, and it
satisfies o(2s) = o (s) + 1. However since ¥ o T;(X) = o T, and both functions o

and & are continuous, we have o = 7. As o is an isomorphism from H to £ we may use
o as a parameter for the holomorphic motion, replacing the parameter space H by X and
the base point 1 by 0. [

Acknowledgements. We would like to thank Institut Henri Poincaré, Paris and the
organizers of its trimester program on holomorphic dynamics during the autumn 2003
for hospitality and stimulating activities. The first author would also like to thank
CNRS-UMR 8088 at Université de Cergy-Pontoise for its hospitality during the crea-
tion of this paper.

References

[BH1] B. BRANNER & J.H. HUBBARD, The iteration of cubic polynomials. Part I: The global topology of
parameter space, Acta Mathematica 160 (1988), 143-206.

[D] A.DoUADY. Conjectures about the Branner-Hubbard motion of Cantor sets in C in this Volume.

[DH1] A. DOUADY & J.H. HUBBARD, Etude dynamique des polynomes complexes, I, publications
mathématiques d’Orsay, 84-02, 1984.

[DH2] A. DOuADY & J.H. HUBBARD, On the dynamics of polynomial-like mappings, Ann. Scient. Ec.
Norm. Sup., t.18, p. 287-343, 1985.

[KN] KOMORI, Y. & NAKANE, SH., Landing property of stretching rays for real cubic polynomials,
Conformal geom. and dyn. 8 (2004), 87-114.

[Mi] J. MILNOR, Dynamics in One Complex Variable, Introductory Lectures, vieweg, 1999.

[P] C. L. PETERSEN, On the Pommerenke-Levin-Yoccoz inequality, Ergod. Th. & Dynam. Sys., 13
(1993) 785-806.

[P-T] C.L.PETERSEN and TAN LEI, BH-deformations of attracting dynamics, manuscript in preparation.

[Sh] M. SHISHIKURA, Bifurcation of parabolic fixed points, in “The Mandelbrot set, Theme and
Variations”, Ed. Tan Lei, LMS Lect. Note Ser. 274, Cambridge Univ. Press, 2000, p. 325-363.

[Ta] TAN LEI, Stretching rays and their accumulations, following Pia Willumsen, in this volume.

[Ri] S. RICKMAN, Removability theorems for quasi-conformal mappings, Ann. Ac. Scient. Fenn. 449,
p- 1-8, 1969.

[U] E. UHRE, Construction of a Holomorphic Motion in Part of the Parameter Space for a Family of
Quadratic Rational Maps. Master Thesis, IMFUFA, RUC, Denmark 2004.

[Wi]  P. WILLUMSEN, Holomorphic dynamics, On accumulation of stretching rays, Ph.D. thesis,
Danmarks Tekniske Universitet, 1997.

IMFUFA Unité CNRS-UMR 8088,

Roskilde University Département de Mathématiques,
Universitetsvej 1 Université de Cergy-Pontoise,

DK-4000 Roskilde 2 Av. A. Chauvin, 95302 Cergy-Pontoise.

e-mail: lunde@ruc.dk e-mail: tanlei @math.u-cergy.fr



Examples of Feigenbaum Julia sets
with small Hausdorff dimension

Artur Avila and Mikhail Lyubich
To Bodil Branner on her 60th birthday

Abstract. We give examples of infinitely renormalizable quadratic polynomials F, : z+> z?>+c¢ with
stationary combinatorics whose Julia sets have Hausdorff dimension arbitrary close to 1. The combinatorics
of the renormalization involved is close to the Chebyshev one. The argument is based upon a new tool,
a “Recursive Quadratic Estimate” for the Poincaré series of an infinitely renormalizable map.

1. Introduction. One of the most remarkable objects in complex dynamics are
the fixed points of the Douady-Hubbard renormalization operator. Such objects have
a distinguished place in the dictionary between rational maps and Kleinian groups
(see [Mc2]). Existence of the renormalization fixed points established in the works
of Sullivan [S2] and McMullen [Mc2] (under certain assumptions) implies many beau-
tiful features (self-similarity, universality, hairyness,... ) of Feigenbaum Julia sets
(see §2.2 for the definition). However, even with this thorough information, some
basic questions concerning measure and dimension of these Julia sets have remained
unsettled.

One of the key questions (asked, for instance, in [Mc2]) regarding the geometry of
Feigenbaum Julia sets has been the following: Is the Hausdorff dimension of a Feigenbaum
Julia set always equal to 2?7 In [AL] we supply a fairly large class of Feigenbaum
Julia sets with HD(J) <2, thus giving a negative answer to the above question
(though it is still unknown whether there exist Feigenbaum Julia sets with Hausdorff
dimension 2). In this paper we show that in fact the dimension of a Feigenbaum Julia
set can be arbitrarily close to 1:

Theorem 1.1. There exists a sequence of Feigenbaum quadratic polynomial F,=F,, :
=722+ cpwithc, €R, ¢, — —2, such that HD(J(Fp)) — 1 as p— oo.

Hausdorff dimension is closely related to another geometric characteristic of the
Julia set, the critical exponent §.; (see §2.3). In fact, for a Feigenbaum map F,,

HD(J(F.)) = bcr(J(FC)),

Date: August 5, 2005.
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provided area (J(F.)) =0 [AL], and the same is true for the associated renormalization
fixed point f.. In fact, it follows from Bishop’s work [B] that for any ¢, HD(J(F,)) <
8er(J(F)), provided area (J(F.)) =0. This allows us to reduce Theorem 1.1 to the
following two results.

Theorem 1.2. Let f), = f, be the fixed point of the renormalization operator of period
p with combinatorics closest to the Chebyshev one. Then 5.:(f,) — 1 as p— oo.

The proof of this theorem is based upon a “Recursive Quadratic Estimate” for the Poin-
caré series which provides a new efficient tool for getting bounds on the critical exponent.

Theorem 1.3. Forlarge p, areaJ(f,) =0.

Remark. (1) The class of Feigenbaum maps with HD(J(f)) < 2 supplied in [AL] is
qualitatively the same as the class treated in Yarrington’s thesis [Y] (see also §9 of
[AL]) for which area(J) =0 (which in turn, is qualitatively the same as the class of
infinitely renormalizable maps for which a priori bounds were established in [L2]).
Though Theorem 1.3 is not formally covered by [AL, Y], it is proved by a similar
method, which becomes more direct in our situation. Similarly, to prove Theorem 1.2
we adjust the method of [AL] to the Chebyshev combinatorics, which makes it (in this
combinatorial case) simpler and more powerful.

(2) In Theorem 1.2, we restrict ourselves to a very particular sequence of combinator-
ics converging to the Chebyshev one, though the result should still hold for somewhat
more general combinatorics. Obviously, some restrictions on the combinatorics are nec-
essary: There are renormalization fixed points f,, with combinatorics arbitrarily close
to the Chebyshev one, and such that HD(J(f)) is not close to 1. This holds even for real
combinatorics, and can be seen, e.g., by considering parabolic bifurcations.

2. Basic concepts.

2.1. Notations. D,(z)={weC, |lw—z|<r}, D,=D,(0). A domain is a con-
nected open subset of C. A topological disk is a simply connected domain. U € V
means that U is compactly containedin V.

Notation @ < b means that C~' <a/b < C with a constant C > 0 independent of
particular a and b under consideration; a & b means that a is close to b.

We usually denote the p-fold iterate of a map f by f7, but occasionally use a more
forceful notation f°7.

Let w(x) =ws(x) = Ny >o{ fX(x), k> m} denote the w-limit set of x.

For a quadratic-like map f: U — V (see below) with the critical point at 0, let
O(f) ={f*(0), k> 0} denote its posicritical set.

2.2. Quadratic-like maps and renormalization. A quadratic-like map is a holo-
morphic double covering map f : U— V where U, V C C are topological disks and
U € V. Such a map has a unique critical point which we will assume to be 0. Let
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K(fy=n ,fozof‘k(U) denote the filled Julia set of f and let J(f)=0K(f) denote its
Julia set.

Two quadratic-like germs f and g are said to be hybrid equivalent if there exists
a quasiconformal map & : C — C satisfying A(f(x)) = g(h(x)) for x near J(f) such
that 9h|J(f) =0. Any quadratic-like map f: U — V with connected Julia set is
hybrid equivalent to a unique quadratic polynomial F : z > z2 + c called the straight-
ening of f [DH]. Moreover, the dilatation Dil(%) of the (appropriately chosen) conju-
gacy h depends only on mod(V\U), and Dil(k) — 1 as mod(V\U) — co.

The Julia set J(f) of a quadratic-like map is either connected or Cantor. If J(f) is
connected, there exists a unique repelling or parabolic fixed point 8= B(f) € J(f)
such that J()\{B(f)} is connected. The other fixed point is denoted by o = a(f).
We will only consider quadratic-like maps with connected Julia set.

A quadratic-like map which is considered only up to choice of domains is called
a quadratic-like germ. More precisely, one says that two quadratic-like maps with
connected Julia sets represent the same germ if they have a common Julia set and coin-
cide in a neighborhood of it. We shall consider quadratic-like germs up to affine con-
jugacy. For a germ f, we let mod(f) = sup mod(V\U), where the suppremum is
taken over all possible choices of domains U and V.

A quadratic-like map f : U — V is called renormalizable with period p > 1 if there
exist topological disks U’ € V' containing the critical point such that

1. g=fP:U — V'is a quadratic-like map with connected Julia set J(f”) called
a pre-renormalization of f;

2. Forevery I <k < p—1,either f“(J(g))NJ(g) =0or f*(J(g) NJ(g)={B&}.

The renormalization operator R is defined on the space of germs by letting R f = g. The
minimal p = p(f) > 1 for which f is renormalizable is called the renormalization period
of f.In what follows, the operator R will always correspond the this minimal period.

We will be concerned with infinitely renormalizable quadratic-like maps f (so that
all the renormalizations R™ f, m > 0, are well defined). If the periods of all the renor-
malizations R™ f are bounded, we say that f has a bounded type. If mod(R™ f) >
€>0,m >0, we say that f has a priori bounds. An infinitely renormalizable map of
bounded type with a priori bounds will be also called a Feigenbaum map. The notion
of a Feigenbaum map is invariant under hybrid equivalence.

A quadratic-like map f : U — V is said to be a renormalization fixed point if f is
renormalizable and Rf = f. In other words, fP(x)=Af (A 'x) near J (g) for some
A € D\{0}, where p is the renormalization period of f and g is a pre-renormalization
of f. Such maps are automatically Feigenbaum.

2.3. Poincaré series. Let f : U — V be a quadratic-like map.
Sullivan’s Poincaré series [S1] is defined as follows:

(1]

s@=Y D> DI, zeV\O(f), 8>0.

k=0 fk(w)=z
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It follows from the Koebe Distortion Theorem that Z 5(z) < C(z, z')° E 5(z) for any
z, 7/ € VAO(Y). In particular, E ; is finite or infinite independently of z.

The function § — & ; is obviously convex. By definition, the critical exponent,
3e:(f) €10, oo, is the unique value of § that separates convergent E 5 from divergent
ones. The critical exponent depends only on the germ of f near K(f).

It is easy to see that E ; is always finite (area argument) and, since J( f) is assumed
to be connected, E | = oo (length argument), see §2.9 of [AL]. Thus we actually have
3 (f) €1, 2]. In fact, §., > 1, unless J(f) is areal analytic curve.

2.3.1. Poincaré series for subfamilies of orbits. An orbit of length k>0 is

a sequence (xo, ..., Xx), where x; € V and f(x;) = x;4+ for 0 <i < k. An orbit of zero
length is called trivial.
Given a family F of orbits (xy, .. ., xx), we define a function C — [0, oo]

EsH@=). Y, IDfel”

k=0 (xq,..., xp=2)€F

(to keep notation shorter, we do not explicitly mention f). Let & (lsj ! denote the trunca-
tion of E s atlevel j,

) J
e P @@= > DI

with convention that E /1 =0 for j < 0. Note that E[%/(F) is equal to 1 or 0 depend-
ing on whether F contains the trivial orbit or not.

2.3.2. Arrow notation. Let us introduce a convenient notation for certain families
of orbits. Let D, ECV, SCU. By D «+ E, we will understand the family of orbits
(xg, ..., xx) with xg € E and x; € D. The family of orbits (x, ..., x;) with xo € E,
xr€Dandxq,...,x_; €S will be denoted D ? E. A “plus sign” over the arrow will

indicate that only non-trivial orbits are considered. The juxtaposition of arrows will
denote composition in the natural way. For instance,

DEDE,
S S

denotes the family of orbits (xo, ..., xx), with xo € E, x; € D, such that x; € D for
someO<i<k,andxy, ..., X1, Xix1,...,Xk_1 €S.
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3. Quadratic recursive estimate. We will now introduce a version of the Quadratic
Recursive Estimate which is sufficient for purposes of this paper (see [AL] for a finer
version). We shall restrict ourselves to the case of renormalization fixed points. The
argument is based on a combinatorial breakdown of orbits which exploits the scaling
self-similarity of the dynamics.

Let f: U— V be a fixed point of renormalization of period p, f”(x) =Af(A~'x)
near 0. Let U'=AU, V' =AV,and let g= fP : U — V'. Let A=V\U, A'=V'\U'.
We assume that V' C U, g is the first return from U’ to V', and that O(f) does not
intersect A’.

Lemma3.1. Lets;(8) = sup, o EY(A" — U)(2). Then

$j+1(8) < Ps(s;(3)),

where x> Ps(x) is a quadratic polynomial with positive coefficients which can be
expressed explicitly in terms of the Poincaré series E s(F) over families F of orbits that
do not accumulate on 0.

If Ps has a positive fixed point s then

sup E (A" — U)(z) = lims; <s,
ze A’ ’

so that 5. (f) <é.

Proof. In what follows, the sup is always taken over z, the terminal point of the orbit
in question. We will also omit the truncation parameter (j or j + 1) in the notation.
We can decompose A < U into two groups: A «— U\V’'and A «— A’ — U. This
Uu\V/ U\V/

gives the inequality

sup Es(A < U) < sup E5(A <— U\V')
%

+ sup Es(A «— A)sup Es(A" «— U). (3.1)
n\V'

+ ...
In turn, we can decompose A’« U into two groups:

1. A m U\ A’, which can be further decomposed into

Al«—U\V, A «—U, and A «—U «—U\V,
U\’ U\A” DA U\V

2. A ﬁ A’ «— U, which can be further decomposed into

A<t A —U and A «—U «—A «—U.
U\V' U\A' U\V'
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This gives the following inequality
sup B (A" «+ U) <1+ sup B 5(A’ (11\7 U\V")
+ sup E5(A" «<— U")(1 + sup B s(U' <— U\V"))
U\A! U\Vv'
+ sup E (A’ ﬁ A)sup Es(A' «— U)

+ sup E 5(A’ mU’) sup E (U <— A"

U\V'
sup E (A" «— U), (3.2)
where the first term, 1, accounts for the trivial orbits.
Notice that since x > fPx is the first return map from U’ to V', if (xq, ..., xp)
belongs to A < U then (Axo, ..., P (Ax0)) belongs to A’ <— U’. This correspon-
U\A!

dence is readily seen to be a bijection between A < U and A’ ~—U " preserving the
U\A
weights of the Poincaré series. Hence

Es(A — U)(x)= Es(A" «—U")(hx)
U\A'
and

supE,;(A'mU’): sup B s(A « U). (3.3)

Plugging (3.1) into (3.3), and then plugging the resulting expression for
sup E s(A’ «— U’) into the 2nd and 4th lines of (3.2), we obtain
U\A

sup E5(A" — U)<a+Bsup E (A — U)+ysup E5(A" — U)?,
where

a=1+ sup (A «<— U\V') + sup B (A «<— U\V))
U\V' U\V'

1+ SupE(;(U’WU\V’)), 34

B=sup E5(A" < A")+ sup Es(A «— A")(1+ sup Es (U <— U\ V"))
U\V' U\V' U\v'

+sup E5(A «—U\V)sup Es(U «— A", (3.5)
UV U\V/
and
y=supE;s(A<«— A)sup B (U «— A). (3.6)
U\V/ U\V!

This is the desired quadratic recurrence estimate for supE s(A’ < U). The above three
formulas give an explicit expression of the coefficients «, 8 and y of Ps in terms of
Poincaré series over families of orbits that do not accumulate on 0.
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For the last statement, notice that s; < P/(s_;)= P/(0) <s for all j. Thus, for
every z€ A’ we have E(z) < sup E5(A’ — U) = lim;_,  s; <s, which shows that
s(f)=<s. O

4. Renormalization with combinatorics closest to Chebyshev. In this section we
will show that the critical exponent of maps with combinatorics “close to Chebyshev”
can be arbitrarily close to 1. Our bounds on the critical exponent will be based on
direct estimates of the coefficients of the quadratic recursive polynomial correspond-
ing to a nearly Chebyshev map.

4.1. Basic properties. Let y(x) =2 — x? be the Chebyshev polynomial. Let fp be
the fixed point of the renormalization operator of period p, with (real) combinatorics
closest to Chebyshev: f, is combinatorially characterized among fixed points of
renormalization of period p by being (up to affine conjugacy) a real-symmetric quadratic-
like germ such that f,,(0) > 0 and 1’;(0) <0, 1 <i < p. The existence of f), is a particular
case of a result of Sullivan [MS].

We normalize f), so that its orientation preserving fixed pointis —2.Let —1 <1, <0
be the scaling factor of f,. Then we have near zero:

g = 7)) =y [0, 0).

Notice that [-2,2] C J(f)) and f, : [-2,2] — [—2,2]is a unimodal map. Let oz, > 0
stand for he orientation reversing fixed point of f,.

A basic fact is that all of the f, belong to some fixed Epstein class, that is, there
exists € > 0 such that f), : [-2, 2] — [—2, 2] extends to a real-symmetric double cov-
ering onto the slit plane C\(R\(—2 —¢,2+¢€)). (The natural topology in such an
Epstein class makes it a compact space.) This is a consequence of the real a priori
bounds, see [MS]. This yields a number of nice properties of the maps f,. The ones
that are relevant for us are summarized in the following lemma:

Lemma4.1. Let p>3, T' = (—ap, ), V ={z: |z| <a,}, and let U’ be the compo-
nent of f, P (V') containing 0. Let U = AU and V= 1""'V'. Then

(1) fp extends to a double covering onto the slit plane C\(R\T);

(2) fp— uniformly in [—2, 2] (in particular f,(0) —2and o, — 1);

(3) themaps g, : U — V' and f, : U— V are quadratic-like for p sufficiently large;
@) mod(V\U) =mod(V\U’) — oo;

() A,—0.

Proof. Let Sy C[—2,2] be the component of (f,|[—2,2])”"®(T’) containing
f;(O), k=0,1,..., p. Since the intervals [—2, —«,] and [«,,, 2] are monotonically
mapped by f, onto [-2, «,], the maps f,: Sy — Syi1 are diffeomorphisms for
k=1,2,..., p— 1. This implies the first assertion by rescaling.
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The second assertion follows from the compactness of the Epstein class and the first
assertion.

Moreover, |S;|~"/? ~ dist(S), I (0))~!/P ~ 4, where “4” is the multiplier of the ori-
entation preserving fixed point —2 of y. Since f, belongs to the Epstein class, the com-
ponent of -7~V (V") containing f,(0) is contained in the round disk with diameter S.
Hence (diam U")~!/? ~ 2, which implies assertions (3) and (4) for g,. The correspond-
ing assertions for f, are obtained by rescaling.

Since

_ diam J(g,) 1

- < - diamU,
P= diam J(f,) — 4 OO

assertion (5) follows, too. [

4.2. Estimates for the coefficients. We will now use the information provided by
Lemma 4.1 to give direct estimates on the coefficients of the quadratic recursive estimate.
The following lemma gives control of expansion along the orbits that stay away from 0:

Lemma 4.2. For every x € C\{—2,2}, there exists K= K(x) with the following
properties:

(D) Ify"(y)=x,m=1, then |D y"(y)| = K2";
(2) For any € >0 and p> po(e), if x € %V and f}(y)=x, m=1, with fllj(y) gD,
O0<k<m-—1,then |Df,’f‘(y)| >KQ2-—¢e™

Moreover, K depends only on the distance from x to {—2, 2} and goes to infinity as x
goes to infinity.

Proof. Consider the map T : C\D — C, T(z) = —(z + z~ ') semi-conjugating z > z*
to q; T(Z2)=y(T(z)). If x=T('), y=T(y) and y"(y)=x with m>1, then
Dy”(y) = DT(x')DT(y')~'2"x'y =1 Since |y'| = [x'|'/*" < /]x], we have:

|DT ()|

m 11/2~Am
|Dy (y)lzin(y,)'IXI 2" 4.1

Since |DT(y')| <2 forall y € C\D and | DT (x)| is bounded away from zero for x out-
side a neighborhood of {—2, 2}, (4.1) implies (1).

Since the dynamics of y outside a neighborhood of 0 is hyperbolic and hence
Holder stable, the second statement follows easily from Lemma 4.1. [0

For 0<p<l1, let V' = V;:]D),, and U' = U;Lp = fp’P(V’)|0. It follows from
Lemma 4.1 that for p > po(p), the map g, = f,7 : U’ — V' is a quadratic-like pre-
renormalization of f, : U — V, where U=U, ,=1,'U and V=V, ,=1,'V'. In

what follows, p and p will be usually suppressed in the notation.
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The following two lemmas give control of expansion along the orbits that originate
near 0.

Lemma4.3. Forevery0<p<1/10,0 <k <1/10, and p > po(k, p), we have

lfo) =2] <[y (4.2)
foranyyeD, ,-\U'"

Proof. Since the map FP=L [ £(0), 2] — [fP(0), —2] has bounded distortion,
[FO) =21 < IDfP (fFO)I™".
Let W= W(p, p) be the connected component of £~ (V’) containing f(0).
Similarly, since the map f7~' : W — D, has bounded distortion,
dist(£(0), W) = p| Df"~ (FO)|™".
Hence for some n > 0,
dist(£(0), aW) = 1p| f(0) — 2.

It follows that for y¢& U’ we have: 2|y|> > np| f(0) —2|. On the other hand, since
|£(0)—2|— 0 as p— oo, we have: np>|f(0) —2|"* for p> po(k, p). Hence
2|y|? = | f(0) —2|'**/4. It implies by an elementary calculation that

D2 2032+ Iy = F0) = FO) 1+ 1£0) =20 = 1 £ ()~ 21,

provided 0 < < 1/10and |y| <e™* . O

Lemma 4.4. For every € >0, 0 < p < py(€), and for any period p > po(€, p), the fol-
lowing property holds. Assume that y € A’ and let m > 2 be the minimal moment such that
| f™(y) + 2| > 1/10. Then

IDf"MI=2—e".
Proof. A simple consideration of the local dynamics near —2 shows that
IDF"HSONI = 1 f ) =217 (4.3)
Hence m < K —log| f,,(y) —2|/logn,,, where n,=|D f(—2)|. Since n, —> 4 as p— 00,

we have

log| /(=2

2-a"=@-" <28 f() -2
for 0 <k < k(€) and p > py(€).

Set p:e‘”’_z. By Lemma 4.3, if p> po(p) then ye V/\U’ implies (4.2). On the
other hand, (4.3) and (4.2) yields:

IDF" W= IDLOIDL " (FONI > K Y 1FO) =217 = KV f(y) — 27
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Thus, we just have to check

_ 1 =l+k
K f(y) =21 1> 2K f(y) — 2|2
that is,

F0) - 2¥5 <

which follows from (4.2) and |y| < p= e’ , provided & is small enough. [

Note that we have obtained the same lower bound (log2 — €) for the Lyapunov
exponents of orbits that stay away from 0 and for those that originate quite near 0. It is
because the multiplier of the postcritical fixed point —2 is big (2> — €).

Lemma4.5. Foreverye>0,0< p < py(€), and p > py(€, p), we have
@)) [f(xo,...,xk)e(AmU\U’) then |ka(x0)| > K(2—e€)k, where K=K(p, p)— o0

as p— 0o;
2) If (xg, ..., xx) (V' m U\U') then | D f*(xo)| > K (2 — €)* for some absolute K.

Proof. Let us deal with the first statement. Notice that since mod(V\U) is large
when p is large, for fixed p we also have lim,_, . mod(V\U)=o0. Since
mod(U\J(f)) > mod(V\U), we see that the distance M(p, p) between dU and 0
satisfies lim,,_, oo M(p, p) = 00. Since x; € A, we have |x;| > M(p, p). If xo & V' then
Lemma 4.2 shows that |D f*(xo)| > K(p, p)(2 — €)¥, where lim,_, o K(p, p) =00
If xoe A/, we let 2<ky<k be minimal with |f*(xg) +2|>1/10. Then by
Lemma 4.2, | D f**o( f*(x0))| > K(p, p)(2 — €)%, where lim, _, o, K(p, p) = 00
and by Lemma 4.4, |D f* (x0)| > (2 — €)%, so | D f*(x0)| = K(p, p)(2 — €), and the
first statement follows.;

The second statement is analogous. [

Lemmad4.6. Let§ > 1. Then
lim supua(A<—U\U)— , 0<p<py(),

p—> 00

lim limsup sup E 5(V' < A") =0,
p—>0 p—> 00 U\V

lim sup sup E 5(V’ <—U\V)<K K(@©), 0<p<py(d).

p—> 0

Proof. By the first statement of Lemma 4.5, for every x € A we have

u(;(A<—U\U')(x)—u,g(.7:)(x)<Z > Dol

k>1 (xq,..., xpy=x)€F

k=89 _ \—0k _ gr—8 2 ‘
5221{ Q-6 %=k ;((2_6)8>,

k>1
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where K= K(p, p), e=e(p, p) satisfy lim,_ o, K(p, p) =00, lim,_glim,_
e(p, p) =0. The first estimate follows.

Let m =m(p, p) be the minimal return time from A’ to V’. Then lim,_,
liminf,_, . m(p, p) = co. By the second statement of Lemma 4.5, for every x € Vv,
we have

iV 2 AW =EHW=Y Y Dl

k>m (xq,..., xp=x)eF

k
< 22"1(_5(2—6)_5" K- Z((z_e) )

k>m k>m

where K is an absolute constant and € = €(p, p) satisfies lim,_,o lim,_. o €(p, p) =0
This gives the second estimate.
By the second statement of Lemma 4.5, for every x € V' we have

25V 5, WV = E5(H)) < o> Ipffaor?

k=1 (xq,..., xp=x)eF

k
k p—8 —6&k %)
<Y 2kPe-o " =kK" §<(2 E))

k>1 k>1

where K is an absolute constant and € = €(p, p) satisfies lim,_, ¢ lim,_,  €(p, p) =0
This gives the last estimate. [

Proof of Theorem 1.2. Since any quadratic-like map with connected Julia set satisfies
8¢ > 1, we only have to show that for every § > 1 and for every p sufficiently large,
3er(f) <6, where f = f, ,is some quadratic-like representative of f,.

Fix some § > 1. By Lemma 4.6, we can choose p > 0 so that

limsup sup E (V' <= A) <~
p— 00 u\Vv'

Let P; be the quadratic polynomial defined in Lemma 3.1. Notice obvious inequalities

max{ Es(A' <— U\V'), Es;(U «<—U\V)} < Es(V «<—U\V'),
U\Vv' U\Vv' U\v'

1]

max{ Es(A <—U\V'), Es(A<—A)}< ~5(A<—U\U')
U\V/ U\V/

max{ E 5(A’ <— A, Bs(U «— AN} < BE5(V <= A,
u\v' u\Vv/ U\V’
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By Lemma 4.6, when p grows, the constant coefficient (3.4) of Ps stays bounded, the
linear coefficient (3.5) becomes smaller than 1/3, and the quadratic term (3.6) goes to 0.
In particular, for p large P;s takes [0, 2 Ps(0)] into itself, and hence it has a fixed point.
By Lemma 3.1, §..(f) <dasdesired. [

Corollary4.7. Let F, : z+> 7> + ¢, be the straightening of f,. Then
lim §(F,)=1. 4.4
p—> 0

Proof. By Lemma 4.1, the germ f, has a quadratic-like representative f,, : U, — V,
with a big modulus: mod(V,\U,) — oo as p — oo. Hence for p large, there is a quasi-
conformal conjugacy between f), and F, with a small dilatation. This easily implies
(see for instance Lemma 3.15 of [AL]) that f), and F, have close critical exponents:
lim é¢.(f) — 8er(Fp) =0. Together with Theorem 1.2, this implies that lim 6, (F,) =
limd.,(f,)=1. 0O

5. Lebesgue measure of the Julia set. Below f= f,: U— V will be the fixed
point of nearly Chebyshev renormalization of period p, and f'= f? : U — V' will
be its pre-renormalization as constructed in Lemma 4.1. Thus, f'(z) = A f(A~ 17), where
A=x,e(—1,0) is the scaling factor of f. We let as above A=V\U, A'=V\U'".

Furthermore, we let U¥ = 1*U, VF = AkV, and A% = VF\ U
We will need the following combinatorial lemma.

Lemma5.1. Let

uk = =sup & S(Vk<— Ak)
U\V*

vk = sup B (AF 4%,
U\ VK

V= lim v’; sup E 5(A* «F—A%),
j— oo U\V/‘H

Then
u ! < sup B (V’<— A" 4+ uF (1405 sup E5(A WA)
1+ supas(V’mU\V’)), (5.1

k k~ .k —
vk < (L +ohuf (1 + supm(AWU\v’)). (5.2)



Examples of Feigenbaum Julia sets with small Hausdorff dimension

83

Proof. Let B¥=U\(A* U VK1), Let us prove the first estimate.
We can decompose VA+! <—kl A**1into two groups:
U\VA+

yiH gk
Bk
which takes into account the orbits that do not land at the annulus A*, and
Vk+ 1 Ak Ak 14/(7L 1
Bk U\ yk+1 Bk ’

which accounts for the orbits landing at A* and marks the first and the last landings.

Thus
uk+1 sup E 5(Vk+1 Ak+1)< sup E 6(vk+l (_ Ak+1)
U\vk+l Bk
+ (sup E (V! «— A% sup B 5(AF «—— Ab).
Bk U\Vk‘H
sup & B(Ak A"“))
Notice that
E (V< AR () = B,V <= AN F ),
Bk U\VvV/
Es(AF «— A () = E5(A «— AL ),
Bk U\V/
and

supug(Ak<—A)—1+sup g(Ak<—A)—1+v
U\Vk+ U\VK

the 1 accounting for trivial orbits. Plugging (5.4)—(5.6) into (5.3) we get
Wt <sup B5(V/ 4= A4+ (14+v5)sup E5(A «— A')sup E5(VFH «— A,
U\V/ U\V/ Bk
We can decompose V<! — Ak into two groups,
B

Vil AF and V"+1<—Uk\vk+1<—Ak
U\Vk Bk U\Vk

Thus

sup & 5(VE! «— ARy < sup 8 5(VFH! <—Ak)
Bk U\Vk

+ Sup 6(vk+1 (_ Uk\vk+1)

sup ng(Uk\VkJrl «— A"y,
U\Vk

(5.3)

5.4)

(5.5)

(5.6)

(5.7)

(5.8
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Notice that

Es(VFH — UMV Y ()= E5(V «—U\V) (A x), (5.9)
B U\V'
max{sup E 5 (V< «— A%), sup E5(UF\ V! «— AF), sup E5(AF < AF))
U\Vk U\Vk U\Vk
=sup E5(VF < + A% =uk. (5.10)
U\Vk

Plugging (5.9) and (5.10) into (5.8), and plugging the resulting expression for
sup E (V<! “— A¥%)into (5.7) gives (5.1).
B

Let us prove the second estimate. We will omit the truncation parameter (j or j + 1).

. +
¢ canrewrite < as <— < . us
W te AF «+— Ak a5 AK Ak A*. Th
U\ Vk+ 1 Bk U\ Vk+ 1

sup B 5(AF <t A < sup B 5(AF <— AF)sup B 5(AF «— A%, (5.11)
\ VAl Bk U\Vk+1

Plugging (5.6) into (5.11) we get

< (145 supsa(A’u*—k AK). (5.12)
B

. + .
We can split A¥ <— A* into two groups: A¥ <+ AKand A% «— UK\ VA1 «— Ak,
Bk U\ VK Bk U\Vk

Thus

sup E 5(A* & ARy < sup B 5(A* < AF) + sup B 5(AF «— UK\ VE)
Bk U\Vk Bk

(5.13)
Notice that
B s(AF «— UM\ VY (x) = 54 «— U\V)(A %), (5.14)
Bk U\V/
Plugging (5.14) and (5.10) into (5.13) we get
supEg(Ak<+—k ARy < uk 4 uk supE(g(A<\—U\V’). (5.15)
B U\V/

Plugging (5.15) into (5.12) gives (5.2). O
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Proof of Theorem 1.3. By Lemma 4.6, there exists K = K(2) > 0 such that if one
takes p sufficiently small, then for all p sufficiently large we have

1
sup B,(A «— A < ; 5.17)
P =2 u\V/ 5K+5° '
sup Ez(V’(\—U\V’)<2K, (5.18)
U\v'
sup &,(A <— U\V’) < i (5.19)

Let us show by induction that for every k > 0 we have
1
ke — 5.20
“ =10 (5:20)

where u* is as in Lemma 5.1. Notice that u° =0, so (5.20) holds for k = 0. Assuming
that (5.20) holds for some k, notice that (5.2) and (5.19) imply

Vi < <1+vk>

for j> —1. Since vk . =0, this implies by induction that v’; < %for every j>—1, so
k= lim;_, v’]‘. < %. By (5.1) and (5.16)—(5.18), we have

o 11501

<—+——QRK+1) < —.
=100 T 0asks CK D=1
By induction, (5.20) holds for all £ > 0.
Let
X, = Uf—’vk.
r>1
Then

1
area(XkﬂAk)zflxkdxz/ B, (V= AMydx < /ukdxf—area(vk).
U\Vk 10

Ak vk vk

Notice that X* N V¥ = U* U (X* N A%). Thus,

area(X*NVvk 1 areaU* 1
< <

-, 5.21
areaVk — 10 areaVk — 5 ( )

where we have used that area U* < % areaV*, which holds since mod(Vk\m) =mod A
is big for large p (by Lemma 4.1).
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The conclusion of the argument is standard. Let
X={xeJ(f), Ocw(x)}.

Notice that X is fully invariant: X = f~'(X) = f(X). By [L1], for almost every
xe J(f), w(x) Cw(0). Since w(0) is a minimal set containing 0, we conclude that
areaX = areaJ(f). Let us show that areaX =0.

Assume that this is not the case. By the Lebesgue Density Points Theorem, there
exists a density point x € X. Let r; > 0 be minimal such that f"(x) € V¥. We may
assume that x is not a preimage of 0, so that r, — oo. Let W* be the connected compo-
nent of f~"%(V*) containing x. Then f"* : W*¥ — V* admits a univalent extension onto
V¥ = A%V, and since mod(Vk \W) is big, it has distortion bounded by 2. It also follows
that W* contains a round disk of radius {5 diam (W*). Since r, — oo and WX C f~7x(V),
lim sup WK c K(f). Since K(f) has empty interior, we conclude that diam (WK = 0.
Notice that

area(VF\ X) <1 0are'cl(W"\X") <1000 area(Dgiyp (wr) ()\X)
areaVk areaWk area(D g,y (i) (X))

and since x is a density point of X, we have

area(Vk\X)
(vt 0. (5.22)

Obviously, X C Xy, so (5.22) and (5.21) give the desired contradiction. [
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Parabolic explosion and the size
of Siegel disks in the quadratic family

Arnaud Cheéritat

Abstract. For an irrational number 6, let r(6) be the conformal radius at z=0 of the polynomial
7> €27 472 Let Y be Yoccoz’s arithmetic Brjuno function. The linearization theorem of Yoccoz
implies that there exists a real constant C; such that for all 6 irrational with Y (6) < 400,

Cy <Y(0) +log(r(0)).

Yoccoz also proved a similar but weaker inequality on the other side, which in particular implies non linear-
izability of the polynomial when Y (6) = +o0. The author found a new and independent proof of non linear-
izability. One of the tools of this new proof is the control on parabolic explosion. In a joint work with X.
Buff, we pushed this further and were able to prove the existence of a real constant C, such that for all # with
r(0) >0,

Y(6) +log(r(9)) < C,,

enhancing Yoccoz’s second inequality.

1.1. Notations. Let
PG(Z) =ei27'[(')z +Z2

The point z = 0 is fixed with multiplier ¢/>™. For # € R, it is an indifferent fixed point,
and it is the only non repelling cycle. If z =0 is linearizable,

e we note A(0) the Siegel disk of P,
e we note r(60) its conformal radius w.r.t. z =0.

The conformal radius can be defined as ¢'(0) where ¢ : D — A() is the unique con-
formal map sending O to 0 with real positive derivative. If z =0 is not linearizable, we
define A(0) = @ and r(6) =0.

The Yoccoz function (that he calls the Brjuno function)

Y :R— 10, +o0]
is defined on rationals by

Y(p/q) =+o0.
For 6 € R irrational,

+00 1
YO)=) 60+ Opilog -,
n=0 n
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where 6, is defined inductively by 6y = frac(6) =6 — |6 €10, 1[ and 6, = frac(1/6,)
(this is the Gauss algorithm).
The Brjuno sum of a rational number is defined by

B(p/q) =+o0.

The Brjuno sum of an irrational 0 belongs to ]0, 4+00], and is defined by

+00

log g»
B(O) = Zw

n=0 4n
where p, /g, are the convergents of the continued fraction expansion of 6.
The set of Brjuno numbers is defined as
B={0eR | B(9) <+oo}.
The Yoccoz function and the Brjuno sum are equivalent in the following sense:

B(#) =400 <= Y() =400

|B(0) — Y (0)| is bounded on B

2. Short and incomplete historical background. Let f be a holomorphic germ at 0,
fixing 0 with multiplier />

Theorem (Siegel, 1942). If6 is Diophantine, then f is linearizable.

Theorem (Brjuno, 1965). If6 € B, then f is linearizable.

Theorem (Yoccoz, 1988). (IC > 0) (VO € B), if f : D — C is univalent and fixes O with
multiplier ¢, then

B(0, e YO~ c A(¥).

Since the restriction of Py to B(0, 1/2) is injective, the previous theorem implies
log r(6) > —Y(0) — C —log 2,i.e.,

—C —log 2 <logr(0) +Y(9).

Theorem (Yoccoz, germs). (3C' > 0) (VO € R), there exists an f : D — C univalent
and fixing O with multiplier ¢, with

logr(f) <=Y©®)+C'
if Y(0) is finite, and f not linearizable if Y (0) = +oo.

With a quasiconformal surgery procedure, and ideas of I11’Yashenko, Yoccoz then
transforms these functions f : D — C into quadratic maps.
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Figure 1: The function 6 — log(r(6)) + Y (6)

Theorem (Yoccoz, quadratic). (Ve > 0), (3C(¢) e R) (VO € R),

1. ifY(0) =400, Pyisnot linearizable,
2. ifY(0) is finite,

logr(0) <—(1 —¢&)Y(0) + C(e).
As a Corollary,
—C<logr(@®+Y(®) <eY () +C(e).

It was conjectured that one can get rid of the ¢.

Conjecture. The function 6 € B log(r(6)) + Y (0) is bounded.

In 1988, Stefano Marmi made computer experiments, showing that this function
seems to be the restriction to 13 of a continuous function on R. Later, there is the

Conjecture (Marmi, Moussa, Yoccoz). The function 6 € B+ log(r(6)) + Y(0) is
1/2-Holder.

3. Our contribution.
Theorem 1 ([BC2]). The function 6 € B+ log(r(0)) + Y (0) is bounded from above.

The lower bound following from Yoccoz 88, this proves the first conjecture.
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The proof relies on three ingredients

1. the control on parabolic explosion (C. 1999)
2. estimating how cycles block each other via the conformal radius (C. 2001)
3. therelative Schwarz lemma (Buff, 2003)

With the first two point, the author was able to reprove point 1 of the Yoccoz
quadratic theorem (see [C2]).

3.1. Parabolic explosion.  For all irreducible p/g (meaning g > 0), we have
P(2) =2+ C2" 4+ 07,

and the fact that the polynomials P, have only one critical point implies that C = 0.
Therefore, P;’, s has g + 1 fixed points at z=0. When we perturb p/q into 6 (complex
values of 6 allowed), these points explode into a cycle of P, of length ¢ (to which we
must add the common fixed point z =0). According to the implicit function theorem,
the periodic points move holomorphically w.r.t. the parameter, as long as their multi-
plier is different from 1, which is equivalent to asking that they do not collide with
another periodic point of dividing period. This happens at 6 = p/g. The monodromy
around this value in fact permutes the points of the cycle. The following elementary
proposition gives a clearer view of what happens.
Let

S,={0€C | P!(z) — z has a no multiple root}.

R,y = max{R>0|B(p/q. R") —{p/q} C S}
Note that R/, < 1.

Proposition 1 ([C1]). dx= Xpq B(0, R,;4) — C, holomorphic, such that

e x(0)=0
e V5 e Def(x) with 8+ 0, x(8) is a parabolic point of Py of period q, with

o="F 450,
q

The q different values of § associated to a same 6 € B(p/q, R;I,/q) —{p/q} map by x to
awhole cycle of Py, of length q.

Thus, taking the parameter § instead of 6 cancels the monodromy.
Controlling the parabolic explosion means controlling the functions x, ,. From this
point of view, the following lemma is fundamental:

Lemma 1 (Douady, [C1]). (3K > 0) Vp/q irreducible,

R > —.
r/q qs
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This is a corollary of the Yoccoz inequality on the limbs of the Mandelbrot set,
combinatorics of degree 2 polynomials, and Pythagoras’ theorem. In our applications,
the exact exponent of the power in K /¢ is not important. It is conjectured that the best
possible is K/q>.

With just that, one can already prove independently from Yoccoz 88 (see [C1]) that

IOg qn+1

—> 0 = Py is not linearizable.
qn

The proof works like this: let p,/g, be the convergents of the continued fraction
expansion of 6. We want to apply the Schwarz lemma to x,,, /.. - First, note that Douady’s
lemma implies

/qn

R — 1.

Pn/qn n—>+00

Then, for all n € N, let §,, be any of the g, complex numbers such that
0= pn/qn + 8.
Elementary properties of the convergents imply

log g,
log [8,] = — —24m+L 4 (1)

n

as n—> +00. Therefore,

. 8
lim sup 9] <1.
Pn/4n

The functions ¥, , all take value in some same ball B(0, My) (the values are peri-
odic points of Py with Im(6) < 1). Therefore they form a normal family. Any limit of
Xpn/qn 18 defined on D, is analytic, maps 0 to 0, and D in the Julia set. If #(8) =0, J has
empty interior and the limit is constant = 0. If 7(6) > 0, the limit maps in the Siegel
disk. Now, if Py had a Siegel disk, then for n big enough, the Schwarz lemma would
imply that x,, .. (8,) is a periodic point of P that lies in the Siegel disk (and is not
equal to 0, since 8, # 0), which is impossible.

Along the same lines, still assuming 291 0, one can then prove that P, has
small cycles (meaning that every neighborflood of 0 contains a whole cycle of P,
apart from z = 0).

3.2. Blocking. The previous argument works for irrationals whose Brjuno sum-
mand does not tend to 0. To extend the proof to numbers whose Brjuno sum diverges
but with a summand tending to 0, we need a way to make the sum of the log |§,|
appear in the bound: recall that log |5, | = — qlnlog qn+1 +0(1), whence divergence of

the Brjuno sum implies divergence of the sum of log |§,|. So
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Question: why do the log |5,| accumulate?

Answer: because the previously exploded cycles (those from po/qo, ..., Pn/qn)
block the explosion of the next one.

Indeed, by assumption on R/, the periodic point x, /() does not collide with
acycle of period < g.
To make this work, the author used three main ideas:

. Measure the hindrance of present cycles via r,,, the conformal radius at O of the
following set: C minus the cycles of Py coming from po/qo, ..., Pn/qn. TO
ensure non linearizability, it is enough to prove that r,—>0 as n—>+00. The
loss of conformal radius will be measured via —(log 7, —log r,) >0, and
compared to —log |5,].

From r, to r,4, there is a new cycle. It comes from the explosion of the parabolic
pointof Py, . /.., - We said that the points of this cycle can not collide with a cycle of
lower period. Therefore, the explosion takes place in the complement of the previ-
ously exploded cycles. Unfortunately, that set is not still: during the explosion, the
parameter varies, and thus the previous cycles move. More precisely, let p = p,,; and
q=qu11; when 8 varies, & = p/q + 87 varies too, so the cycles that the function Xp/a
avoids, also move.

B. To reduce to a still target set, we take a holomorphically varying universal cover
(mapping 0 to O with derivative 1) of C minus the previous cycles. That is, to each
¢ we associate a simply connected open set Uy and a analytic universal cover
&y : Ug — C minus the previous cycles, which is a universal cover. The set Uy is
taken to be the round disk B(0, r,) when & = 0. Since the movement of & is much
slower than the movement of §, the varying universal cover remains close to the
disk B(0, r,), during the explosion of p/q. In particular, it remains contained in
a disk of radius slightly bigger than r,,.

This moving universal cover is constructed by using holomorphic motions, Slodkowski’s
theorem and Ahlfors-Bers straightening of Beltrami forms.

Since the function § — ,,,(3) that follows the explosion in terms of the g-th root § of
6 — p/q avoids the previous cycles and is defined on a simply connected set (a disk), it is
possible to look a the explosion in the new coordinates given by the varying universal
cover. This yields well defined a branch of § — &', /g © Xpjq (8) ford € B(0, Ryy/q).

The logarithmic loss of conformal radius —(logr,4+; —logr,) > 0 is equal to the
logarithmic loss of conformal radius of B(0, r,) when we remove the image by this
branch of all the g-th roots of 6 — p/q.

Now the branch takes value in a disk of radius 7/, slightly bigger than r,. So we will
bound the logarithmic loss —(log r,,+1 — log r,,) from below by log(r,/r,) plus the
logarithmic loss of conformal radius of this bigger disk, when we remove from it the
image of a holomorphic function from B(0, R,) to the bigger disk mapping O to 0,
taken at the g-th roots of 6 — p/q.
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y. The latter loss is shown to be comparable to the loss of the toy model. The toy
model is the following: we consider B(0, R,/,) and remove from it the g-th roots

of0—p/q.

In this step, comparable means the author was able to show: the loss is less than the
toy model’s loss divided by a universal constant.
Now, for the toy model, this loss is easily shown to be of the form

1
log —rest

18|

where the rest is small.

Indeed, B(0, R,/,) is close to D, and the distance of the g-th roots of & — p/q to the
boundary of D is equal to 1 — |, |, which is small. The distance between two consecu-
tive roots is much smaller. So these points act like a barrier, and the conformal radius
is almost equal to |6,]-

This was enough to obtain a new and independent proof of non-linearizability when
the Brjuno sum diverges.

3.3. The relative Schwarz lemma. When bounding the logarithmic loss —(log r,,+1 —
log r,) from below by q% log g, +1, we had several error terms. We compared q% log g,+1 to

log |38, |. We compared log r,, to log ;. We compared the toy model’s loss to log |3, |. But
in these three cases, the error term is bounded from above by a universal sequence, whose
sum converges. The only point which prevented from obtaining theorem 1 was step y: that
some log-loss is comparable to the log-loss for the toy model in the sense that the quotient is
bounded from above; there is a bounded multiplicative error term; since the log-loss of the
toy model may be big, the additive error term may be also big.

X. Buff enhanced step y by proving that the loss for an arbitrary f is at least the loss
of the toy model. So in fact, there is no error term in the upper bound of step y. (It is even
better than having a universal and summable error term.) The other error terms remain.

This yielded Theorem 1. To be precise, we proved in [BC2] the following inequality:

n 1 "
k=0

n

where C is a universal constant and p,, is the following variant of r,: it is the conformal
radius at 0 of the complement in C of the external ray of argument 0 and all the cycles of
period < g, (except0).

So now, let us go into this relative Schwarz lemma. For a Riemann surface X, we
note py its hyperbolic metrics: this is a conformal metrics with curvature equal to —1
everywhere. If it exists, it is unique and X is said to be hyperbolic.
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Relative Schwarz lemma (Buff, 2003). Let X, Y be hyperbolic Riemann surfaces, and
f: X — Y an analytic map. Let Y’ C Y be open. Let X' = f~'(Y"). Then,

S oy < oy

Px Px

The proof uses Ahlfors’ ultrahyperbolic metrics (this is McMullen who suggested
us to try them). It can be found in [BC2].

The inequality of the relative Schwarz lemma can be read in two ways. First, f;%,

which is a function over X, measures the expansion of f in terms of hyperbolic metrics.
Since analytic maps always contract the hyperbolic metrics (this follows from the classical
Schwarz inequality), this number is < 1. So the lemma states that f is less contracting from
X' to Y’ than from X to Y. This is where the relative Schwarz lemma’s name comes from.
Second, let us rewrite the lemma as
px _ Py _ Py

< :—of.
px — f*oy  py

These two functions, defined on X’, are now > 1 (as also follows from the classical
Schwarz inequality). The relative Schwarz lemma states that the hyperbolic metrics of
subsets varies less for preimages.

The second point of view can be restated in terms of conformal radius: if X C C, let
px(z2) = p(2)|dz|. The conformal radius of X at z is equal to rad(X, z) = 1/p(z). Then
the relative Schwarz lemma reads

rad(Y’, £(2)) - rad(X’, z)
rad(Y, f(z)) ~ rad(X,z)

In the application to the proof of theorem 1, we take X = B(0, R, 4), Y = B(0 ),

>'n

Y' =Y\ f(Z) where Z is the set of g-th roots of 6 — p/q, and f(§) = éS;qle/q 0 Xp/q(8)-
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0. Introduction. Inrecent years, it has been shown that the family of rational maps
arising from singular perturbations of the simple polynomials z — z" have some
interesting properties from a dynamical systems as well as a topological perspective.
In this paper we survey some of these results. In addition, we provide proofs of these
results in several special and illustrative cases. While the cases we describe here are
by no means the most general, they do serve to illustrate the types of techniques that
can be used in the general cases.

By a singular perturbation of z”, we mean a map of the form z — z" + A/z" where
A is a complex parameter. Of primary interest is the Julia set of these maps. From an
analytic viewpoint, the Julia set is the set of points at which the family of iterates of
the map fails to be a normal family in the sense of Montel. From a dynamics point of
view, the Julia set is the set of points on which the map is chaotic.

As is well known, the Julia set of z" for n > 2 is just the unit circle. When we add the
term A /7" for A € C, X # 0, several things happen. First of all, the degree of the rational
map suddenly increases from n to n + m. Secondly, the superattracting fixed point at the
origin becomes a pole, while co remains a superattracting fixed point. As a consequence,
an open set around the origin now lies in the basin of attraction of co. In between this
neighborhood of 0 and the basin at oo, the Julia set undergoes a significant transformation.

For example, if 1/n + 1/m < 1, McMullen [13] has shown that, when |A| is small,
the Julia set explodes from a single circle to a Cantor set of simple closed curves sur-
rounding the origin. See Figure 1. When n and m do not satisfy the McMullen condi-
tion, the situation is quite different. In [2] it is shown that, in the cases n =m =2 or
n =2, m =1, there are infinitely many open sets of A-values in any neighborhood of
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Figure 1: The Julia set for z* +0.04/z* is a Cantor set of circles.

X =0 for which the Julia set is a Sierpinski curve. See Figure 2. A Sierpinski curve is
an extremely rich topological space since this object is known to contain a homeo-
morphic copy of any one-dimensional, planar continuum, no matter how complicated
this continuum is. It is also known that any two Sierpinski curves are homeomorphic [20].
However, from a dynamical systems point of view, it turns out that there are infinitely
many dynamically distinct Sierpinski curve Julia sets in the sense that, if the parameters
are drawn from disjoint open sets in the A—plane, the corresponding maps are not topo-
logically conjugate on their Julia sets.

Whenn=2,m=2orn=2, m =1, there are many other interesting types of Julia
sets in these families. For example, it is known [8] that there are infinitely many Julia
sets in these families that have properties similar to a Sierpinski gasket. See Figure 3.
These sets are topologically very different from the Sierpinski curves and it can
be shown that, except for certain symmetric cases, these types of Julia sets are never
homeomorphic.

In addition, in these two cases, there is a fundamental dichotomy for these rational
maps that is similar in spirit to that for quadratic polynomials. This dichotomy states that
if the critical points for these maps lie in the immediate basin of oo, then the correspond-
ing Julia set is a Cantor set, whereas if the critical points do not lie in this immediate
basin, the Julia set is a connected set. The difference between the rational map case and
the quadratic polynomial case is that the critical points for the rational maps may escape
to oo without lying in the immediate basin of co, which is not possible for quadratic
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Figure 2: The Julia sets for (a) z> —0.06/z2, and (b) z> 4 (—0.004 + 0.364i) /7 are
Sierpinski curves.

polynomials. As we show below, it is this situation that creates the Sierpinski curve Julia
sets.

With this variety of different types of Julia sets in these families, it is little wonder
that the parameter plane for these families is a rich topological object. Among other
things, these parameter planes include infinitely many copies of “baby” Mandelbrot
sets as well as other topologically interesting sets such as Cantor necklaces [3], [4].
See Figure 4.

Figure 3: The Julia set for z2 + A/z where A ~ —0.5925 is a Sierpinski gasket.
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Figure 4: The parameter plane for z> + 1 /z>.

In this paper we restrict attention to the family of rational maps given by
A
F) =2+ 3,
z
although occasionally we will discuss the family
~ A
F()=2+ .

Most of the results below hold for both families, though the proofs in the cases of F
and F) are often quite different due to the presence of quite different symmetries in
these two different families.

The authors wish to thank Pascale Roesch who made many fine suggestions con-
cerning the original version of this paper.

Dedication. We are pleased to dedicate this paper to Bodil Branner, who is one of
the finest mathematicians we have ever met. No, add to that: one of the finest people
we have ever met.

1. Preliminaries. In this section we describe some of the basic properties of the
family F; (z) =z> + A/z%. Observe that Fy (—z) = F;(z) and F; (iz) = —F)(z) so that
F f (iz)y=F f (z) for all z € C. Also note that 0 is the only pole for each function in this
family. The points (—1)'/* are prepoles for Fj since they are mapped directly to 0.
The four critical points for F, occur at A'/4. Note that F)(A'/4)==+21"? and
F2(A"/*) = 1/4 + 42, so each of the four critical points lies on the same forward orbit
after two iterations. We call the union of these orbits the critical orbit of F.

Let J = J(F,) denote the Julia set of F,. J(F),) is the set of points at which the
family of iterates of F fails to be a normal family in the sense of Montel. Equivalently,
J(F3) is the closure of the set of repelling periodic points of F; (see [15]).
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The point at oo is a superattracting fixed point for F;. Let By, be the immediate basin
of attraction of co and denote by 8, the boundary of B,. The map F;, has degree 2 at
oo and so F) is conjugate to z — 7% on B, if there is no critical point in B; . Otherwise,
this conjugacy is defined only in a neighborhood of co. The basin B; is a (forward)
invariant set for F) in the sense that, if z € By, then F} (z) € By, for all n > 0. The same
is true for g, .

We denote by K = K(F;) the set of points whose orbit under F; is bounded. In anal-
ogy with the situation for complex polynomials, we call K the filled Julia set of Fj.
K is given by C — U F;"(B;). Both J and K are completely invariant subsets in the
sense that if z € J (resp. K), then F7'(z) € J (resp. K) for all n € Z. The Julia set J(F})
is the boundary of K(F;); the proof is completely analogous to that for polynomials
(see [15]).

Proposition (Four-fold Symmetry). The sets B;, B,, J(F,), and K(F}) are all invariant
under z — iz.

Proof. We prove this for B;; the other cases are similar. Let U ={z € B; |iz € By }.
U is an open subset of B;. If U # B, there exists zg € 9U N B;,, where dU denotes the
boundary of U. Hence zg € B, but izo € B, . It follows that F} (izo) € B, for all n. But
since Ff (z0) = Ff(izg), it follows that zo¢&B; as well. This contradiction establishes
theresult. [

There is a second symmetry present for this family. Consider the map H, (z) = v/A/z.
Note that we have two such maps depending upon which square root of A we choose.
H, is an involution and we have F; (H,(z)) = F,.(z). As a consequence, H, preserves
both J and K. The involution H, also preserves the circle S, of radius |A|'/* and inter-
changes the interior and exterior of this circle. We call S, the critical circle. Note that S,
contains all four critical points as well as the four prepoles, and each of the involutions
H, fixes a pair of the critical points of F; that are located symmetrically about the
origin.

Write A = pexp(iv/) and z = p'/* exp(i6) € S,.. Then we compute

F;.(2) = p'*(exp(2i6) + exp(i(y — 26)))
= p"2((cos(20) + cos(W¥ — 26)) + i(sin(26) + sin(Y — 26))).

If we setx = cos(26) + cos(yr — 260) and y = sin(26) + sin(yy — 26), then a computation

shows that
d (y
— (=) =0.
do (x)

Hence the image of the critical circle under F; is a line segment passing through the
origin. F; maps S, onto this line in four-to-one fashion, except at the two endpoints,

which are the critical values + 2v/A.
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Note also that H, interchanges the circles centered at the origin and having radii
[A|"4r and |1|"/*/r. Moreover, F; maps each of these two circles onto an ellipse that
surrounds the image of the critical circle.

2. The Fundamental Dichotomy. We briefly recall the situation for the family of
quadratic polynomials Q.(z) =z*+c. Each map Q. has a single critical point at
0 and so, like F;, Q. has a single critical orbit. The fate of this orbit leads to the well
known fundamental dichotomy for quadratic polynomials:

1. If Q7(0) — oo, then J(Q,) is a Cantor set;
2. butif Q”(0) 4 oo, then J(Q,) is a connected set.

The set of parameter values for which the quadratic Julia sets are connected is the well
known Mandelbrot set. Our goal in this section is to prove a similar result in the case
of F;. We remark that there is a more general form of this result called the escape
trichotomy that holds in the more genral case of maps of the form z" + 1 /7. We refer
to [6] for details.

Before stating this result, note that, unlike the quadratic case, there are two distinct
ways that the critical orbit of F;, may tend to co. One possibility is that one (and hence
all) of the critical points lie in the immediate basin B;. The second possibility is that
the critical points do not lie in B; but eventually map into B, . For quadratic polyno-
mials this second possibility does not occur.

Theorem.

1. Ifone and hence all of the critical points of F;, lie in B;, then J(F3) is a Cantor set.

2. If the finite critical points of F; do not lie in B;, then both J(F5) and K(F)) are
compact and connected. In particular, if the finite critical points do not lie in B;,
but are mapped to B, by F} for some n > 1, then J(F)) and K(F)) are compact,
connected, and locally connected sets.

Proof. The proof that J(F}) is a Cantor set when all critical points lie in B is stan-
dard. See, for example, [15]. So suppose that no finite critical point lies in B;. Then
we may extend the conjugacy between F; and z2 to all of B; and so B, is a simply con-
nected open set in C and we have F, | B, is two-to-one.

Since 0 is a pole of order two, there is an open, simply connected set 7 containing
0 and having the property that F;, maps 7T} in two-to-one fashion onto B,. This follows
since each of the two involutions H, interchange B, and T, . One checks easily that T;,
possesses four-fold symmetry. Note that B; and T, are necessarily disjoint open sets.
Note also that none of the critical points reside in 7} . This follows since, if Alert,
then —(1'/*) e Ty, as well, and hence F, would be four-to-one on T}.

It is also true that none of the critical values lie in 75. We will assume this fact for
now and provide a proof in the next section.
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Now let Ko=C — B,. K is compact and connected with boundary B,. Let
K, =K,— F[l (B;) = Ko — T,. Since B, and T, are disjoint, K; is compact and con-
nected. Now consider F,"!(7;). By our assumption above, none of the critical points
of Fj lies in F/\"(TA). Hence each component of F[l (T;) is mapped in one-to-one
fashion onto 7. Therefore, there are four disjoint components in this set, and each
component is open, simply connected, and disjoint from both T} and B;,.

We remark here that, if the critical points were to lie in F,~'(75), then F,~'(T5)
would be an annulus, not a collection of disks. This is the situation we will rule out
later.

Thus we have that K, = K| — F. A‘l (T;.) is a compact, connected set. Now we continue
removing preimages of 7;. Let K3 = K, — F. A_z(TA). If the orbit of the critical points of
F;, do not escape to oo, then each component of F,"2(7;) is mapped one-to-one onto
acomponent of F,~'(7;) and so F. [2 (T),) consists of 16 simply connected open sets, each
of which is disjoint from the previously removed open sets. Hence K3 is compact and
connected. Continuing in this fashion, assuming that the critical points do not escape, the
components of F;, " (T;) (n > 2) are mapped one-to-one onto components of F ["“ (Ty)
and so F,”"(T;) consists of 4"~! simply connected open sets, each of which is disjoint
from the previously removed open sets. Hence, inductively, K, = K,,_; — F [”“ (Ty) is
compact and connected for all n. Therefore K(F,) = N K,, is compact and connected.
Since J is the boundary of K, J is also compact and connected.

If, on the other hand, one of the critical points lies in F. [Z(T,\), we claim that all of
the preimages of 75 under Ff are still open, simply connected, and disjoint, and that
four of them are mapped two-to-one onto their images while the rest are mapped in
one-to-one fashion.

To see this, suppose that one of the critical points, say c;,, lies in a component V of
F,7%(T;) that is mapped by F; onto a component of F,~'(T3). Call the image compo-
nent W. Then a second critical point, —c;,, is also mapped into W. Consequently, the
set —V containing —c;, is also mapped onto W. Now either V and —V are disjoint,
simply connected, and mapped two-to-one onto W, or else they form the same compo-
nent of the preimage of W. In the latter case, there can be no other critical points in this
component, for +ic, are mapped to —W, which is disjoint from W. Hence Fj is
a degree four mapping onto a disk with exactly two critical points. This cannot
happen by the Riemann-Hurwitz formula. Therefore the former case holds, and + ¢,
lie in disjoint components of F,~%(7;). Similarly, +ic; lie in disjoint components of
this set.

Thus, F,~>(T;) consists of a collection of non-intersecting, simply connected open sets
lying in K,. Hence K3 is compact and connected. We now continue in the same fashion
to show inductively that K, is compact and connected. Therefore K(F;) = N K,, is com-
pact and connected, as is its boundary, J(F; ). This shows that J and K are compact and
connected if the critical orbit escapes to oo but the critical points do not lie in B;. Also,
since no critical points accumulate on J, the map is hyperbolic and so it is known [15] that
J is locally connected.
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We emphasize once again that the critical points for F; may not lie in B, yet the
critical orbits may eventually enter B;. As shown in the above proof, this implies that
the critical orbit passes through 7;, the disjoint preimage of B, that contains the origin.
We call T, the trap door, since any orbit that enters 7; immediately “falls through” it
and enters the basin at co. In this case we have a connected Julia set. In fact, we shall
show in the next section that J(F;) is a Sierpinski curve in the special case where this
occurs and || is sufficiently small.

We denote the set of parameter values for which J(F3) is connected by M; M is
called the connectedness locus for this family.

Proposition. The connectedness locus lies on or inside the circle of radius 3/16 +
V/2/820.364 centered at 0 in the parameter plane.

Proof. The critical values are given by + 2+/A. Consider the circle of radius 2|\/)T |
centered at 0. If z lies on this circle, we have

1
[Fy(2)| = 4|A] — E
Note that
1
4l = > 2|VAl
provided that
16|A]> — 6]A| + L >0
16 ’

and this occurs if |A| >3/16++/2/8. Hence F, maps the circle of radius 2|v/A|
strictly outside itself for these A-values.

Now the involution H, takes this circle to the circle of radius 1/2 centered at the
origin, and we have 2|v/A| > 1/2 since |A| > 3/16 + /2/8. It follows that F}, maps the
exterior of |z| =2|v/A| into itself in two-to-one fashion, so it follows that this entire
region must lie in B; . Hence the critical values lie in B, in this case. From the proof of
the fundamental dichotomy, the critical points cannot lie in the trap door and so they
too must reside in By. Therefore A does not belongto M. O

Note that these estimates for the size of M are the best possible, for if A =A% =
—3/16 —1/2/8, then we have

1+v2

Fie)=-—

1++2
2

= F(c)).

Fl ()=
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Hence the critical orbit lands on a fixed point for this particular A-value. In M, 1* lies
at the leftmost tip of the connectedness locus along the negative real axis. We shall
deal with this particular A-value and other related values in Section 4.

In analogy with the situation for quadratic functions, we also have the following
escape criterion, though one can give significantly better estimates for this using the
previous result.

Proposition. Suppose |A| <2 and |z| >2. Then |F}(z)| > (1.5)"|z|, and therefore
z€ B;.

Proof. We have

|A| E

|F;(2)] > |z)* — o > |z]* — = > 1.5z].

|

Inductively, we have
|F ()] > (1.5)"]z]

and the result follows.

3. Sierpinski Curve Julia Sets. In this section we describe the case where the criti-
cal points of F; have orbits that tend to oo, but the critical points themselves do not lie
in the immediate basin of co. The main result here is:

Theorem. Suppose the critical orbit of F) tends to oo, but the critical points do not
lie in the immediate basin of 0o. Then J(F») is a Sierpinski curve.

A Sierpinski curve is an interesting topological space that is, by definition,
homeomorphic to the well known Sierpinski carpet fractal [12]. The Sierpinski
carpet is a set that is obtained by starting with a square in the plane and dividing it
into nine congruent subsquares, each of which has sides of length 1/3 the size of the
original square. Then the open middle square is removed, leaving eight subsquares
in the original square. Then this process is repeated: remove the open middle third
from each remaining square. This leaves 64 subsquares, each of which is 1/9 the size
of the original. Continuing, in the limit, the space that is obtained is the Sierpinski
carpet. See [3].

It is straightforward to show that the Sierpinski carpet is a compact, connected,
locally connected, nowhere dense subset of the plane. Moreover, each of the comple-
mentary domains (the removed open squares) is bounded by a simple closed curve that
is disjoint from the boundary of every other complementary domain. It is known [20]
that these properties characterize a Sierpinski curve: any planar set that is compact,
connected, locally connected, nowhere dense, and has the property that any two com-
plementary domains are bounded by pairwise disjoint simple closed curves is homeo-
morphic to the Sierpinski carpet. Hence any two Sierpinski curve Julia sets drawn
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from the family F, are homeomorphic. The interesting topology arises from the fact
that a Sierpinski curve contains a homeomorphic copy of any one-dimensional plane
continuum [17].

As an illustration of the proof of the theorem, we provide the details in the special
case where |A| < 33/4*~0.1. For a proof for arbitrary A, we refer to [7].

Proposition. Suppose that |1| < 33/4*. Then the boundary of B, is a simple closed
curve.

Proof. Suppose z lies on the circle of radius 3/4 centered at the origin. Then

W 9 3
F@)|<lzP+ 2 < = 4+ = =3/4
@<l 2 16 16 /

since |A| < 3%/4* Hence F; maps the circle of radius 3/4 in two-to-one fashion onto
an ellipse lying inside this circle. Also note that all critical points of F; lie inside this
circle.

Let A, denote the annular region between the circle of radius 3/4 and its preimage
that lies outside this circle. Note that F; has degree two on A; as well as in the entire
exterior region r > 3 /4 since all critical points lie in r < 3/4. Let U, denote the disk in
the complement of A; that contains the origin.

We now use quasiconformal surgery to modify F to a new map E; which agrees
with F; in the region outside A; but which is conjugate to z — z? in the interior of Uy,
with a fixed point at the origin. To obtain E;, we first replace F) in U, with the map
7> z2on |z| < 3/4. Then we extend E; to A, so that the new map is continuous and

1. maps A, two-to-one onto U, — E; (U,);
2. agrees with E; on the inner boundary of A, ;
3. and agrees with F; on the outer boundary of A,

The map E; is continuous and has degree 2 with two superattracting fixed points, one
at 0 and one at co. We define a new complex structure on C that is preserved by E; in
the usual manner. Hence E is quasiconformally conjugate to z on all of C. Therefore
the boundary of the basin of attraction of oo for E) is a simple closed curve. Since E;
agrees with Fj_ in the exterior portion of A; containing 0o, the same is true for F;. This
proves that B, is a simple closed curve when |A| < 33/4%. O

In particular, when [A| < 33 / 44, since all of the critical points lie inside the circle of
radius 3/4 centered at the origin, the only way the critical orbits can escape to oo in
this case is by passing through the trap door. Therefore we have:

Corollary. The region || < 33/4* lies in the interior of the connectedness locus.

Before moving on, we use the above technique to fill in the hole we left in the previous
section:
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Proposition. If the finite critical points are not in By, (so By # T,), then the critical
values of F; do not liein Tj.

Proof. Let £ v; denote the critical values of F. Recall that F;(vy) = Fy(—v;).
Suppose for the sake of contradiction that the critical values of F; lie in the trap door.
Let y be a simple closed curve in B, that separates both oo and F; (v,) from the
boundary of B,. Let I' be the closed disk in the Riemann sphere that is bounded by
y and contains both co and F; (v;). Let A denote the preimage of I' in 7;. A contains
0 and = v, inits interior.

Consider F, A‘I (A). We claim that F’ /\‘1 (A) is an annulus that is disjoint from 73 and
also surrounds 7;. We first observe that F ;' (A) must be a connected set. If this were
not the case, then this set would consist of at most two components, since each preimage
of A necessarily contains at least two of the four critical points. So suppose F,~'(A)
consists of two disjoint components, C and C_. If the critical point ¢, belongsto C,,
then —c; belongs to C_ since both of these points are mapped to the same critical value.
Then the critical point ic, belongs to one of these sets, say C, so —ic, € C_.

Now apply the involution H, to C. . Recall that there are two such involutions, and
each fixes a pair of critical points. We choose the one that fixes ¢, and —c;. Since
F,.(H,(2)) = F;(z), we have H, (C1)=C, and H,(C_)=C_. But Hy(ic;) = —ic;
and so we cannot have H, (C,) = C,. This contradiction shows that F,\_l (A) cannot
consist of two disjoint components.

So let C= F,~!(A). Since C contains 4 critical points and is mapped with degree 4
onto a simply connected region, the Riemann-Hurwitz formula implies that C must be
an annulus. As in the previous Proposition, we may replace F; by a new map that agrees
with F;, outside C and is globally conjugate to z > z2. As before, this proves that the
boundary of B;, is a simple closed curve. So too is its preimage, the boundary of 7}

Now the region between B, and T is an annulus A that is bounded by these two
simple closed curves. Let Q denote the preimage of T; lying in A. As above, Q is an
annulus. A is then the union of three subannuli, A;,, Q, and A,,;, where A;, is the
inner annulus between T; and Q, and A,,, is the outer annulus between Q and B;.
F; maps both A;, and A,,, two-to-one onto A. Therefore the modulus of A;,, and A,,,
is one-half the modulus of A. But the modulus of the third annulus Q is positive, and
the modulus of A is the sum of the moduli of A;,,, A,,s, and Q. This yields a contradic-
tion. Hence the critical values cannot lie in 7; as claimed. O

We now use this result to prove:

Theorem. Suppose || < 33/4* and that the critical points of F), tend to oo but do
not lie in the the immediate basin B;, of oo. Then J(F5) = K(F3) is a Sierpinski curve.

Proof. It suffices to show that J(F3) is compact, connected, locally connected,
nowhere dense, and has the property that any two complementary domains are
bounded by simple closed curves that are disjoint. The fact that both J and K are
compact, connected, and locally connected was shown in the previous section. Since
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all of the critical orbits tend to oo, it follows that J = K and hence, using standard
properties of the Julia set, J is nowhere dense.

It therefore suffices to show that all of the complementary domains are bounded by
disjoint simple closed curves. By the earlier Proposition, B; is bounded by a simple
closed curve B, lying strictly outside the circle of radius 3/4. Using the involution
H,, the boundary of the trap door is given by H, (8, ), and so this region is bounded
by a simple closed curve disjoint from B, .

As in the previous section, the preimage of 75 consists of four simply connected
open sets whose boundaries are simple closed curves that are mapped onto the bound-
ary of T,, which we denote by t,. The boundaries of these components are disjoint
from B,, since this curve is invariant under F,. They are disjoint from 7, since the
boundary of the trap door is mapped to 8, whereas the boundary of the components
are mapped to 75, and we know that 7; N 8, = (). Finally, the boundary of each compo-
nent is disjoint from any other such boundary for a point in the intersection would nec-
essarily be a critical point. If this were the case, then the critical orbit would
eventually map to S, , contradicting our assumption that the critical orbit tends to co.
Hence the first preimages of 7, are all bounded by simple closed curves that are dis-
joint from each other as well as the boundaries of B; and 7;. Continuing in this fash-
ion, we see that the preimages F, "(7T)) are similarly bounded by simple closed
curves that are disjoint from all earlier preimages of 8, . This gives the result. [

While these Sierpinski curve Julia sets are all homeomorphic, it is known that there
are infinitely many open sets of parameter values O; having the property that, if 1,
and 1, belong to distinct O;’s, then F;, and F, are not topologically conjugate on
their respective Julia sets. See [2]. The basic reason for this lack of topological conju-
gacy is the fact that, in different O;’s, the number of iterations for the critical orbit to
enter B; is different.

4. Sierpinski Gasket Julia sets. In this section we turn our attention to a different
type of Julia set that occurs for certain members of the family F;. We assume in this
section that the critical points of F, all lie on the boundary of the immediate basin of
oo and that the critical orbit is preperiodic. We call such maps Misiurewicz-Sierpinski
maps, or MS maps, for short.

Since all of the critical points are preperiodic, the Julia set of an MS map is the com-
plement of the union of all preimages of B;, just as in the Sierpinski curve case. Hence
we may construct this set inductively as in the proof of the fundamental dichotomy.
Let Ky denote C — Bj;. It is known that the boundary of K| is a simple closed curve
(for a proof, see [6]). Let K| = Ky — T, and for k > 1 set

Ky =K — F7N(T).
Then

J(F) = ﬂ K;.
k=0
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This construction yields a very different type of Julia set in the case of MS maps.
To see this, note first that, using the involution H,, the critical points lie in the bound-
ary T, of the trap door as well as in §,. It can be shown [6] that, in fact, the critical
points are the only points lying in the intersection of 8, and 7,. Thus, when we remove
the trap door from K to form K, we are essentially removing an open generalized
square, a region bounded by a simple closed curve with four corners that are the four
critical points. The four corners divide the boundary of the square into four curves that
we call edges. In particular, if we remove the four critical points from K, then the
resulting set consists of four disjoint sets [, ..., 5. We assume that [}, contains the
fixed point p, that lies in B, and that the other I; are indexed in the counterclockwise
direction. Let I; denote the closure of I}, so that I} is just I} with two critical points
added. Then, by four-fold symmetry, F; maps /; in one-to-one fashion onto K.

Since there are no critical points in any of the preimages of the trap door, Ky is
obtained by removing 4% generalized squares from K. Each of these removed squares
is mapped homeomorphically onto the trap door by F f and hence each has exactly four
corners lying in the boundary of K. By definition, these corners are the preimages of
the critical points.

This process is reminiscent of the deterministic process used to construct the Sierpinski
gasket (sometimes called the Sierpinski triangle). To construct this set, we start with a
triangle and remove a middle triangle so that three congruent triangles remain, each of
which meets the other two triangles at a unique point. We then continue this process, remov-
ing 3 triangles at the k" stage. In the limit we obtain the Sierpinski gasket. In analogy with
this construction, and despite the fact that the removed sets are generalized squares rather
than triangles we call the Julia set of an MS map a generalized Sierpinski gasket.

If we consider the degree three family

_ A
F() =2+ =

then there are analogous MS parameters for which J(F,) is a generalized Sierpinski
gasket where “triangles” are removed instead of squares. For example, when
A A —0.5925, the Julia set of F) is actually homeomorphic to the Sierpinski triangle. See
Figure 3.

We have the following result. See [8] for the complete proof.

Theorem. Suppose F; and F, are two MS maps with . #  and the imaginary parts
of both A and | are positive. Then J(F)) is not homeomorphic to J(F3).

We make the assumption in this theorem that the imaginary parts of the parameters
are positive because the Julia sets of F and F5 are easily seen to be homeomorphic.
The Julia sets of two MS maps in the family F; are displayed in Figure 5. In the first
example, the parameter value v=—3/16 — \/2/8 ~ —0.36428 lies at the leftmost tip
of the connectedness locus. The critical points can be clearly identified as the four
corners of the trap door and are mapped after three iterations onto the repelling fixed
point p, that lies in 8,. The second example corresponds to p &~ —0.01965 + 0.2754i
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Figure 5: J(F)) for A & —0.36428 and A ~ —0.01965 4 0.2754i.

for which the critical points are mapped to p,, after four iterations. Rather than present
the full details of the proof of the above theorem, we will illustrate the principal ideas
using these two examples.

Note first that, in both of these images, every preimage of the boundary of the trap
door seems to have two corners lying in the boundary of a previous preimage. This
configuration holds true for every MS map as we show next.

Proposition. Let r’){ be the union of all of the components of F[k(r;h) and let A be
a particular component in t¥ with k > 1. Then exactly two of the corner points of A lie

in a particular edge of a single component of 75!

Proof. The case k=1 is seen as follows. Recall that J(F}) is contained in the union
of four closed sets Iy, . .., I3 that meet only at the critical points and that are mapped
by F, in one-to-one fashion onto C— B,. Hence F) maps each I;NJ(F;) for
Jj=0,...,3 in one-to-one fashion onto all of J(F}), with F;(/;N ;) mapped onto
one of the two halves of 8, lying between two critical values (which, by assumption,
are not equal to any of the critical points). Hence F; (/; N B, ) contains exactly two crit-
ical points. Similarly, F; (1; N 7,) maps onto the other half of 8, and so also meets two
critical points. The preimages of these four critical points are precisely the corners of
the component of 7 that lies in ;. Thus we see that each component of 7} meets the
boundary of one of the /;’s in two points lying in 8, and two points lying in 7,. In par-
ticular, two of the corners lie in the edge of 7, that meets /.

Now consider a component in 7§ with k > 1. F} maps each component in 7% onto
and therefore F’ f‘l maps the components in r’i onto one of the four components of 7, .
Since each of these four components meets a particular edge of 7, in exactly two
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4]

Figure 6: A topological representation of the boundaries B, , 7,, the four components
of 7} and the critical points. These curves satisfy the above configuration for every
MS map.

corner points, it follows that each component of ¥ meets an edge of one of the compo-
nents of i1 in exactly two corner points as claimed.

Figure 6 provides a caricature of B,, t; and . which is valid for any MS A-value.
We seek a topological criterion that allows us to conclude that the Julia sets of two MS
maps are not homeomorphic. The following result provides a topological character-

ization of the critical points that is helpful in this regard (see [8] for the proof).

Proposition. Suppose F; is an MS map. The four corners of the trap door is the only
set of four points in the Julia set whose removal disconnects J(F5) into exactly four
components. Any other set of four points removed from J(F;) will yield at most three
components.

Suppose now that A and p are both MS parameters. If there exists a homeomorphism
h: J(F,) — J(F,), thenit follows from the Proposition that:

1. h maps the corners of 1, to the corners of 7, and
2. the corners of each component of F, *(;) are mapped to the corners of a unique
component of F;*(z,,).

As we will show below, the configuration of the corners with respect to the curve
B, provides enough information to determine when two Julia sets are homeomorphic.
This configuration, on the other hand, is completely determined by the orbit of the
critical points.
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To specify such an orbit, we define the itinerary S(z) of a point z € J(F}) in the
natural way by recording how its orbit meanders through the regions I, ..., I3. That
is, S(z) = (sos152 - ..) where each s; is an integer j between 0 and 3 that specifies
which /; the point Ff(z) lies in. So that itineraries are unique, we modify the I;
slightly by removing one of the critical points from each /; (so this set is no longer
closed). In particular, let ¢y be the critical point of F; that lies in the fourth quadrant
and in /. Then let ¢; =icy, co = —cp, and c3 = —icy. We specify that only the critical
point ¢; now lies in ;. Using these I;’s, the fixed point p; lies in Iy so its itinerary is
given by S(p;) =0. Its preimage g, € B, lies in I»; hence S(g;) = 20. Since the critical
point c; lies in /; only, we have a well determined itinerary for each c;. For example if
A=v~—0.36428, then one computes easily that the itinerary of the critical point
¢ is given by S(c;) = 1120. Using the symmetries of the map F;, it is easy to see that
S(co) = 0320, S(c) =2320 and S(c3) =3120. When A = u~ —0.01965 + 0.2754i,
S(cy) = 11120 and thus S(c;) = 23120, S(c3) = 31120 and S(cp) = 03120.

For each MS A—-value we define the k—skeleton of the Julia set, denoted by J(F;, k),
as the union of 8, , 7, and r{ for j=1, ..., k. The k—skeleton not only provides the con-
figuration of the first k preimages of 7, along g, , but if we define J = limy _, o J(F),, k),
then the closure of J is equal to the Julia set, J(F;).

We may construct a homeomorphism ¢ = (o, that maps S, to the unit circle S' and
“straightens” any other curve in J(F),, k) to a smooth curve, except at the images of
the corners. Let

M(F k) =S"Up(m)Up(t)) U ... Up(th).

The set M (F, k) represents a topological model in the plane of the k—skeleton of the
Julia set. Since F;, acts like z — z> when restricted to B, , the model inherits the dynam-
ics of the angle doubling map D(6) =26 mod 27 in S'. Thus, to any point z € 8, we can
naturally associate an angle 6(z) € [0, 27r] given by the angle of ; (z) in S'. We may
assume that M (Fj, k) satisfies the same symmetry relations as J(F3) and that the four
half-open regions /; are mapped to corresponding regions in M (F},, k).

To illustrate the construction of the model, consider our first example v~ —0.36428.
In this case, the critical point ¢, has itinerary (1120). Hence 6(c;) = /4 and, by sym-
metry, 0(cy) =3m/4, 6(c3) =5m/4 and 6(cy) = 7 /4. Since every model inherits the
configuration of the Julia set for MS maps, each component of ¢(z!) has two corners
lying on an edge of ¢(t,) and the two remaining corners must lie on S' = ¢(8,). We let
X0 = go(Fv’1 (cp)) and x; = <,0(Fv’1 (c1)), so that xy and x; are the two corners that lie in
IyN S'. Similarly, we let x, and x3 be the corresponding corners in Iy N ¢(7,). So we
have 8(xp) = D' (7m/4) =7n/8 and O(x,) = D ' (n/4) = nr/8. A rotation by a multi-
ple of /2 provides the angles of the corners lying on /; N S'. For example, if wo and
w; are the corresponding corners of ap(ri) lying in I; N S!, then O(wg) =37/8 and
0(w,) = 5m/8. Figure A shows in fact the angles along S' in M(F,, 1).

To construct M(F,, 2), we will determine first the configuration of the corners of
a single component in cp(t%) C Iy. Let U be the component of 1‘2} that is contained in
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Figure 7: The model M(F,, 2) for v~ —0.36428 is displayed to the left and M (F,,2)
with u~ —0.01965 + 0.2754i is displayed to the right. Note that 8(c,(v)) = /4 and
O(c1(n)) =m/16.

the “triangle” T, defined by x1, ¢(c;) and x,. Label the corners of U by yy, y;, y» and
y3 and assume y; and ys lie in the edge [x,, x1] C rllj. To compute the location of the
remaining two corners, we first note the arc [x;, ¢(c;)] C S' is mapped under D to an
arc y in I; N S'. Clearly 6(y) = [7/4, /2] and thus, the corner wy lies in y. Pulling
back y into I, by D we obtain the corner yg € [x1, ¢(c1)].

A similar argument can be applied to the arc o = [¢(c1), x2] to obtain the location
of y;. Since D is not defined in this arc, consider first ¢! (o) =[cy, FV_I(CZ)] in
IpN J(F,). This arc is mapped by F, to [F,(c1), ca] C I} N B,. Then, the homeo-
morphism ¢ sends F,(¢ ™' (a)) onto [D(p(c1)), ¢(c2)] C I; NS'. This arc has angles
[/2,3m/4] and thus, the corner w; lies in it. Pulling back this point by the proper
composition of maps yields the point y; € c.

A similar process can be carried out to obtain M(F,,, 2) for our second example
where &~ —0.01965 + 0.2754i. See [8] for the details. Figure 7 shows the models for
the two MS maps discussed above. Both models display the configuration of the
corner points with respect to the angles of corners along S'.

To show the Julia sets of F, and F), are not homeomorphic, we proceed by contra-
diction. Assume there exists a homeomorphism h : J(F,) — J(F)). Recall that
a homeomorphism must send critical points to critical points and corners of compo-
nents in tfj to corners of components in TZ. Without loss of generality, assume that
h maps ¢ (v) to ¢ () and Iy(v) onto Ip(w).

Restricting & to the 2-skeletons of the Julia sets, we can define a new homeo-
morphism h defined by the following diagram

I(F,,2) 2% M(F,,2)

hl li{

J(F,.2) = M(F,,2).
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Figure 8: The map h must preserve the configurations of the corners along the edges
of T,and T},.

Let T, denote the triangle in M (v, 2) with vertices x1(v), ¢,(c1(v)) and x;(v). This
triangle contains a unique component U (v) C 7! that defines a configuration of its cor-
ners along the edges of 7,,. Define T}, analogously (see Figure 8). Since there exists an
edge in 7), that contains no corners of U(u), h cannot possibly send the configuration
given by U(v) to the configuration of U(u), and we have reached a contradiction.

The procedure to prove that any two MS maps have topologically distinct Julia sets
is similar in spirit to this construction, although in the general case one needs to pro-
ceed to the k-skeleton to show this where k may be large.

5. The Connectedness Locus. Recall that the connectedness locus M for the family
F is the set of all A-values for which J(F3) is connected. In this section, we mimic the

Douady-Hubbard proof [11] to show that C — M is conformally equivalent to the open
unit disk D . See also [18].

As we have already noted, the point at infinity is a superattracting fixed point.
Consequently, the map F; is locally, analytically conjugate to the map z+ z? in
a neighborhood of co. In our case, there exists an analytic homeomorphism ¢, defined
in a neighborhood of co such that

1. ¢, (00)=00
2. ¢(o0)=1
3. ¢, 0 F(2) =(4,(2)%

This homeomorphism is often called the Bottcher coordinate of Fj. For |z| >
max{|A|, 2}, one can use the triangle inequality to show that |F) (z)| > %|z|, and in
this case ¢, is given by the infinite product representation

00 )\’ 1/2k+1
¢, (2)=z H (1 + 4)
k=0 2k

where z; = F}(2).
Let O~ © denote the backwards orbit of the pole. That is,

0-0)= | F*(0).
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Associated to ¢, is the nonnegative rate-of-escape function
G,:C—0(0)—>R

given by
.1
Gy(2)= Jim S 1og . [z,

where log , is the maximum of log and 0. This function has the following properties:

Let A; be the entire basin of co. Then G;l 0)=C—A,.
G (zir1) =2G5.(2p).

G, (iz) = Gy (2).

G,.(Hy(2)) = G,.(2).

G, is harmonicon A; — 0~ O,

G, (z) =log|z| + bounded terms as |z| — oo.

G (2) = loglg (2)] if ¢, (2) is defined.

The nonzero level sets of G, are called the equipotential curves for A, .
We know that the immediate basin B; of co assumes one of two topological types:

Nk RN =

1. If the critical points are not in B;, then B, is simply connected, and the domain of
¢, can be extended to all of B, . Therefore, F; : B, — B, is a two-to-one branched
cover with the branch point at co.

2. If the finite critical points are in B;, then the Julia set of F; is a Cantor set, and B, is
the Fatou set.

Incase 1, the involution H, determines the remaining inverse image 7; of B,. That
is, if T, = H,(B;), then F; : T, — B, is also a two-to-one branched cover of B; with
branch point at 0, and

F'(B))=B,UT,.

The distinction above results in a nice division of parameter space for the family
F;.(z) into two disjoint subsets. We now focus on those values of A for which case 2
holds, i.e., those A for which the Julia set is topologically conjugate to the one-sided
shift on four symbols. Consequently, we call this subset C — M of parameter space the
shift locus. Given A € C — M, let L, denote the component of {z | G;.(z) > G; (A/*)}
that contains co. Then ¢, extends naturally to all of L, . We mimic the Douady-Hubbard
uniformization of the complement of the Mandelbrot set by defining the map & :
C-M—C—-Das

d(L)=¢, (i + 4x> :

There are three things that need to be verified to show that ® determines a conformal
equivalence between C — M and C — D
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1. The map & is holomorphic.
2. Ttextends to a holomorphic map from C — M U {oo} to C —D.
3. The extension is a proper map of degree one.

First, ® is holomorphic because % + 4 lies in L; for all A€ C— M and ¢, (z)
varies analytically in both z and A.

For step 2, we use the infinite product representation of ¢, . For |A| > % , we have
k+1
1 1 00 A 1/2
%(4+%>=<4+M)1LQ+AQ
where A, = F f(% + 41). From this expression, we see that
o)
— =4

as A — oo, and we can extend ® to a holomorphic map from C — M U {oo} toC —D
by setting $(00) = co.

The map @ is proper if |®(A)]— 1 as A — dM. To show this, we compute
Gx(i +4X) as A — 9 M using two lemmas.

Lemma. The boundary 0M of the connectedness locus is contained in the annulus

33 3422
7 S = :
4 16

The first inequality was proved in Section 3 and the second in Section 2.

Lemma. Let A, = Ff(% +4)1) for k=0,1,2,....Then dM is a subset of
{M||Ak| <2 forall k=0,1,2,...}.

Proof. From the results of Section 2 we know that if |A| > 2, then A € C — M, so we
may assume that |A| <2.

Suppose |Ax| > 2 for some k. Then the escape criterion from Section 2 guarantees
that Ay € B,. Either A€ C— M, or A € M with A; €T,. In the first case we have
AgdM. In the latter case, an open neighborhood of A also has A ; € T) and therefore
Aisin the interiorof M. O

For each . € C — M, let m; correspond to the last iterate such that |2,,, | <2. Note
that the previous lemma implies that m; — oo as A — dM. For a fixed A € C — M,
we drop the subscript on m;, and we estimate G, (% 4+ 41) by considering

2\/” |)‘m + ”|

forn=1, 2, ....Note that

on [ )\‘m+n| _ on |)\,m+n‘ o |)\4m+n71| - |)\4m+;| |)\m |
[Aom

|)"m+n—l|2 |)‘m+n—2‘2 '
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Assuming |A| < 1, we estimate all but the last two factors by

2k |)\m+k| . < 2k 1+ 1 .
‘)\m+k71| |)\m+k71 ‘

If k>1, we know that |X,4x—1|>2, and we apply Bernoulli’s inequality
1T+ x <1+ x/k to obtain

2 ‘)‘m+k| ( 1 )
— | 1+ .
V i 16-2¢

|)\m+1 |

o

The term

requires special attention because |A,,| < 2. For this part of the argument, it is conve-
nient to work within the disk |\ + 1176 | < % Fix a A within this disk. Let Ag be the annulus
bounded by the circle of radius 2 centered at the origin and the ellipse that is its image
under F.

Since the critical values of F; cannot be in Ay, Ay has two preimages. One pre-
image A; has the circle of radius 2 centered at the origin as one boundary component,
and the other preimage of Agis H(A). Note that A, lies outside the unit disk.

Similarly, the critical values of F; cannot be in A, and therefore A; has two pre-
images. One preimage A, has a boundary in common with A; and the other preimage
is H(A3).

Proceeding in this manner, we can produce annuli A, such that

1. F, maps A, onto A,_; in a two-to-one fashion, and
2. one boundary component of A, is also a boundary component of A,_; as long as
the critical values of F; donotliein A,,_;.

If the critical values do not lie in A,, for some n, then the Julia set of F; is connected and

o0
{zllz2 = 2}u | 4,
n=1

exhaust the immediate basin of infinity. Consequently, A,, € A and A, € Ay for
A € C — M. Therefore, we have

Pomsa| _ V265

|)\mZ| 8

Combining these two estimates with the fact that |A,,| <2, we obtain

,, /265 1" 1 V265 & 1
el < Y2011+ —— ) < Y2200 (1 —— ).
An+al = =3 H( + 16~2k>< 4 H( +16-2k)
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Since the right-hand side of this inequality converges to some number C (independent of
those A within the annulus under consideration), we have

lim 3/|Ansn| <C.
n— oo

This inequality implies that G (1) <logC. Consequently,

1
2" G, (4 +4X) <logC.

Since m — oo as A — M, we conclude that

1
Gk<4 +4A) -0

as . — dM, and @ is a proper map.
We see that ® has degree one by noting that ® ! (00) = {oo}. We have proved:

Theorem. The complement C — M of the connectedness locus is conformally equiva-
lent to a disk in the Riemann sphere.

References

(1]
(2]
(3]

[4]

[5]
(6]
(7]
(8]
(91
[10]
[11]

[12]

P. BLANCHARD, Complex Analytic Dynamics on the Riemann Sphere, Bull. Amer. Math. Soc. Vol. 1,
No. 1, 1984, 85-141.

P. BLANCHARD, R. L. DEVANEY, D. M. LOOK, P. SEAL and Y. SHAPIRO, Sierpinski Curve Julia Sets and
Singular Perturbations of Complex Polynomials. Ergodic Theory and Dynamical Systems 25 (2005).

R. L. DEVANEY, Cantor and Sierpinski, Julia and Fatou, Complex Topology Meets Complex
Dynamics. Notices Amer. Math. Soc. 51 (2004), 9-15.

R. L. DEVANEY, Baby Mandelbrot Sets Adorned with Halos in Families of Rational Maps. To appear
in Complex Dynamics: Twenty Five Years After the Appearance of the Mandelbrot set.
Amer.~.Math.~Soc.

R. L. DEVANEY, K. JOSIC and Y. SHAPIRO, Singular Perturbations of Quadratic Maps. International
Journal of Bifurcations and Chaos. 14 (2004), 161-169

R. L. DEVANEY, D. M. Look and D UMINSKY, The Escape Trichotomy for Singularly Perturbed
Rational Maps. To appear in Indiana University Mathematics Journal.

R. L. DEVANEY and D. M. LOOK, A Criterion for Sierpinski Curve Julia Sets for Rational Maps. To
appear in Topology Proceedings.

R. L. DEVANEY, M. MORENO ROCHA and S. SIEGMUND, Rational Maps with Generalized Sierpinski
Gasket Julia Sets. Preprint, 2003.

A. DOUADY and J. HUBBARD. Itération des Polynomes quadratiques complexes, C.R. Acad. Sci.
Paris, t. 29, Serie I-1982, pp. 123-126.

A. DOUADY and J. HUBBARD, On the Dynamics of Polynomial-like Mappings, Ann. Scient., Ec.
Norm. Sup. 4° séries, t. 18 (1985), 287-343.

A. DOUADY and HUBBARD, J. Etude Dynamique des Polyndmes Complexes. Publ. Math. D’Orsay
(1984).

K. KURATWOSKI, Topology. Vol. 2. Academic Press, New York, 1968.



Sierpinski Carpets and Gaskets as Julia sets of Rational Maps 119

[13]
[14]

[15]
[16]

[17]
[18]
[19]

[20]
[21]

C. MCMULLEN, Automorphisms of Rational Maps. Holomorphic Functions and Moduli. Vol. 1.
Math. Sci. Res. Inst. Publ. 10. Springer, New York, 1988.

C. MCMULLEN, The Classification of Conformal Dynamical Systems. Current Developments in
Mathematics. Internat. Press, Cambridge, MA, 1995, 323-360.

J. MILNOR, Dynamics in One Complex Variable. Vieweg, 1999.

J. MILNOR and TAN LEI. A ““Sierpinski Carpet” as Julia Set. Appendix F in Geometry and Dynamics
of Quadratic Rational Maps. Experiment. Math. 2 (1993), 37-83.

S. NADLER, Continuum Theory: An Introduction. Marcel Dekker, New York, 1992.

N. STEINMETZ, Rational Iteration. W. de Gruyter, Berlin, 1993.

D. SULLIVAN, Quasiconformal Maps and Dynamical Systems I, Solutions of the Fatou-Julia Problem
on Wandering Domains. Ann. Math. 122 (1985), 401-418.

G. T. WHYBURN, Topological Characterization of the Sierpinski Curve. Fund. Math. 45 (1958), 320-324.
B. WITTNER, On the Bifurcation Loci of Rational Maps of Degree Two. Thesis, Cornell University
(1988).

Dept. of Mathematics
Boston University

111 Cummington St.
Boston, MA 02215 USA
e-mail: paul@bu.edu
e-mail: bob@bu.edu






On capture zones for the family
@) =22 +1/2

P. Roesch

Introduction. This paper originates from the Bodilfest and it is a pleasure to dedicate
it to Bodil Branner. It is motivated by the picture! shown in Figure 1 of the para-
meter plane of the family f;(z) =z> + A/z>. At the Bodilfest, Devaney presented
this particular parameter plane describing the various behaviours that can appear in
the family (see [B-D et al.]). Besides the unbounded component, all the hyperbolic
components look like holes, we call them capture zones, or seem to belong to copies
of the Mandelbrot set. We solve in this article the conjecture of Devaney that there
are exactly 4"~! capture zones of order n. Moreover we prove that there is no copy
of the Mandelbrot set attached at the cusp to a capture zone. The ideas of the proof
are not new (see [F, McM, M2]). We construct a parametrization of the capture
zones using surgery. This construction can be adapted to various families. With this
parametrization one sees that there are as many capture zones of order n as there are
solutions of a certain polynomial equation (describing the center of the
components).

Figure 1: Parameter plane of the family f;.

! The pictures here are made with a very nice program of Dan Sorensen who I would like to thank.
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1. The family and its properties after [B-D et al.]. For X # 0, the family
f1(z) = 2% + 1/z* is formed by the rational maps of degree 4 that have the following
properties:

e 00 is a super-attracting fixed point (in particular a critical point);

the only pole 0 is a critical point;

the other critical points are A'/# and they have the same forward orbit:
HGH =20 and fFOM) = {442

J» has symmetries: f(iz) = — fi(z) and fi(—2) = f1.(2)-

Definition 1.1. Let A; ={z| f'(z) —> oo} be the basin of oo, B; the immediate
n— o0

basin of oo, i.e., the connected component of A, containing oo, and let 7, denote the
preimage of By, containing 0. We consider the sets Ho = {A | % +4xr € B;}and

H,,:{xm”(i +4x> € B; and ffl<i+4k> ¢B,\} if n>0.

Since U ,.0H, is the set of parameters for which the critical points eventually fall into
B;, the connected components are called capture zones.

Throughout this section we refer for the proofs to the article [B-D et al.].
Theorem 1.2 [B-Detal.]. For A € Hy, the critical points all lie in B, and the Julia
set is a Cantor set.

Lemma 1.3 [B-Detal.]. ForA & H the following properties hold:

B, contains a unique critical point which is co;

the preimage f;l(B;\)\B;\ is connected—so f;l(B;\)\B;\ =T,
T, is a topological disk, and O is the only critical point in T ;
there are no critical values in T;.

The first three properties of this lemma follow from topological arguments, the last
one is an analytic argument.

Theorem 1.4 [D-L]. For A € H,, with n > 0, the boundaries of B, and its preimages
are Jordan curves.

For A € H,,, n > 0, the map f; is hyperbolic and J( f;) is locally connected.
Let ¢, be the Bottcher coordinate near infinity i.e., the unique holomorphic germ

such that ¢; o f3(z) = (p1(2))?, ¢1(00) = 00 and ;. (2) ~ oz

Remark 1.5. For A ¢ Hy, the conjugacy ¢, extends continuously to all B, and is
holomorphic in (1, z) over {(A, 2) | z € By, A € Ho} (see [B]).
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Theorem 1.6 [B-D et al.]. The map ® : Hy — C\D defined by ®(1) = %\(% +4x)
is a conformal homeomorphism.

2. Parametrization of the capture zones.

2.1. The Definition. The classical idea to parametrize the capture zones is to use
the Bottcher coordinate of the first forward iterate of the critical point that enters the
immediate basin of attraction. However, here the iterates of the critical points before
landing on the basin B, pass through 7; which is a ramified double cover of B;. So we
choose to take the position of the orbit of the critical points in 7} using a “lifted”
Bottcher coordinate.

Lemma 2.1. For A & Hy, there exists a holomorphic map g, : T, — D satisfying

1
00 fi=—5
(%\)2
where @, : B; — C\D is the Béttcher coordinate near oo. Two such maps differ by
multiplication by —1.

Proof. The coverings f; : T;\{0} — B;\{oo} and z+> 1/z> from D\{0} to C\D
have the same action on the fundamental group. Hence fixing a point (x, y) with y # 0
and x in the fiber of @Il(fx ) Ge., 1/x*= cp;l(fA ())), there exists a unique lift
@5 2 T,\{0} — D\{0} of ¢, : By\{oo} — C\D with @, (x) = y. Finally, @, extends
to 0 by continuity. [

Lemma 2.2. No connected component of H,, withn # 0 separates O from co.

Proof. Let U be a connected component of H,,. We prove that if / intersects R then
n=0. Let A be a parameter in Rt NY/. The map f; : R" — R is real. There is only
one critical point on R denoted by c; and the graph on R* is like a parabola. If the
parabola stays above the diagonal, the forward orbit of every point tends to oo, so R* is
a path in B; connecting ¢, to co and therefore A € H)y. If the parabola crosses the diago-
nal, there are two fixed points. The largest, 3, is repelling and [ 8, +oo[ is a path in B;, (as
before). Let 0 < 8’ < ¢, be a preimage of 8, then ]0, 8'] is a preimage of [, +ool. If the
critical value f;(c;) is smaller than B then its image ff(ck) =1/4+4X1 is in
[B, +oo[ C By, and A € Hy by Lemma 1.3 (last item). If £; (c,) is between 8’ and B, the

interval [ f3(c;), Bl is stable by f; since f; (cy) is the minimum and f; (8) = fo.(8) = B.
This case is impossible since the critical point cannot escape to infinity (A ¢ H,,). O

Lemma 2.3. Let U be a connected component of H,, with n # 0 and let ; be the lift
of px with ¢, (0) = 1/V/A (see Lemma 2.1), where \/A is a branch of the square root

defined on U. Then the map (A, z) — ;. (z) is holomorphic where defined (i.e., for
reUandzeT),).
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Proof. The map ¢, is locally defined as ©;(z) = 1/(v/¢x(fo(z))) where v is the
chosen branch. Near a point (A, zo) €U x T3, \{0} the function (A, z) — ,(z) is
holomorphic so ©; (z) is locally defined as a composition of holomorphic maps. Also

notice that if H; (z) = v/A/z, then 3, (z) = 1/(¢; 0 Hy(z)). O

Definition 2.4. Let U/ be a connected component in H,, with n # 0. Define the para-
metrization @ : U — Dby ®(1) = 2, (S~ (1/4+41)).

Remark 2.5. For A €4, the point ff’l (1/4441) belongs to Ty, s0 3, (f)("1 (1/4+4%0))
is well defined and holomorphic in A.

2.2. Isomorphism via surgery.

Proposition 2.6. The map ® : U — D defined by (1) = @, (ff*1 (1/4+4X0)) isa con-
formal isomorphism.

Proof. The map & is holomorphic as it is a composition of holomorphic maps. In
Lemma 2.8 below we show that ® is proper, so it is a ramified covering. In fact, ® has
no ramification points since, by Lemma 2.9 below we have that ® admits locally con-
tinuous sections. Therefore the covering ® : &f — D is a homeomorphism. O

Lemma 2.7 [B-D et al.]. For |A| <2 the immediate basin B; contains C\2D and, if
M| > 2, then A € Hy.

Lemma 2.8. The map ® : U — D is proper for any connected component U of H,,, n # 0.

Proof. The proof is similar to the one for the Mandelbrot set (see [D-H]).

Let Ax € U be a sequence of parameters tending to Ao € /. Our aim is to prove that
D) =1/12, (f, (1/4+43)I tends to 1.

In what follows, we restrict attention to F = (C\Hy). We define G, (z) =1log|p; (z)|
if z € By and G, (z) =0 else. We will prove that W, = {(A,2) e F x C | G, (2) <€} is
a neighborhood of (A, z¢) in F x C, so that it contains (A, zz) for k large, where the
points zx = f7, (1/4+4A;) tend to zo = f7 (1/4+4Ao).

The complement (F x C)\W, is exactly {(i,z)eF xC | log|y;(z)| >€}. By
Lemma 2.7, the map U(A,z)= (A, ©;(z)) sends F x (C\2D) into F x (C\D) and is
injective. Moreover its restriction to F x (C\4D) is continuous. Indeed, V=
(1/$5.(4/2)) (the map in the chart at infinity) satisfies |(4;) (z)| <1 for z€D (by the
Cauchy formula) so that (¢, ) is an equicontinuous family for A € F. By the uniqueness
of the conjugacy at oo there is a unique accumulation point for a sequence ¢,, with
A, — Ag. Hence the convergence is uniform on every compact subset of C\4D and this
implies the continuity of .
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The image ¥ (F x (C\4D)) contains a tube F x (C\ RD) for some R > 0. Indeed,
for A € F, there exists r;, such that 3, (D) D r,D. The existence of R follows from the
equicontinuity of ; and the compactness of F. So ¥~ (F x (C\RD)) is a closed
subset of 7 x (C\2D).

Because {(1,z)€F xC |loglg;(2)| =€} ={(A,2) e F x C|log|o,(f{ (2))| =2"€},
the complement F x C\W, is {(x,z)€F xC| f/(z) € Byand F” (x,z) e ¥~ (C\e*" D)}
with F(A,z)=(, f2(2)) for (1,z)€CxC. Thus (F xC)\ W is exactly the connected
component that intersects {—1/16}x[2,400[ of F~?(¥~'(C\e*“D)), which is
closed in F x C for 2’¢> R (since F is clearly continuous). I

Lemma 2.9. The map ® : U — D admits locally continuous sections, for any con-
nected component U of H,, with n # Q.

Proof. Let Ay be a parameter in U and ¢, = P(19). We construct, for € >0 small
enough, a continuous function A(¢) satisfying ®(A(¢)) = ¢ for |¢ — ¢,| < € as follows:
We deform f;, into a map g, so that the orbit of the critical points has a Béttcher coor-
dinate ¢ (instead of ¢;). The deformation is taken to be continuous in ¢, so that g, is
quasi-conformally conjugated to a map f;(;) with A(¢) continuous.

1. The map f3,: Since no critical value is in T, (Ao € Ho and Lemma 1.3), f{ol (T3,)
has exactly four connected components. One of them (at least) intersects the orbit of the
critical points; we choose one that we call Wy,,.

2. Definition of g;: Let D be a disc in T}, such that, for ¢ € D({, €), the Bottcher
coordinate @{01 (¢)isin D. Let D' be the preimage of D in Wy,,. Outside D', iD', —D'
and —iD', we take g, = f, and inside D" we take for g, a diffeomorphism sending
Fi2(1/444%0) to @5 (£). On the symmetric domains (D', —D' and —iD, g is
defined to reflect the symmetry of f), in the sense that g.(—z)=g;(z) and
8:(iz) = —g¢(2).

To construct g, continuously in ¢ starting from g, = f), we take for the diffeo-
morphism g, (in D') the composition of f;, by a Mobius transformation (in the model of
the round disc). More precisely, we can assume that <p;01 (D(¢&y, €)) € D and take the
Riemann map v : (D, ¢; | ({y)) — (3D, 0) sending ;' () to 0 and ;| (¢) in D. We
define g, in D’ as g.(z) = v lo Mo Yo f,(z) where

z for ze€3D\2D;
M (z) = lz:Eaz for zeD with azwow);)l({);

r ff;(f)% for z=re € D\2D.

where p:[1,2]— [0, 1] is a smooth map p(1) =1, p(2) =0 with all derivatives
vanishing at those two points. Note that for {={¢,, the point a is 0 and M, =id.

Hence g;, = fi, and g : D({, €) x C — C defined by requiring g;(z) is differentiable
in (¢, 2).
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3. A complex structure invariant by g, We define a complex structure o, of
Beltrami coefficients u, as follows: Let u, denote the Beltrami coefficient of the stan-
dard structure and set

o if  z€By;

pe(z)= (&) (o) if  g7(2) € By
o if EAy,

This complex structure is invariant by g, and has the following properties:

- There exists k < 1 such that [|i¢||o, <k for & € D(gy, €). Indeed, g, is holomorphic
outside i¥ W,, (with k € N), and g, passes only once in i W, where it is a diffeomor-
phism. Hence the dilatation ||/t,||, is bounded for each ¢ and globally on D(¢, €) by
the continuity of |||l in §.

- The symmetries of g, implies that u.(—z) = u,(z) and . (iz) = p,(z) forz € C.

4. The map f; ;) By Ahlfors-Bers’ Theorem, there exists a map /2, : C — C such that
= hg g and h is continuous in £. Moreover /1, can be chosen to be tangent to identity
at oo and fixing 0. Hence the symmetries are kept: h;(—2) = —h;(2), h(iz) =ih(2).

The map R, =h; 0 g; 0 h;l is holomorphic (it preserves (), and it can be written

R:(2) = PZ4az+b+ sz +d since h. preserves the pole 0 with multiplicity and the degree
at co. From the symmetries of h, it follows that R,(—z) = R;(z) and R;(iz) = —R.(2),
and therefore R;(z) = z> +d/z*. This determines a unique and continuous () such that
R; = f.(»)- Indeed, R, is continuous in ¢ since g, and &, are continuous by construction
and hgl is also continuous: if ¢; — ¢, and h; — h;_, any accumulation value ¢ of
h;il (z) on C satisfies h,_(¢) =zie, = h;oi ().

5. A(¢) is asection of ®: On B, U T;,, the map h, is a holomorphic conjugacy between
faw and fy,. Now the Bottcher coordinates on B, are related by ;= i) o h¢
because they both conjugate fj,, to z z? and have derivative 1 at co. On T;,, the maps
P, and @3 ) © h; can differ only by multiplication by —1. But g, = f;,, so hy, =id and
Ry, = fy,, in particular A(¢y) = Ag. Therefore ;) © hy, and @, coincide since they
both have derivative 1/+/A¢ at 0. Finally they coincide for every ¢ € D(, €) since the
derivative at 0 is continuous.

Now we can evaluate ®(A(£)) = @5, ( fl{‘(z)l (1/4+4A(2))). First, the critical points
of f3.(p correspond to those of g, under £, since it is a conjugacy. The critical points of
8¢ are those of f3, so their image by g in W, is f;’o‘z(l /4 + 4Ao) and by definition of
8¢ the image in 7y, is @5 (¢). Hence fi) (1/44-4A(0) = he (&3] (0)).

Finally, ®(A(9)) = i) (fip) (1/4+41(0))) = Prco) (e (85, (D)) = i (85, () =¢.
O

3. Counting the capture zones. We deduce from Proposition 2.6 that there are as
many connected components of H, (n # 0) as there are solutions of the equation
f,{“l (1/4 4 41) =0 (the centers). We determine this number now.
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Corollary 3.1. The roots of ff‘l (1/4 4 4)) are simple.

Proof. Let Ay be a solution of ff’l (1/4 4+ 41) =0 and assume, to arrive at a contra-
diction, that ff*1(1/4 +41) =a(h — ro) +o((A — 20)¥) for A near A and some
k> 1. Since Ag belongs to H,, the map (A, z) = @, (z) is well defined for (A, z)
near (19,0) and holomorphic (Lemma 2.1). Its expansion near (Ag,0) is
01(2) =z/+/Ao +a(z, A — Ag), since ,,(0) = 0 for every A near Ay (and Lemma 2.3).
Hence ®(1) = 3, (f~'(1/4+41)) = a(h — 20)*//Ao +a (A — Ao) near Ao, but this
implies that ®(A) has a critical point at A¢ and contradicts Proposition 2.6. [

Remark 3.2. There are exactly 4"~! solutions of the equation f7'~!(1/4 +41) = 0.

Proof. The rational map f7'(1/4 + 4X) can be written in the form P,(A)/Q, (1) with P,
and Q, coprime polynomials. They are determined by Py(A) =1/4 44X, Qp(X) =1 and
the relations P, (L) = P,(M)*+10,(M)* and Q, (1) = P,(A)>Q,(1)%. Note that
P41 and Q,,41 are still coprime since P, (0) # 0. Therefore, deg(P,) > deg(Q,) + 1 for
alln > Oanddeg(P,)=4". O

Corollary 3.3. There are exactly 4"~' component of H, forn > 0.
4. Landing points of rays in the capture zones. Using the parametrization of the

capture zones, one can define rays and equipotentials in a component U of H,, just by
pulling back the rays and circles of D via the isomorphism .

Figure 2: The connected components of Hy, H; and H,.
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Lemma 4.1. Let A be a parameter in the boundary of a capture zone U but not of H.
If g is the landing point of a ray Ry (0) with 6 € Q then g is a Misiurewicz parameter
(i.e., the critical points of f,, are eventually periodic).

Proof. Letn be the order of U. For A €U, let U, be a component containing c; one of
the critical points and denote by r; the center of U, i.e., the preimage of oo by f'. The
points r,, and ¢, can be followed continuously in ¢/ and r, admits a limit at 1y denoted
by ro. We denote by R,, (0) the ray of angle 6 in U, it is defined as the inverse image
by fi' of R, (0) = 90;1 (11, + oo[e*™) stemming from r;.

The ray R, (0) converges to a point zo € 0U,,, which is eventually periodic. Indeed,
the angle is in Q and the critical points are not in A, so the ray converges to a periodic
or eventually periodic point of 90Uy, (see [D-H]). If the landing point is periodic, its
iterated images are on dU,,, but they are also eventually on 9B,,,. This is not possible
since it would imply that there is a ray in 7}, and a ray in B, converging to the same
point and with image the same ray in B;,, so the common landing point should be crit-
ical and this contradicts the fact that it is periodic and on the Julia set.

For A € Ry(0) the ray R,, (6) contains the critical point ¢, (by definition). Hence,
there is no stability properties of the ray R, (6) for A near Ag, so the landing point zq is
necessarily parabolic or Misiurewicz (see [D-H]).

Assume now that zg is eventually parabolic. Then 1/4 + 4 would be attracted by
the parabolic point. But 1/4 + 4 is in ffO(UxO) since for A € U, 1/4 +4xr € f2(U,)
and f7(U,) is obtained by holomorphic motion from f} (Us,) in a neighborhood of

Xo. Indeed, on a neighborhood D(X, €) disjoint from 7, the map np;l(z) defines
a holomorphic motion of By, by the A-Lemma it can be extended to E?»o and it can be

pulled back to a holomorphic motion of ffo (Uxg)-

Acknowledgements. 1 would like to thank R. Devaney for his comments and
C. Henriksen for his remarks and a carefull reading of this text.
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Semiconjugacies between the
Julia sets of geometrically finite
rational maps I1

Tomoki Kawahira

Abstract. For a geometrically finite rational map f, there exists a perturbation into another geometrically
finite rational map which preserves the dynamics on the Julia set nicely. Indeed, we can perturb parabolic
cycles of f into attracting cycles and repelling cycles in any combination.

1. Introduction. Let f: C — C be a rational map of degree d > 2. We call such
amap geometrically finite if all critical points contained in the Julia set J( f) are even-
tually periodic.

Perturbations of f. Let us fix a small €y > 0 and consider a family of rational maps
of degree d, { f. : €€10, €]} with fo= f and f. — f uniformly and continuously
with respect to the spherical metric. We represent this family in the convergence form,
fe— f,and call it a perturbation of f.

From the viewpoint of J-stability, a good perturbation f, — f is accompanied by
a conjugacy h. : J(f.) — J(f) for each € € [0, €g] with h;‘ — id as € — 0. (That is,
the dynamics on the Julia set is continuously perturbed.) In [3], the author gave some
conditions for this as described later in §3. In particular, it is shown that even if a per-
turbation of f is not accompanied by such a conjugacy, it may be accompanied by
a semiconjugacy (that is, continuous and surjective map h. : J(fe) = J(f) with
he o fe = f o he) which still preserves the dynamics of the Julia set except on a count-
able subset.

In this paper, following the result of [3] and as an application of Shishikura’s pertur-
bation in [5], we establish:

Theorem 1.1. Let f : C— Cbea geometrically finite rational map of degree d with
J(f) # C. Then there exists a perturbation f.— f such that

(1) feisalso geometrically finite;

(2) One can choose the direction of the perturbation such that the parabolic cycles of
f are perturbed into repelling, parabolic and attracting cycles of f. in any combination;

(3) For each € which is sufficiently small, there exists a unique semiconjugacy

he » J(fe) = J(f) with sup {d@(ke(x),x) tXE J(fe)} — 0 (e~ 0); and
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(4) If card (h;l(y)) > 2 for some y € J(f), then there exists an n such that f"(y) is
a parabolic periodic point of f and card(h'(y)) =deg(f", y) - p(f"(y)), where
deg(f", y) is the local degree of " aty, and p(f"(y)) is the number of attracting
petals at " (y).

(5) he is a homeomorphism (thus conjugacy) between the Julia sets if and only if none
of parabolic cycles of f is perturbed into an attracting cycle.

The proof is given in the following sections.

Notes.

1. The case when J(f) =C is somehow easier, since f is postcritically finite. By
Thurston’s theorem, if the orbifold of f is not of type (2, 2, 2, 2), there are only
trivial perturbations by Mobius conjugations.

2. Property (3) of the theorem guarantees continuity of the Julia set along the pertur-
bation with respect to the Hausdorff topology.

3. Property (4) of the theorem implies that the injectivity of 4. may break only at
countably many points. (We may say “. is almost bijective”.)

4. Our theorem generalize the results of [2]. One can find a similar result with
a sophisticated investigation in [1].

Notation. Here we list some notation.

A(f) : the set of all parabolic periodic points of f.

e C(f) : theset of all critical points of f.

P(f) ={f"(c) : ceC(f),n=1,2, ...}, the postcritical set of f.
CP(f) =C(f)U P(f).

n > 0 means that n > 0 is sufficiently large.

€ < 1 means that € > 0 is sufficiently small.

2. Shishikura’s perturbation. For a rational map of given degree, M. Shishikura
developed the method of perturbation which makes indifferent cycles into attracting
cycles, and gave a sharp estimate of the number of non-repelling cycles [5]. This
method is well prepared for application, like this:

Proposition 1.1. For geometrically finite rational map f with J(f) # C, there exists
a perturbation f. — f with properties (1) and (2) of the Theorem 1.1.

Proof. The rest of this section is devoted for the proof of this proposition.

Assumptions. By the assumption of geometric finiteness of f and J(f) # C, there
is at least one attracting or parabolic cycle. By taking a Mobius conjugacy, we may
also assume that oo is in the Fatou set and non-periodic. (We will add more precise
condition later.)
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Polynomial n. Let M be the maximal number of attracting petals over all
z € A(f). (That is, the maximal multiplicity of parabolic cycles is M + 1.) We take
a monic polynomial n(z) of degree k > 0 such that

e 1(z) =0when zisin CP(f) N J(f) — A(f) or in an attracting cycle; and
e for a parabolic cycle o = {zl, R zp} C A(f) with m (attracting) petals,
-1(zi) =05
-7'(z;) =1,0, or —1 according to whether we want to perturb « into a repelling,
parabolic, or attracting cycle respectively; and
P (z;))=0for2<j<M+1.

Thus 7 has an expansion of the form
N(2) =0z —2) +ai ma@— 2"+ - + @ —2)f

about each z; € a, where o, =17/ (2;).

Quasiregular map g.. Let p: [0, 00) — [0, 1] be a smooth non-increasing func-
tion such that p(#) =1 when ¢ € [0, 1] and p(#) =0 when ¢ € [2, 00). In particular, we
can take such a p with bounded derivative. Set H.(z) =z + en(z) p(e'/*|z|). Then
H.:C—Cisa quasiconformal map if € < 1, and satisfies H. — id and its maximum
dilatation tends to 0 as € — 0.

Next we set g := f o H.. Then

e g.: C— Cisa quasiregular map of degree d with g, — f;
e g.(z) = f(z) at z in an attracting or parabolic cycle, or in CP(f) N J(f); and
e deg(g.,c)=deg(f,c)atce C(f)NJ(f).

Perturbation of non-repelling cycles. For each attracting or parabolic cycle
a={z1,..., 2}, we define two open sets E(a) and E. () with f(E(a)) C E(x) and
8e(Ec(a)) C Ec() as following.

Attracting case. When « is attracting, we define E(x) by a disjoint union of p
small topological disks near o with f(E(x)) C E(x). Set E.(«) := E(x). Then
g:(E.(a)) C E.(x) for € < 1 since g, converges uniformly to f.

Parabolic case. When « is parabolic with m (attracting) petals, we first consider the
local dynamics near z;. Set A := (f?)'(z1). (Then A™ = 1.) It is known that we can take
a conformal map z = ¥(¢) defined near ¢ = 0 with z; = ¢/(0) and

F@Q) =y o froy@=r{1-¢"+ 0"}

Fix an r>0 and set E' :={¢:0<|¢| <r, |arg¢™| <m/3}. Then one can show that
F(E')C E'U{0}ifr < 1.
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Figure 1: The case of m =3. The shadowed region is E’, with the boundary of
G¢(E) approximately drawn in.

On the other hand, a basic calculation shows that

Ge(Q) =v" 0 gl o () =rt{(1 +06)” — " + O(eod) + O™},
where o = 0,,. For € < 1, we define an open set E; as following:

o Ifo=1,E =EN{|f >/ D},
° IfG:O, E/E = E’; and
o Ifo=—-1, Eé — E'U{|§| < 62/(2171—1)}'

Then calculations as in [5, §4] show that if € < 1, GE(F’G) C E. when 0 ==+1 and
G.(E.) C E.U{0} when o =0 (Figure 1).

Finally we set E(a) = (J/_y f/(¥(E")) and Ec(er) = U— g/ (W(EL)). Clearly they
have the properties we desired.

Assumptions on infinity (Again). Set E := |J, E(e) and E, := |, Ec(«), where
a ranges over all non-repelling cycles of f. Since there is at least one attracting or par-
abolic cycle in the Fatou set, £ and E. are non-empty. Now we may assume that
oo e f~Y(E) — E by taking a Mdobius conjugacy. Then E and E. are uniformly
bounded if ¢ < 1. We have that f(oc0) € E and g.(o0) € E. forall e < 1.

Getting rational perturbation. (See Lemma 3 of [5].) Now the quasiregular map g,
is holomorphic except V, := {z Dzl > e‘l/"}. Note that (V) C E and g.(V.) C E. if
€ < 1 by assumptions. Let o denote the standard complex structure on C.Fore < 1,
we put an almost complex structure o, defined by (g7)*(o0) on g-"(E.) and by og
otherwise. Then o, is g.-invariant and we can find a quasiconformal map ®, such that
®*og =0, ae., and thus f, =P 0g. 0 (IDE’I is a rational map of degree d. Since
®. — id by the definition of g, and the continuous dependence of ®. on its Beltrami
differential, we obtain a perturbation f. — f with (1) and (2) of Theorem 1.1 [
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Remark.

o If fis a polynomial, f — f preserves the superattracting fixed point of degree d.
Thus we actually have a polynomial perturbation.

e Perturbation of indifferent cycles as in [5, §4] does not guarantee continuity of the
global dynamics in general. However, if f is geometrically finite, we have continuity
of the dynamics at least on the Julia sets. (We need extra care of critical orbits,
though.)

3. Existence of the semiconjugacy. Here we check that the perturbation fe — f
given in the previous section is accompanied by semiconjugacy as in Theorem 1.1.
This is an application of a theorem from [3]. To state the theorem we introduce the
notions of horocyclic perturbation and J-critical relations.

Horocyclic perturbation. We say a perturbation f, — f is horocyclic if each
parabolic periodic point a of f with m petals satisfies the following:

(a) If fP(a) =aand (f7) (a) = X (thus A" = 1), there exists a, with fPla)) = ac— a,
(fP)(ae) =re —> rase— 0;
(b) There is a neighborhood D of a with local coordinates ¢, ¢ : D — C such that:

1. ac € D and ¢ (ac) = ¢(a) =0;

2. ¢, — ¢ uniformly on D; and

3. If we represent the actions of £ and fP™ on D by ¢, and ¢ respectively, we
obtain the local representation of the perturbation as:

b0 [P od @) =22+ 2" T + 0"t
— o fMMog )=z 4+ " + 0. (3.1)

In particular, ¢, ¢, are not necessarily conformal; they can be just homeomor-
phisms from D to their images.
(c) If we set exp(L¢ +i6¢) =17, which tends to 1 as e — 0, then 02 =o0(|L¢|) as
L¢, 60— 0.

Horocyclic perturbation was originally defined as horocyclic convergence of ratio-
nal maps by C. McMullen [4, §7-9].

J-critical relations. Let ¢y, .. ., ¢y be all critical points of f contained in J(f), where
N is counted without multiplicity. A J-critical relation of f is a set of non-negative
integers (i, j, m, n) such that f™(¢;) = f"(c;).

We say a perturbation f. — f preserves the J-critical relations of f if:
e Foralli=1, ..., N, the maps f, have critical points c;(¢) (may be in the Fatou set)

satisfying c;(€) — ¢; and deg( f¢, c;(€)) =deg(f, ¢;) as € — 0; and
e Foreach J-critical relation (i, j, m, n) of f, fe satisfies fI" (c;(€)) = fI'(c;(€)).
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For such a perturbation f. — f, if f is geometrically finite, then the maps f. are
also geometrically finite. If f is hyperbolic or parabolic, then C(f) N J(f) =0 and
any small perturbation of f automatically preserves its J-critical relations.

Now we can state the following theorem:

Theorem 3.1 ([3]). Let f be a geometrically finite rational map of degree > 2, and
fe— f a horocyclic perturbation which preserves the J-critical relations of f. Then
for each € < 1, we have a unique semiconjugacy h. : J(fe) = J(f) with properties
3), (4) and (5) of Theorem 1.1.

Hence it is enough to show that f, — f in the previous section is horocyclic and
preserving the J-critical relations of f. In particular, since the J-critical relations are
clearly preserved by the construction of f,, we only need to check each condition of
horocyclic perturbation.

Condition (a) is clear by definition. Condition (c) is also easy since A =
(1 0€)” € R and 6, = 0. For condition (b), since ¢, o y converges to ¥ uniformly
near parabolic points of f, it is enough to consider G, — F in the previous section.
Now we complete the proof of Theorem 1.1 by claiming this:

Proposition 3.1. By taking suitable local coordinates near O, the convergence G7' — F™
can be viewed as in (3.1).

Proof (See also Propositions 7.1 and 7.2 of [4].). First let us check that the original
G7 — F™ has the form
G'(Q) =\"¢+ O(o€®) + Ce" ' 4+ 0(¢"*?) and
— () =5+ C¢" + 0"
with C = —m. For j > 1, we may set
Gl() =M+ O(oer®) + Cie" ' + 0" *?) and
FI(©)=Mt+Ci" + 0"

with €} =C;=—A. By comparing G.o G/ and Fo F/ with G/o G, and F/*!
respectively, we have

A1 o

€

and C;=—j)A’. By putting m into j, we have the form of convergence as above. If
o=0 then C can be normalized to be 1 by making a linear coordinate change
¢+ Z=C""¢. Thus we consider the case of o = =+ 1.

Now G7' has the form

GE@) =20+ AL + 0™ ) + Cm + 0"
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where 2<N <m and A.=0(¢). Set A :=A" =1E£mpe+ O(€?). Note that A,
and A are analytic functions of € by the definitions of g. and G.. Consider a local
coordinate

Ae

_ — RN Wi _
Z=V.()=¢— B.l" with B, Ae(AéV’l—l)'

Then U, converges uniformly to another coordinate change ¥ (¢) = ¢ — B¢V near 0 as
€ — 0. Let us check that G — F" is locally represented as

U oG" oV N (Z)=AZ+ O@ZV) + 2" + 0(Z2m+?)
— Vo F" oW~ N (Z)=Z+CZ"" + 0(Z"?).

One can easily check the form of ¥ o F” o U~!. For ¥, 0 G” 0 U1 (Z), set G := G,
Note that G (¢) = AcZ + O(eZ™) + O(Z"+1) and thus

G'(Q)=Ac+ 0"V + 0™,
G ()= 0(e)+ 0" /T for 2 < j <m; and
G ()y=0Q1) for j > m+1.

By a careful calculation, we have

G()=G'(Z+ BY)

(;(j)(z)
;!

=AZ+AZN + ABLN + 0(ZNTY - czmt 4 02 (3.2)

=G(2)+G(Z)BL" + - + (B.LVY + -

and

G(o)" = (A" (1+ 0(ec™ ) + 0(c™)"

=AYV 4+ 0 + o(g" )
=ANN + 0(eZNT + 0(z2m). (3.3)
By (3.2) and (3.3), we have

VoG(9)=G() - B.G(g)"
=AZ+A(ZV — M)+ 0(eZ¥ T + czm + 0(2m ).

Since ZV — ¥ = 0¥ 1) = O(Z"*') and A, = O(€), we have the form of ¥, o G™o
U-1(Z) =T o G(¢) as desired.
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We can iterate this coordinate change until the coefficient of Z” vanishes, and final
linear coordinate changes normalize the coefficients of Z"*! to be 1. Now we obtain
the convergence of the form (3.1). [
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Homeomorphisms of
the Mandelbrot Set

Wolf Jung

Abstract. On subsets of the Mandelbrot set, €44 C M, homeomorphisms are constructed by quasi-conformal
surgery. When the dynamics of quadratic polynomials is changed piecewise by a combinatorial construc-
tion, a general theorem yields the corresponding homeomorphism % : Eo¢ — Ery in the parameter plane.
Each h has two fixed points in €y, and a countable family of mutually homeomorphic fundamental
domains. Possible generalizations to other families of polynomials or rational mappings are discussed.

The homeomorphisms on subsets £, C M constructed by surgery are extended to homeomorphisms
of M, and employed to study groups of non-trivial homeomorphisms % : M — M. It is shown that these
groups have the cardinality of R, and they are not compact.

1. Introduction. Consider the family of complex quadratic polynomials f,.(z) :=
7% + c. They are parametrized by ¢ € C, which is at the same time the critical value of
fe» since 0 is the critical point. The filled Julia set K, of f. is a compact subset of the
dynamic plane. It contains all z € C that are not attracted to co under the iteration of
fe.ie., f1(z) /> oo. The global dynamics is determined qualitatively by the behavior
of the critical point or critical value under iteration. E.g., by a classical theorem of
Fatou, /C, is connected iff f(c) /4 o0, i.e., c € K. The Mandelbrot set M is a subset
of the parameter plane, it contains precisely the parameters with this property.
Although it can be defined by the recursive computation of the critical orbit, with no
reference to the whole dynamic plane, most results on M are obtained by an interplay
between both planes: starting with a subset £, C M, employ the dynamics of f, to
find a common structure in /C. for all ¢ € £y. Then an analogous structure will be
found in £, i.e., in the parameter plane. This principle has various precise formula-
tions. Most important is its application to external rays: these are curves in the comple-
ment of /. (dynamic rays) or in the complement of M (parameter rays), which are
labeled by an angle 6 € S' = R/Z. For rational angles 6 € Q/Z, these rays are landing
at special points in d/C, or M, respectively. See Section 2.1 for details. When rays
are landing together, the landing point is called a pinching point. It can be used to dis-
connect /. or M into well-defined components. The structure of /., as described by
these pinching points, can be understood dynamically, and then these results are trans-
fered to the parameter plane, to understand the structure of M.

Each filled Julia set &C. is completely invariant under the corresponding mapping
fe, and this fact explains the self-similarity of these sets. On the other hand, when the
parameter ¢ moves through the Mandelbrot set, the corresponding Julia sets undergo
an infinite number of bifurcations. By the above principle, the local structure of M is
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Figure 1: A simulation of Branner-Douady surgery @4 : M, — T C M3, as
explained in the text below. In this simulation, g. and g, are defined piecewise explic-
itly, and the required Riemann mappings are replaced with simple affine mappings.

undergoing corresponding changes as well. But these changes may combine in such
a way, that subsets of M are mutually homeomorphic. Such homeomorphisms can be
constructed by quasi-conformal surgery. There are three basic ideas (the first and
second apply to more general situations [5]):

e A mapping g with desired dynamics is constructed piecewise, i.e., by piecing
together different mappings or different iterates of one mapping. The pieces are
defined, e.g., by dynamic rays landing at pinching points of the Julia set.

e g cannot be analytic, but one constructs a quasi-conformal mapping v such that the
composition f =1 o g o ¢! is analytic. This is possible, when a field of infinitesimal
ellipses is found that is invariant under g. Then  is constructed such that it is mapping
these ellipses to infinitesimal circles. (See Section 2.2 for the precise definition of
quasi-conformal mappings.)

e Suppose that f, is a one-parameter family of analytic mappings, e.g., the quadratic
polynomials, and that g, is constructed piecewise from iterates of f, for parameters
ceey CM. If Yy o0g.0 w;‘ = f4, a mapping in parameter space is obtained from
h(c) :=d. Then one shows that % is a homeomorphism.

Homeomorphisms of the Mandelbrot set have been obtained in [6], [1], [2], [3], [14],
[8]. We shall discuss the example of the Branner—Douady homeomorphism &4, cf.
Figure 1: parameters c in the limb M , of M are characterized by the fact, that the
filled Julia set X', has two branches at the fixed point ¢, and at its countable family of
preimages. By a piecewise construction, f, is replaced with a new mapping g., such
that a third branch appears at o, and thus at its preimages as well. This can be done by
cut- and paste techniques on a Riemann surface, or by conformal mappings between
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sectors in the dynamic plane. Since g, is analytic except in some smaller sectors, it is
possible to construct an invariant ellipse field. The corresponding quasi-conformal
mapping ¥, is used to conjugate g. to a (unique) quadratic polynomial f;, and the
mapping in parameter space is defined by @4 (c) :=d. Now the Julia sets of f; and g,
are homeomorphic, and the dynamics are conjugate. The parameter d belongs to the limb
M3, since the three branches of Ky at oy are permuted by f; with rotation number
1/3. Now there is an analogous construction of a mapping g, for d € 7 C M3, which

turns out to yield the inverse mapping @ 4. The Julia set of g, has lost some arms, and g
is conjugate to a quadratic polynomial f, again. By showing that f. and f, are conju-
gate, it follows that e = ¢, thus @ 4 © @4 =id. (The uniqueness follows from the fact that
these quasi-conformal conjugations are hybrid-equivalences, i.e., conformal almost
everywhere on the filled Julia sets [6].)

For the homeomorphisms constructed in this paper, the mapping g. is defined piece-
wise by compositions of iterates of f,, and no cut- and paste techniques or conformal
mappings are used. Then the Julia sets of f, and g are the same, and no arms are lost or
added in the parameter plane either: a subset £y C M is defined by disconnecting M at
two pinching points, and this subset is mapped onto itself by the homeomorphism (which
is not the identity, of course). Thus a countable family of mutually homeomorphic sub-
sets is obtained from one construction. General combinatorial assumptions are presented
in Section 3.1, which allow the definition of a preliminary mapping g analogous to the
example in Figure 2: it differs from f. on two strips V., W,, where it is of the form

~3 ~5
e S,

Figure 2: Application of Theorem 1.1. In this example, the subsets £, C M and
E. C K. are “edges” in the sense of Section 4.3. Left: a parameter edge £, C M and the
strip P . The homeomorphism # is mapping &y to itself, cf. Figure 3. Middle and right:
the dynamic edge &, C K, in the strip V, U W, = V., U W,. According to Section 3.1,
these strips are bounded by external rays, which belong to eight angles @ii . Here we have
Oy =11/56, ©; =199/1008, ©; =103/504, ©; =23/112, ©; =29/112,
©F =131/504, ©F =269/1008, and ©f =15/56. The first-return numbers are
ky =k, =4, k, =k, =7.Now g.= gV on K, and the preliminary mapping is given by

() = f. on,, where , is mapping £, to itself in such a way, that it is expanding in the

lower strip and contracting in the upper strip. We have n,.= f(._2 o(—f)=
f30(Hf0) : Ve Ve,andn, = 00 (= f2) : We = W..




142 Wolf Jung

Figure 3: Left: the parameter edge £ from a :=y,,(11/56) to b :=1y,,(23/112),
the same as in Figure 2. The homeomorphism % : Eay — €y is expanding at @ and
contracting at b. The centers of periods 4 and 7 are mapped as & : ¢} > ¢4+ .
Right: the filled Julia sets for ¢, c4, and ¢} are quasi-conformally homeomorphic.
(€. C K, is barely visible in the top right corner.)

[ o (£ f). Basically, we only need to find four strips with V., U W, = V.U W., such
that these are mapped as V, — Ve, W, — W. by suitable compositions of £+ f1.

Theorem 1.1 (Construction and Properties of h). A subset £y C M is defined by its
vertices, the Misiurewicz points a and b. For c € €y, the preliminary mapping gtV is
constructed combinatorially: strips V. and W, are defined by external rays at suitable
rational angles, such that the assumptions of Definition 3.1 on p. T are satisfied, and
gV is defined by compositions of £ f*1.

1. There is a family of “quasi-quadratic” mappings g. coinciding with g on the
filled Julia sets KC... These are hybrid-equivalent to unique quadratic polynomials.

2. The mapping h : Ey — Ey in parameter space is defined as follows: for ¢ € Ey,
find the polynomial f,; that is hybrid-equivalent to g., and set h(c) :=d. It does not
depend on the precise choice of g. (only on the combinatorial definition of g(").
Now h is a homeomorphism, and analytic in the interior of €.

3. h is a non-trivial homeomorphism of €y onto itself, fixing the vertices a and b. h and
h~" are Holder continuous at Misiurewicz points and Lipschitz continuous at a and b.
Moreover, h is expanding at a and contracting at b, cf. Figure 3: for ¢ € Ey\{a, b}
we have h"(c) — b as n — oo, and h™"(c) — a. There is a countable family of
mutually homeomorphic fundamental domains.

4. h extends to a homeomorphism between strips, h : Py — Py, which is quasi-
conformal in the exterior of M.
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The power of Theorem 1.1 lies in turning combinatorial data into homeomorphisms.
The creative step remaining is to find eight angles ©F , such that there are compositions

of + f*! mapping V, — V. and W, — W... When this is done, the existence of a corres-
ponding homeomorphisms is guaranteed by the theorem.

In Sections 2 and 3, basic properties of M and of quasi-conformal mappings are
recalled, and the proof of Theorem 1.1 is sketched by constructing g. and /. Related
results from the author’s thesis [8] are summarized in Section 4. These include more
examples of homeomorphisms, constructed at chosen Misiurewicz points or on “edges,”
and the combinatorial description of homeomorphisms. When a one-parameter family of
polynomials is defined by critical relations, homeomorphisms in parameter space can be
obtained by analogous techniques. The same applies e.g., to the rational mappings arising
in Newton’s method for cubic polynomials.

H. Kriete has suggested that the homeomorphisms % : £y — £ constructed by this
kind of surgery extend to homeomorphisms of M. Thus they can be used to study the
homeomorphism group of M, answering a question by K. Keller. In Section 5, some
possible definitions for groups of non-trivial homeomorphisms are discussed, and
their properties are obtained by combining two tools: the characterization of homeo-
morphisms by permutations of hyperbolic components, and the composition of homeo-
morphisms constructed by surgery. The groups are not compact, and the groups of
non-trivial homeomorphisms have the cardinality of R.

2. Background. Our main tools are the landing properties of external rays, and
sending an ellipse field to circles by a quasi-conformal mapping.

2.1. The Mandelbrot Set. f.(z) =z> + ¢ has a superattracting fixed point at
c0eC:=CuU {oo}. The unique Boettcher conjugation is conjugating £, to F(z) :=2z>,
®.o0 f,=F od, in a neighborhood of co. If the critical point 0, or the critical value c,
does not escape to oo, then K. is connected [5], and the parameter ¢ belongs to
the Mandelbrot set M by definition. Then &, extends to a conformal mapping

D, @\ICC — C\D, where D is the closed unit disk. Dynamic rays R.(6) are defined as
preimages of straight rays R(0) ={z|1 <|z| <oo, arg(z) =276} under .. Theses
curves in the complement of K. may land at a point in K., or accumulate at the bound-
ary without landing. But they are always landing when 6 is rational. Each rational angle
6 is periodic or preperiodic under doubling (mod 1). In the former case, the dynamic ray
R.(0) is landing at a periodic point z=1y.(f) € 9K, and at a preperiodic point in the
latter case. These properties are understood from the relation f.(R.(0))=TR.(20),
which follows from arg(F(z)) = arg (D)= 2arg(z).

The Mandelbrot set is compact, connected, and full, and the conformal mapping
Py : @\M — ((AI\@ is given by @y(c) :=P.(c). (When c € M, K, is totally discon-
nected and @, is not defined in all of its complement, but it is well-defined at the critical
value.) Parameter rays R j;(0) are defined as preimages of straight rays under @,,. Their
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landing properties are obtained e.g., in [17]: each rational ray R 3, () is landing at a point
c=yy(0) € M, and 0 is called an external angle of c. When 6 is preperiodic, then the
critical value c of f, is preperiodic, and the parameter c is called a Misiurewicz point.
The critical value ¢ € K, has the same external angles as the parameter ¢ € M. When
6 is periodic, then c is the root of a hyperbolic component (see below).

Both in the dynamic plane of f. and in the parameter plane, the landing points of
two or more rational rays are called pinching points. They are used to disconnect K,
or M into well-defined components, which are described combinatorially by rational
numbers. Their structure is obtained from the dynamics, and transfered to the para-
meter plane. Pinching points with more than two branches are branch points.

Hyperbolic components of M consist of parameters, such that the corresponding
polynomial has an attracting cycle. The root is the parameter on the boundary, such that
the cycle has multiplier 1. The boundary of a hyperbolic component contains a dense set
of roots of satellite components. Each hyperbolic component has a unique center, where
the corresponding cycle is superattracting. Roots are dense at dM, which itself is the
accumulation set of centers in M.

2.2. Quasi-Conformal Mappings. An orientation-preserving homeomorphism

Y between domains in ((AZ is K-quasi-conformal, 1 < K < o0, if it has two properties:

e It is weakly differentiable, so that its differential dyr =3y dz + 9y dZ is defined
almost everywhere. This linear map is sending certain ellipses in the tangent space to
circles. The Beltrami coefficient w :=dy/0y is defined almost everywhere. It
encodes the direction and the dilatation ratio of the semi-axes for the ellipse field [5].

e The dilatation ratio is bounded globally by K, or |u(z)| < (K —1)/(K + 1) almost
everywhere.

The chain rule for derivatives is satisfied for the composition of quasi-conformal map-
pings, and a 1-quasi-conformal mapping is conformal. Quasi-conformal mappings are
absolutely continuous, Holder continuous, and have nice properties regarding, e.g.,
boundary behavior or normal families [11]. Given a measurable ellipse field (Beltrami
coefficient) u with | (z)| <m < 1 almost everywhere, the Beltrami differential equation

Y= pdyon Chasa unique solution with the normalization (z) = z + o(1) as z — .
The dependence on parameters is described by the Ahlfors—Bers Theorem [5], which is
behind some of our arguments, but will not be used explicitly here.

A K-quasi-regular mapping is locally K-quasi-conformal except for critical points,
but it need not be injective globally. In Section 3.3, we will have a quasi-regular map-
ping g, such that all iterates are K-quasi-regular, and analytic in a neighborhood of co.
Then a g-invariant field of infinitesimal ellipses is obtained as follows: it consists of
circles in a neighborhood of oo, i.e., u(z) =0 there, and it is pulled back with iterates
of g. Moreover, (z) :=0 on the filled Julia set. Now 1 shall solve the corresponding
Beltrami equation, i.e., send these ellipses to circles. By the chain rule, f ;== o go !
is mapping almost every infinitesimal circle to a circle, thus it is analytic.
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3. Quasi-Conformal Surgery. As soon as the combinatorial assumptions on gf,l)
given here are satisfied, Theorem 1.1 yields a corresponding homeomorphism of £,.
After formulating these general assumptions, the proof is sketched by constructing the
quasi-quadratic mapping g, and the homeomorphism 4. For some details, the reader
will be referred to [8].

3.1. Combinatorial Setting. The following definitions may be illustrated by the
example in Figure 2. Further examples are mentioned in Sections 4.2—-4.4. When four
parameter rays are landing in pairs at two pinching points of M, this defines a strip in
the parameter plane. Analogously, four dynamic rays define a strip in the dynamic
plane. Our assumptions are formulated in terms of eight preperiodic angles

0<O; <O, <0; <0, <O <67 <6 <6f <1. (1)

e The Misiurewicz points a:=y,,(07)=y,(07) #yy(©;) =y, (©F)=:b mark
a compact, connected, full subset £, CM; Ey =Py NM, where Py, is the closed
strip bounded by the four parameter rays R (07 ), Ry (0F).

e For all ¢ € £y, the eight dynamic rays RC(G)l-i ) shall be landing in pairs at four dis-
tinct points, i.e., y.(0;) =.(0;). (Equivalently, they are landing in this pattern for
one ¢g € €y, and none of the eight angles is returning to (©7, ©F) under doubling
mod 1.) Four open strips are defined as follows, cf. Figure 2: V. is bounded by
R.(0F) and R.(OF ), W, is bounded by R.(0F ) and R.(OF ), V. is bounded by
R.(0F) and R.(OF ), W, is bounded by R.(OF ) and R.(6F ). £. C K. is defined as
the intersection of K, with the closed strip V. U W, = V, U W,.. Thus for parameters
c € £y, the critical value c satisfies ¢ € £,

e The first-return number k, is the smallest integer k>0, such that fk(V) meets
(covers) &,. It is the largest integer k > 0, such that f" s injective on V,, since &, con-

tains the critical value c. Define ky, ky, ky analogously. They are independent of
c€&y. Now the main assumption on the dynamics, which makes finding the angles

non-trivial, is that f%~1(V,) == f%~1(V,) and f~"(W,)== f*~1(W.) for a choice
of signs independent of c. The “orientation” is respected, i.e., with z; :=y,(0F) we

havee.g., fo=1(z))= % 271 (z)) and Ao~ (z) =% A7l (z3).

If a or b is a branch point of M, the last assumption implies that £, is contained in
asingle branch, i.e., E/\{a, b} is a connected component of M\ {a, b}.

Definition 3.1 (Preliminary Mapping g‘V). Under these assumptions, with the unique
choices of signs in the two strips, define 5, := f. % Do (£ oy V.-V,

e = f 6D o (£ flo=ly: W, — VT/C, and 7, :==id on C\V,U W, for ¢ € €. Then
define g == f. on.and gV = f. o "
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The three mappings are piecewise holomorphic, thus they cannot be extended
continuously. Each has “shift discontinuities” on six dynamic rays: e.g., consider
20 € Re(057), (z,) C V. and (z) C W, with z/, — zg and 2/ — 7o, then lim gV () and
lim gE,”(zZ) both exist and belong to R (03 ), but they are shifted relative to each
other along this ray. Neglecting these rays, g’ and gV are proper of degree 2. In the
following section, gV will be replaced with a smooth mapping g., which is used to
construct the homeomorphism /. Analogously, 3 yields # =h~".

3.2. Construction of the Quasi-Quadratic Mapping g.. For c € £, we construct
a quasi-regular mapping g. coinciding with gg,l) on k.. By employing the Boettcher
conjugation @, the work will be done in the exterior of the unit disk ID. This is conve-
nient when ¢ € £, and essential to construct the homeomorphism # in the exterior. In
C\K. we have gV =&-" 0 GV o &, where G : C\D — C\D is discontinuous on
six straight rays, and given by compositions of F(z) := z? in the regions between these
rays—it is independent of c in particular.

1. First construct smooth domains U, U’ with Dc U and U C U, and a smooth
mapping G : U\D — U’\D. It shall be proper of degree 2 and coincide with G
except in sectors around those six rays R(O7 ), where GV has a shift discon-
tinuity. The sectors are of the form |arg z — 2n®?| < s log |z|, and there G is a dif-
feomorphism. To ensure that the dilatation bound does not explode at the vertex of
the sector, log G(z) — 1271@,# is chosen conveniently as a 1-homogeneous func-
tion of log z —i27O: . (This simplifies the construction of [3], which employed
a pullback of quadrilaterals.) The domains are chosen in a finite recursion, relying
on the fact that some iterate of GV is strictly expanding [8, Section 5.2]. Since any
orbit is visiting at most two of the sectors, the dilatation of all iterates of G is
bounded uniformly.

2. Choose the radius R > 1 and the conformal mapping H : C\U’ — C\Dg with the
normalization H(z) =z + O(1/z) at oo (which determines R and H uniquely).
Extend H to a quasi-conformal mapping H : (AZ\U — ((A:\]D) gwith FoH=HoG
on dU. Define the extended G : C\ID — C\D by G := H! o F o H on C\U. Now
G is proper of degree 2, quasi-regular, and the dilatation of G” is bounded by some
K uniformly in n. Finally, extend H to a mapping H : C\D — C\D by recursive
pullbacks, such that F o H= H o G everywhere, then H is K-quasi-conformal.
Cf. Figure 4.

3. Now, set g. :=g" on K. and g. :==®.' 0 G o P, on C\K.. Then g. is a quasi-
quadratic mapping, i.e., proper of degree 2, with a uniform bound on the dilatation
of the iterates, with dg. = 0 a.e. on its filled Julia set ., and analytic in a neighbor-
hood of oo with g.(z) =z>+ O(1). (It is continuous at yC(Gii) by Lindelof’s
Theorem.)
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Py
H P Ye
C\D -———— C\D ~~—— C\k, — C\Ku
l F(2) = 2* l G l ge fa
B\ ~— 8P «— f\k —+ E\ke
H D, e

Figure 4: Construction and straightening of g. by employing mappings in the exterior
of the unit disk. (The hybrid equivalence ., which is conjugating g. to a polynomial
fa, will be constructed in Section 3.3) If the filled Julia sets are not connected, the dia-
gram is well-defined and commuting on smaller neighborhoods of co.

Now suppose that ¢ € Py \Ey with @y, (c) € U'. Then K, is totally disconnected,
and @, is not defined in all of (/C\\ICL.. It can be defined, however, in a domain mapped
to the six sectors and to @\U by @, [3], [8]. Thus g, is defined in this case as well, by
matching gV with @;1 oGod,.

In the following section, we shall construct an invariant ellipse field for the quasi-
quadratic g., and employ it to straighten g, i.e., to conjugate it to a quadratic polynomial f;;.
Then we set h(c) :=d. If we had skipped step 2, g. would not be a quasi-quadratic
mapping C — C, but a quasi-regular quadratic-like mapping (cf. [6], [8]) between bounded
domains U, — U_. This distinction is related to possible alternative techniques:

Remark 3.2 (Alternative Techniques).

1. The classical techniques would be as follows [1], [2]: after the quasi-regular
quadratic-like mapping g. : U. — U’ is constructed, it is not extended to C, but it
is first conjugated to an analytic quadratic-like mapping, employing an invariant
ellipse field in U.. Then the latter mapping is straightened to a polynomial by the
Straightening Theorem [6]. With this approach, it will not be possible to extend the
homeomorphism # to the exterior of M.

2. Here we shall use the same techniques as in [3]: having extended g, to ((A:, it will be
easy to straighten. Instead of applying the Straightening Theorem, its proof [5] was
adapted into the construction of g.. This approach makes the extension of % to the
exterior of M possible. By applying this technique to the construction of g, and /(c)
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for c € £y, as well, the proofs of bijectivity, continuity, and of landing properties
(Section 4.1) are simplified.

3. Alternatively, g. : U. — U. could be constructed as a quasi-regular quadratic-like
mapping on a bounded domain, and be straightened without extending it to C first,
by incorporating the alternative proofs of the Straightening Theorem according
to [6]. This proof is more involved, but it has the advantage that the mapping
H can be chosen more freely on U'\U, e.g., such that it is the identity on R(67 )
and R(OF) [8]. Then h would be the identity on the corresponding parameter rays,
which makes it easier to paste different homeomorphisms together.

3.3. h is a Homeomorphism. For ce€ &y, or c € Py \Ey with @y (c) € U', the
quasi-quadratic mapping g. was constructed in the previous section. Now construct
the g.-invariant ellipse field i by pullbacks with g., such that i« = 0 in a neighborhood
of co and a.e. on /... It is bounded by (K — 1) /(K + 1), since the dilatation of all iter-
ates g7 is bounded by K. Denote by . the solution of the Beltrami equation
Y = udy, normalized by ,(z) =z + O(1/z), which is mapping the infinitesimal
ellipses described by u to circles. Now . o g. o 1//;1 is analytic on C and proper of
degree 2, thus a quadratic polynomial of the form f;(z) = z> + d. In a neighborhood of
o0, Hod,. o w;l is conjugating f; to F, cf. Figure 4. By the uniqueness of the
Boettcher conjugation, this mapping equals ¢,. Recursive pullbacks show equality
in (A:\lCd, if IC, and K, are connected, i.e., for c € £),. Otherwise, equality holds on
an fy-forward-invariant domain of é,, which may be chosen to include the critical
value d.

We set h(c) :=d=1v.(c). If c €&y, a combinatorial argument shows d € £y,. If
c € Py\Ey with @y (c) € U, we have

Pu(d) =Py(d)=Pgoy.(c)=HoP(c)=H o Py(c). @)

Denote by Py the closed strip that is bounded by the four curves @3, o H(R(6F)),
i=1, 4, which are quasi-arcs. Now % is extended to & : Py — Pu by setting

h=,' o Hody : Py\Es — Pu\En- 3)

By (2), this agrees with the definition of 4(c) by straightening g, if ®j;(c) € U'. Now
(3) shows that 4 is bijective and K-quasi-conformal in the exterior of £;. We will see
that £ is bijective and continuous on &£y,. Let us remark that for ¢ € £y, the value of
d = h(c) does not depend on the choices made in the construction of G and H, since
¥, is a hybrid-equivalence [6]. The proof of bijectivity in [2] relied on this indepen-
dence, but the following one is simplified by employing H:

For d e &y, consider g‘d”

according to Definition 3.1, and define the quasi-
quadratic mapping g, with g4 == ?d') onKyand g =¥, o God,in @\Kd, where
G :=H o Fo H™". To see that this choice is possible, note that A is mapping the region

VCU\D (corresponding to V,) to a distorted version of V. There we have
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G = F2~kv o (& Fkv=1). Observing that F = H o G o H~' and H commutes with + id
on the set in question, we have G = H o G2 o (+ Gk»~1) o H~!. Following the orbit
and applying the piecewise definition of G yields GO=HoFoH™". Together with
the same result in other regions, this justifies the definition of G,ie., g4 18 quasi-quadratic.
Now ﬁ(d) is defined by straightening g,. —Suppose that ¢ € £y and d =h(c), then
fi=v.0g. 0y, " and by its definition in terms of H=®,0 ¥, 0 ®, ', we have
8a=V. o f. oy, . Therefore ¢ = h(d) and ¥, =¥ '. h o h =id and the converse result
imply that /i : £y — &y is bijective with A~ = h.

By (3), & is quasi-conformal in the exterior of £,. The interior of £, consists of a count-
able family of hyperbolic components, plus possibly a countable family of non-hyperbolic
components. The former are parametrized by multiplier maps, the latter by transforming
invariant line fields. In both cases, % is given by a composition of these analytic parametri-
zations [2], [8]. It remains to show that 4 is continuous at ¢y € d€,: suppose ¢, — co,
d, =h(c,), dy = h(cp). By bijectivity we have dy € € y; = €y N dM. It does not matter
if ¢, belongs to £y, or not. (Now we employ the definition of / by straightening g., which
is equivalent to (3). If some y,(0F ) is iterated to y,(OF ) the case of ¢y =y, (OF)
requires extra treatment.) It is sufficient to show d, — d, = d,. =d,. Since the K-quasi-
conformal mappings v, are normalized, there is a K-quasi-conformal ¥ and a sub-
sequence /s — W, uniformly on C [11]. We have Y 08y 0 1//6‘;11 —Wog,oW™!
and ¥, o g, © w;ﬂl = fa4, = fa.,thus Wo Iﬂc_ol is a quasi-conformal conjugation from
fa, to fy,. Although it need not be a hybrid-equivalence, dy € 9M implies d. = d, [6].
By the same arguments, or by the Closed Graph Theorem, 4~ is continuous as well.
Thus i : Py — Py isa homeomorphism mapping £y — E.

3.4. Further Properties of . Since / is analytic in the interior of ej; and quasi-
conformal in the exterior, it is natural to ask if it is quasi-conformal globally.
B. Branner and M. Lyubich are working on a proof employing quasi-regular quadratic-
like germs. Maybe an alternative proof can be given by constructing a homotopy from
f. to g4, thus fromid to A.

The dynamics of /2 on £y, is simple: set ¢y := yM(@f )and ¢, :==h"(cy),n € Z. The
connected component of £, between the two pinching points ¢, and ¢, is a funda-
mental domain for 4!, These domains are accumulating at the Misiurewicz points a
and b, and the method of [18] yields a linear scaling behavior. Thus # and h~! are
Lipschitz continuous at a and b (and Holder continuous at all Misiurewicz points). For
ce&y\{a, b} wehave h"(c) - basn— coand h"(c) — aasn — —oo.

4. Related Results and Possible Generalizations. Further results and examples
from [8] are sketched, and some ideas on surgery for general one-parameter families are
presented.
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4.1. Combinatorial Surgery. The unit circle dD is identified with S! :=R/Z by the
parametrization exp(i276). For A constructed from gV according to Theorem 1.1, recall

the mappings F, G, H : @\ﬁ — @\ﬁ from Section 3.2. Denote their boundary values
by F, G, H: S'— S'. Thus F(6)=26mod1 and G is piecewise linear. Now H is
the unique orientation-preserving circle homeomorphism conjugating G to F,
HoGoH '=F. H(®¥) is computed numerically from the orbit of 6 under G as
follows: for n € N, the n-th binary digit of H(#) is 0 if 0<G"~'(8) <1/2, and 1 if
1/2<G"7'(#) < 1. For rational angles, the (pre-) periodic sequence of digits is
obtained from a finite algorithm.

In the exterior of £y, & is represented by H according to (3). Applying this formula
to parameter rays and employing Lindelof’s Theorem shows: Ry (0) is landing at
c € 0y, iff Ry (H(0)) is landing at i (c). If ¢ is a Misiurewicz point or a root, then 6 is
rational, and H(6) is computed exactly. In this sense, d = h(c) is determined combi-
natorially. Alternatively, one can construct the critical orbit of g{"’ and the Hubbard tree
of f;. The simplest case is given when the critical orbit meets £, only once: then the
orbit of ¢ under gE.l) is the same as the orbit of n.(c) under f,.

Regularity properties of H are discussed in [8, Section 9.2]. H has Lipschitz or
Holder scaling properties at all rational angles. H and H™! are Holder continuous with
the optimal exponents l}vv/kv and kw/I}vu,. Since H is K-quasi-conformal, Mori’s
Theorem [11] says that H*!is1 / K-Holder continuous. Thus we have the lower bound
K > max (k, /l;v, Ew /ky), independent of the choices made in the construction of

h:Pu\Ey— 75M\5 u- By a piecewise construction we obtain a homeomorphism
h, : M — M, which extends to a homeomorphism of C, but such that no extension
can be quasi-conformal.

4.2. Homeomorphisms at Misiurewicz Points. A homeomorphism % : £y — Ey
according to Theorem 1.1 is expanding at the Misiurewicz point a. Asymptotically,
M shows a linear scaling behavior at a. (In Figure 3, you can observe the asymptotic
self-similarity of M at a, and similarity between M at c ~ ¢, and K, at z~(.) Now
h is asymptotically linear in a “macroscopic’ sense, e.g., there is an asymptotically
linear sequence of fundamental domains, but this is not true pointwise. These results
are obtained by combining the techniques from [18] with the combinatorial descrip-
tion of / according to Section 4.1: consider a suitable sequence ¢, — a. If the critical
orbit of f,, travels through £, once, then / is asymptotically linear on the sequence,
but it is not if the orbit meets &, twice.

Conversely, given a branch at some Misiurewicz point a, is there an appropriate
homeomorphism /#? We only need to find a combinatorial construction of g{". This
was done in [8] for all 8-type Misiurewicz points. (Here P,; and V. U W, are sectors,
not strips.) The result is extended to all Misiurewicz points in [9]. The author’s
research was motivated by discussions with D. Schleicher, who had worked on the
construction of dynamics in the parameter plane before.
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4.3. Edges, Frames, and Piecewise Constructions. For parameters c in the p/g-limb
of M, the filled Julia set /. has g branches at the fixed point ¢ of f,. A connected subset
E.CK, is a dynamic edge of order n, if f"~! is injective on &, and f"~1(€,) is the part
of K, between o, and —a... (More precisely, f7~! shall be injective in a neighborhood
of the edge without its vertices.) The edge is characterized by the external angles at the
vertices. As ¢ varies, it may still be defined, or it may cease to exist after a bifurcation of
preimages of a.. Now &y C M, is a parameter edge, if for all ce £y the dynamic
edge &, (with given angles) exists and satisfies c €&, and if £y has the same external
angles as &.. In Figures 2-3, £ is the parameter edge of order 4 in M 3.

M, contains a little Mandelbrot set M’ = ¢ * M of period g (cf. Section 4.4).
If a parameter edge £y, is behind ¢ * (—1), there is a homeomorphism & : £y — Ey
analogous to that of Figures 2-3. Behind the «-type Misiurewicz point cox(—2),
edges can be decomposed into subedges and frames [8, Section 7]. These frames are
constructed recursively, like the intervals in the complement of the middle-third Cantor
set. A family of homeomorphisms on subedges shows that all frames on the same edge
are mutually homeomorphic, and they form a finer decomposition than the fundamental
domains of a single homeomorphism. By permuting the frames (in a monotonous way),
new homeomorphisms / are defined piecewise. These may have properties that are
not possible when % is constructed from a single surgery. E.g., in contradiction to
Section 3.4, h can be constructed such that it is not Lipschitz continuous or not even
Holder continuous at the vertex a of £,. Or it can map a Misiurewicz point with two
external angles to a parameter with irrational angles, which is not a Misiurewicz
point.

The notions of edges and frames can be generalized: for parameters ¢ behind the
root of any hyperbolic component (except the main cardioid), the filled Julia set
K. contains two corresponding pre-characteristic points, which take the roles of + ..

4.4. Tuning and Composition of Homeomorphisms. For a center ¢ of period p,
there is a “little Mandelbrot set” M’ C M and a tuning map M — M', x> y=cp * x
with 0 co. Now Ky contains a “little Julia set” Ky, , around 0, where f7 is conjugate
to fr on Ky [6, 7]. A homeomorphism £ : £y — &y according to Theorem 1.1 is
compatible with tuning in two different ways:

o If co € Ey, then h is mapping M’ to the little Mandelbrot set at h(co): h(co*x) =
(h(co))*x. Cf. [2].

e For any center cp € M, set £}, :=co*Ey C M. A new homeomorphism ' : £}, — &),
is obtained by composition, i.e., i’ (co*x) :==co*(h(x)). Now E;W is obtained by dis-
connecting M at a countable family of pinching points, but 4’ has a natural extension to
all of these “decorations” (except for two): the mapping 7, that produced the homeo-
morphism # is transferred by cutting the little Julia set into strips. The required pinching
points do not bifurcate when the parameter y is in a decoration of £, thus the new piece-
wise construction n’y works in a whole strip. An example is shown in Figure 5 (left).
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Figure 5: Two homeomorphisms 4’ : £}, — &), obtained from a similar construction
as h : £y — &y in Figures 2-3. Left: tuning with the center co = — 1 yields an edge in
the limb M, C M. The eight angles ©F are obtained by tuning those of Figure 2,
i.e., replacing the digits 0 by 01 and 1 by 10. A’ is defined not only on ¢¢ * £, but on
a strip including all decorations. Right: part of the parameter space of cubic polynomials
with a persistently indifferent fixed point. The connectedness locus contains copies of
a quadratic Siegel Julia set [4]. Again, &’ is defined in a strip containing a countable
family of decorations attached to the copy of £, as explained in Section 4.5.

The same principle applies, e.g., to crossed renormalization [13], or to the Branner-
Douady homeomorphism @4 : M, — T C M 3: suppose that €y C M, and
h : Ey — &y is constructed according to Theorem 1.1, i.e., from a combinatorial gﬁ.l)
according to Definition 3.1. Then 5;4 =P, (En) is a subset of M3, where a count-
able family of decorations was cut off. Again h' :==®4 o h o &' : £, — £, extends
to a whole strip by transferring the combinatorial construction of g(V. If e.g., & is
a suitable homeomorphism on the edge from y,,(5/12) to y,,(11/24), then A’ is the
homeomorphism of Figures 2, 3.

4.5. Other Parameter Spaces. In Theorem 1.1 we obtained homeomorphisms
h : Ey — &€y of suitable subsets £y C M, but the method is not limited to quadratic
polynomials. To apply it to other one-dimensional families of polynomials or rational
mappings, these mappings must be characterized dynamically. The polynomials of
degree d form a (d — 1)-dimensional family (modulo affine conjugation). Suppose
that a one-dimensional subfamily f, is defined by one or more of the following critical
relations:

e A critical point of f, is degenerate, or one critical point is iterated to another one, or
critical orbits are related by f, being even or commuting with a rotation.

e A critical point is preperiodic or periodic (superattracting).

e There is a persistent cycle with multiplier p, 0 < |p| < 1. This cycle is always
“catching” one of the critical points, but the choice may change.

An appropriate combination of such relations defines a one-parameter family f,,
where the coefficients and the critical points of f,. are algebraic in c. Locally in the
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parameter space, there is one active or free critical point w., whose orbit determines
the qualitative dynamics. The other critical points are either linked to w,, or their beha-
vior is independent of c. The connectedness locus M ; contains the parameters c, such
that the filled Julia set /C. of f, is connected, equivalently f (w.) /4 00, or w. € K.. In
general w, is not defined globally by an analytic function of ¢, since it may be a multi-
valued algebraic function of ¢, or since a persistent cycle may catch different critical
points. But looking at specific families, it will be possible to define @, and parameter rays
for suitable subsets of the parameter space, and to understand their landing properties.

Then an analogue of Theorem 1.1 can be proved: for a piecewise defined ggl),
a quasi-polynomial mapping g. is constructed analogously to Section 3.2, and
straightened to a polynomial. By the critical relations and by normalizing conditions, it
will be of the form f;, and we set i (c) :=d. (At worst, the normalizing conditions will
allow finitely many choices for d.) Note that this procedure will not work, if our family
fe is an arbitrary submanifold of the (d — 1)-dimensional family of all polynomials, and
not defined by critical relations.

When such a theorem is proved, the remaining creative step is the combinatorial
definition of £, and gél). Some examples can be obtained in the following way: when
a non-degenerate critical point is active, the connectedness locus M ; will contain
copies M’ of M [12]. Starting from a homeomorphism 4 : £y — £y, M’ contains
a decorated copy of £y, and the corresponding homeomorphism /4’ extends to all dec-
orations by an appropriate definition of g{'—the angles O3 are seen at the copy of
a quadratic Julia set within /C., where some iterate of f, is conjugate to a quadratic
polynomial. It remains to check that no other critical orbit is passing through V, U W,
then gV is well-defined. An example is given in Figure 5 (right).

The rational mappings of degree d form a (2d — 2)-dimensional family (modulo
Mobius conjugation). Suppose that a one-dimensional subfamily f, is defined by
critical relations. When there are one or more persistently (super-) attracting cycles,
then /. shall be the complement of the basin of attraction, and M  shall contain those
parameters, such that the local free critical point is not attracted. M ; will be the
bifurcation locus [12]. If the persistent cycles are superattracting, we can define
dynamic rays and parameter rays by the Boettcher conjugation. When the topology
and the landing properties are understood sufficiently well, homeomorphisms can be
constructed by quasi-conformal surgery.

An example is provided by cubic Newton methods: f, has three superattracting
fixed points and one free critical point. Parts of the parameter space are shown in
Figure 6, cf. [6], [19], [15]. By dynamic rays in the adjacent immediate basins of two
fixed points, the Julia set is cut into “strips” to define g{V. In both basins, the techni-
ques of Section 3.2 are applied to construct the quasi-Newton mapping g.. It is
straightened to f;, and a homeomorphism is obtained by h((c) :=d. It is permuting
little ““almonds,” respecting their decomposition into four colors according to the atrac-
tion of the free critical point to a root. Similar constructions are possible when one or
both of the adjacent components of basins at £, are not immediate, i.e., when the hyper-
bolic components at £y are of greater depth [15]. Cf. iy, h; in Figures 6-7.
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Figure 6: Homeomorphisms in the parameter space of Newton methods for cubic polyno-
mials. Left: an “edge” between the “almonds” of orders 3 and 2. Right: homeomorphisms
on edges within the almond of order 2. (The different colors, or shades of gray, indicate that
the free critical point is attracted to one of the roots of the corresponding polynomial.)

Cubic Newton methods are understood as matings of cubic polynomials [19], and
there are analogous homeomorphisms in the parameter space of cubic polynomials with
one superattracting fixed point. Again, the rays used in the piecewise definition of gV
belong to the basins of two attracting fixed points, but one is finite and one at oo in the
polynomial case. H. Hubbard has suggested to look at quadratic rational mappings with
a superattracting cycle, which contain matings of quadratic polynomials. When we try to
transfer a known homeomorphism of the Mandelbrot set to this family, in general we
will have to use articulated rays to cut the Julia set. Although it may be possible to define
g£1)’ it will not be possible to construct the quasi-regular mapping g, because the shift
discontinuity happens not only within the basin of attraction, but at pinching points of
the Julia set as well. For the same reason, it will not be possible to transfer a homeo-
morphism of M to a neighborhood of a copy of M in the cubic Newton family.

Figure 7: Cutting the Julia set with dynamic rays belonging to two different basins,
to define the strips V., W, and the mapping ggl). This yields the homeomorphisms
hy (left) and &, (right) in the almond of order 2 (cf. Figure 6).
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5. Homeomorphism Groups of M. Denote the group of orientation-preserving
homeomorphisms 4 : M — M by Gy If two homeomorphisms coincide on dM,
they encode the same information on the topological structure of M. To exclude these
trivial homeomorphisms, some definitions of groups of non-trivial homeomorphisms
are suggested as well.

Definition 5.1 (Groups of Homeomorphisms).

1. Gy is the group of homeomorphisms / : M — M that are orientation-preserving
at branch points, and orientation-preserving in the interior of M.

2. G, is the group of homeomorphisms 4 : M — M that are orientation-preserving
at branch points, and analytic in the interior of M.

3. Gy is the group of homeomorphisms 4 : 9M — dM that are orientation-preserving at
branch points, and orientation-preserving on the boundaries of hyperbolic components.

4. G, is the factor group G/ G, where G, is the normal subgroup consisting of trivial
homeomorphisms: G| := {h € Gyy | h =1id on M }.
G, is the most natural definition of non-trivial homeomorphisms. G,, G5, G, may

well turn out to be mutually isomorphic. On Gy, G,, and G, define a metric by

d(hy, ho) =1l — hallo + 17" =15 ]
= max |h;(c) — ha(c)| + max |k (¢) — hy ' (c)], 4

where the maxima are taken over ¢ € M or ¢ € 9 M, respectively. G, consists of equi-
valence classes of homeomorphisms coinciding on the boundary, [h]=hG; =G, h.
Since G is closed, a metric is given by

d([hi1], [ha]) : = inf {||K} = hllo | ) € [11], h) € [ha]}
+inf {||8] 7 =B, o | B, €[], K € [ha]} Q)

= inf {||h) ou —halle + A7 cv—h5 | U, vEGI}.  (6)
It may be more natural to take the infimum of a sum instead of the sum of infima
in (5), i.e., inf d(h’), h’z), but I do not know how to prove the triangle inequality in that
case. (6) is obtained from (5) by employing the facts that G; is normal, and that right
translations are isometries of the norm: ||h; — hy|ls = |lh1 0 h — hy o hl|, since
h € Gy is bijective.

Proposition 5.2 (Topology of Homeomorphisms Groups).

1. Gm, Ga Gb, G, are complete metric spaces and topological groups, i.e., composition
and inversion are continuous.

2. For G=Gu, Ga, Gp, G4 we have: if 1, € are hyperbolic components, then
N ={heG|h(Q) =00} is open.

Proof. 1.For Gy, G., Gy, the proof is straightforward. But suppose we had used the
alternative metric d(hy, h;) :=||h; — h2||w, and (h,) C Gy is a Cauchy sequence in
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that metric. Then it is converging uniformly to a continuous, surjective i : Eyy — Ey.
If & is injective, then h, ' — h~! uniformly. But / need not be injective, a counter-

example is constructed in item 2 of [8, Proposition 7.7]. Thus, if we had used d instead
of d, the topology of Gy, G,, G, would be the same, but they would be incomplete
metric spaces.

Now suppose ([/,]) is a Cauchy sequence in G,. It is sufficient to show that a sub-
sequence converges, and without restriction we have d([h,+1], [h,]) <37". Choose
u,, v, €G; with

_ -1 -1 _
||hn+loun_hn||oo§2 ; and ||hn+1ovn_hn ||oo§2 "

Define the sequences

~

h, =h,ou,_you, o...ou; and h, = h;l 0Vy_10Vy_20...00j.
Since the maximum norm is invariant under right translations on M, they satisfy

||hn+l - hn”oo <27 and ||hn+l _hnHoo = 2—n,

and there are continuous functions 7, , i with }7,1 — h and f;,, Sh uniformly. Now
hoh and hoh are uniform limits of a sequence in Gy, thus surjective, and I is
a homeomorphism. We have l?n — & in Gy and [h,] = [f?n] — [f/z\] in G,, therefore
G, is complete.

2. Hyperbolic components can be distinguished topologically from non-hyperbolic
components, since only the boundary of a hyperbolic component contains a countable
dense set of pinching points (by the Branch Theorem [16]). Thus every homeo-
morphism of M or M is permuting the set of hyperbolic components or of their
boundaries, respectively. Fix a, b € 92,, and choose ¢ > 0 such that no hyperbolic
component # 2, is meeting both of the disks of radius & around a and b. This is possible,
since there are several external rays landing at 9. If hpe N and he G with
d(h, ho) <e, then |h(hy'(a)) —al <& and |h(hy' (b)) —b| < e, thus h(32)) = ;.
(Analogously for the classesin G,.) [

Theorem 5.3 (Groups of Non-Trivial Homeomorphisms). The groups of non-trivial
homeomorphisms of M or oM—G,,, Gy, and G,—share the following properties:

1. They have the cardinality of the continuum R, and they are totally disconnected.

2. They are perfect, and not compact (not even locally compact).

3. A family of homeomorphisms F C G4, Gp, G, is called normal, if its closure is
sequentially compact. A necessary condition is that for every hyperbolic compo-
nent ) C M, there are only finitely many components of the form h*'(), h € F.
If M is locally connected, this condition will be sufficient for F being normal.

By composition, the homeomorphisms constructed by surgery according to
Theorem 1.1 generate a countable subgroup of G,, G, or G,. Will it be dense?—For Gy,
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items 1 and 3 are wrong, and item 2 is true but trivial. Hence the motivation to consider the
groups of non-trivial homeomorphisms. The same results hold for the analogous groups,
where the condition of preserving the orientation is dropped.

Proof. We prove the statements for G,, the case of G, or G, is similar. There is
a sequence of disjoint subsets £, C M with diam(&,,) — 0, and a sequence of analytic
homeomorphisms 4, : M — M, such that &, =id on M\E,, h, # id. To construct
these, fix a homeomorphism £, : £y — &y, according to Theorem 1.1, e.g., that of
Figures 2 and 3. Choose &y C £y, and a homeomorphism A : g — &y, hy # id, such
that &y is contained in a fundamental domain of #.. This is possible e.g., by the tuning
construction from Section 4.4. Then set h, :=h" o hgo h" on &, :=h"(&p), and
extend it by the identity to a homeomorphism of M. We have diam (£,) — 0 by the
scaling properties of M at Misiurewicz points [18]. —An alternative approach is as
follows: construct homeomorphisms 4, : £, — &,, such that £, is contained in the
limb M, then diam(&,) — 0 by the Yoccoz inequality. These homeomorphisms
can be constructed by tuning, or at S-type Misiurewicz points according to Section 4.2,
or on edges (Section 4.3). All of the homeomorphisms constructed below extend to
homeomorphisms of C, cf. item 3 of Remark 3.2. (If M is locally connected, all homeo-
morphisms in Gy, G,, or G, will extend to homeomorphisms of C.)

1. We construct an injection (0, 1) = G,, x+> h as follows: expand x in binary
digits (not ending on 1). Set & :=h,, or h :=id on &,, if the n-th digit is 1 or 0, respec-
tively, and 4 :=id on M\ |J&,. Although the sequence of sets &, will accumulate
somewhere, continuity of 4 can be shown by employing diam (£,,) — 0. —Conversely,
to obtain an injection G, — (0, 1), h+> x, enumerate the hyperbolic components
(£2,), e n» and denote the n-th prime number by p,,. Now x shall have the digit 1 at the
place p, iff h : Q, — €2,,. The mapping & +— x is injective, since the group homo-
morphism from G, to the permutation group of hyperbolic components is injective:
if 4 is mapping every hyperbolic component to itself, it is fixing the points of inter-
section of closures of hyperbolic components, i.e., all roots of satellite components.
These are dense in M, thus & = id. —By the two injections, |G,| = [(0, 1)| =|R].

If hy, hy, € G, with hy # h;, there is a hyperbolic component €2 with /2 (2) #£ h,(€2).
By Proposition 5.2, N :={h € G, | h(Q) = h; ()} is an open neighborhood of /1, and
G, AN =U{heG,|h(Q)=Q'} is an open neighborhood of h;,, where the union is
taken over all hyperbolic components 2’ # k(). Thus &; and &, belong to different
connected components, and G,, is totally disconnected.

2. We have d(h,, id) <2diam(&,) — 0 as n — oo, thus id is not isolated in G,,.
Since composition is continuous, no point is isolated, and G, is perfect.

Choose a homeomorphism /4 : £y — £y according to Theorem 1.1, which is
expanding at a and contracting at b, extend it by the identity to & € G,. The iterates of &
satisfy h*(a) = a and h*(c) — b for all ¢ € €),\{a}, thus the pointwise limit of (h¥) .
is not continuous. The sequence does not contain a subsequence converging uniformly,
and G,, is not sequentially compact, a fortiori not compact. —If " is a neighborhood of
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id in G,, fix an n such that A/ contains the ball of radius 2 diam(&,) around id, then
N contains the sequence (h¥), ¢ . Thus N is not compact, and G, is not locally compact.
3. When F does not satisfy the finiteness condition, there is a sequence (h,) C F
and a hyperbolic component §2, such that the period of 4,(€2) (or A, 1(Q))) diverges.
Assume h, — h, then h,(Q)=h(Q) for n > Ny according to Proposition 5.2,
a contradiction. If F satisfies the finiteness condition, a diagonal procedure yields
a subsequence which is eventually constant on every hyperbolic component, thus
respecting the partial order of hyperbolic components. Assuming local connectivity,
all fibers are trivial [16], and lim A,, is obtained analogously to [8, Section 9.3]. [

Two rational angles with odd denominators are Lavaurs-equivalent, if the corres-
ponding parameter rays are landing at the same root. Denote the closure of this equi-
valence relation on S' by ~. The abstract Mandelbrot set is the quotient space S'/~
[10], it is a combinatorial model for dM, which will be homeomorphic to dM if M is
locally connected. (It is analogous to Douady’s pinched disk model of M.) Orientation-
preserving homeomorphisms of the abstract Mandelbrot set are described by
orientation-preserving homeomorphisms H : §' — S' that are compatible with ~ .
According to Section 4.1, every homeomorphism £ : £y — &y constructed by
surgery defines such a circle homeomorphism (extended by the identity), and the
homeomorphism group of S!/~ has the properties given in Theorem 5.3. In fact,
these homeomorphisms of the abstract Mandelbrot set can be constructed in a purely
combinatorial way, without using quasi-conformal surgery [8].
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Abstract. We consider the Arnold family of analytic diffeomorphisms of the circle x > x + 7 + 5= sin (27x)
mod (1), where a, 7 € [0, 1) and its complexification f; 4(z) = Aze2C~2, with A = ¢2™" a holomorphic self map of
C*. The parameter space contains the well known Arnold tongues 7, for € [0, 1) being the rotation number. We
are interested in the parameters that belong to the irrational tongues and in particular in those for which the map has
a Herman ring. Our goal in this paper is twofold. First we are interested in studying how the modulus of this Herman
ring varies in terms of the parameter a, when a tends to 0 along the curve 7. We survey the different results that
describe this variation including the complexification of part of the Arnold tongues (called Arnold disks) which
leads to the best estimate. To work with this complex parameter values we use the concept of the twist coordinate,
a measure of how far from symmetric the Herman rings are. Our second goal is to investigate the slice of parameter
space that contains all maps in the family with twist coordinate equal to one half, proving for example that this is
a plane in C?. We show a computer picture of this slice of parameter space and we also present some numerical
algorithms that allow us to compute new drawings of non—symmetric Herman rings of various moduli.

1. Introduction. In this paper we deal with the holomorphic maps of C* = C\{0}
given by

ac,_1
fra(z) = rzet2,

forh=e*" cS'anda e [0, 1) (to start with). This family is called the complex Arnold
(or standard) family, since f; , restricted to the unit circle, corresponds with the well
known Arnold family of circle maps

XH—=>x+t+ %sin(ch) (mod 1).

For the given range of parameter values, the maps f, , are symmetric with respect to the
unit circle, and they have two critical points which lie on the negative real line. The points at
0 and oo are essential singularities. Since the restriction of these maps to the unit circle is
a diffeomorphism of the circle, we may assign a well defined rotation number to each

* Partially supported by CIRIT grant 2001 SGR-70, MCyT grants BFM2002-01344 and BEM2003-9504.
T Supported by SNF Steno fellowship.
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member of the family. In this paper we consider the maps with irrational rotation numbers.
(See [F] for a description of the dynamics for rational values of the rotation number.)

We consider the level sets of a given rotation number in the (¢,a)—parameter plane.
Given a€[0,1) the set 7, ={(t,a) €[0, 1) x [0, 1) |rot#(fro) =, A=e>"} is
called the Arnold tongue of rotation number «. It is well known that 7, is a set with inte-
rior if @ € Q and, if @ € R\Q then 7, is a Lipschitz curve connecting (o, 0) with (¢, 1)
for some ¢’ € (0, 1) [A]. Indeed, the curve can be parametrized as {(¢(a),a) |0 <r<1}
where the function a — #(a) is Lipschitz. See Figure 1.

Let o be the rotation number of f; ,. It follows from theorems of Poincaré and
Denjoy (see e.g. [1]) that, if « is irrational, then f; , is topologically conjugate to the
the rigid rotation R,(z) = e2™@7 This means that there exists a homemorphism
¢ : S' — S such that fr.a © ®=¢ o R, on the unit circle. If ¢ can be chosen to be real
analytic, we say that f3 , is analytically linearizable.

If a map can be analytically linearized on the unit circle, then the conjugacy ¢ extends
(also as a conjugacy) to a neighborhood of the unit circle. As a consequence, there exists
a maximal domain, H, called a Herman ring around the unit circle where the map can
be linearized. That is, there exist a number 0 <r < 1 and a conformalmap ¢ : A, > H
which conjugates R to f;. 4, Where A, = {z € C|r < |z| < 1}. See Figure 2.

The modulus of H is m =mod(H) = 3-log! and we define the size of H to be
s=size(H) =e™ ™. Observe that A, is conformally equivalent to an annulus of the
form {1 < |z| <s}.

11 12 1 3 5 2 3 4
0 0 5 1 3 % 3 57 3 i3 1

Figure 1: Rational Arnold tongues in the parameter space of the family f; , for
r=e*" teR/Z, up to denominator 5. Irrational tongues for y= % and
6 =+/2 — 1. (Picture made by Lukas Geyer.)
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/

o A A e s e

Figure 2: Herman rings for f, , where we have chosen the parameters A € S! and
a € (0, 1) so that the rotation number equals the golden mean. The unit circle is drawn
inside each of the rings. Range: [—8, 8] x [—8, 8].

A natural question, not yet solved for general functions, is to know which (optimal)
conditions on the map and the rotation number allow us to conclude that the map is
analytically linearizable. Works of Riissmann [Rii], Herman [Her] and Yoccoz [Y]
conclude that an analytic circle map sufficiently close to a rigid rotation and whose
rotation number is a Brjuno number, is always analytically linearizable. In our case,
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the condition on the map translates into requiring that the parameter a be small
enough. On the other hand, for this particular family, it is known that the Brjuno con-
dition is optimal in the following sense: any member of the Arnold family which is
analytically linearizable must have a Brjuno rotation number. This was proven by
Geyer in [G], using holomorphic surgery to relate the complex Arnold family to the
semistandard mapE, (z) = ¢*"ze?, and then establishing the optimality of the Brjuno
condition for the maps E,, (see Proposition 2.1).

The semistandard family E, is in many ways very related to the complex Arnold
family. It is often fruitful to rescale the Arnold family to make it a perturbation not of
the rigid rotation but of the semistandard map. Indeed, if we change variables by letting

w = % we obtain a rescaled family

2
&a(w) = Awe e fw.

Observe that the invariant circle is now that of radius a/2. When a = 0, the singular limit
of this family is the semistandard map. It is often very convenient to work with the
rescaled Arnold family, and in fact we shall do so in many parts of the paper. Since both
families are conjugate to each other, the linearizability problems are equivalent.

Observe that for all « € C, the maps E,(z) are entire transcendental maps which
have z =0 as a fixed point of derivative A = ™. Hence for « € R/Z this is a neutral
fixed point. The linearizability problem for fixed points is very related to the one for
circle maps. As before, it consists of knowing under which conditions the map is con-
formally conjugate to the linear map z — Az, although in this case we require the con-
jugacy to hold in a neighborhood of the fixed point. When the fixed point is
linearizable, the maximal neighborhood A, where this is possible is called a Siegel
disk (See Figure 3). Hence, if E, has a Siegel disk A, around 0, there exists a confor-
mal map ¢ : D — A, mapping 0 to 0, such that E,(¢(z)) =@(rz). The quantity
ro = | ¢'(0) | is called the conformal radius of A,,.

The linearizability problem for the semistandard map is completely solved, in the
sense that it is known that E,, is linearizable around z =0 if and only if « is a Brjuno
number ([Bru, G]).

We now return to the Arnold family. Fix a Brjuno number «. We consider the para-
meter values for which the rotation number of f; , is «, and the map is analytically line-
arizable. That is, the piece (or pieces, a priori) of the Arnold tongue 7, for which we
find a Herman ring in the dynamical plane of f; ,. We are interested in understanding
how the modulus or the size of the Herman ring varies in terms of the parameter a, pre-
cisely when a tends to zero. With this goal in mind, we present a survey of the results
that lead to these type of estimates. We do this in two parts: one looking at the “real”
parameter space (Section 2) and two, considering its complexification (Section 3), i.e.,
allowing A and a to be complex and studying the complex version of (the linearizable
part of) the Arnold tongues, called Arnold disks. We see how this last point of view leads
to the best estimate on the variation of the modulus which is the following.

Theorem 1. Let o be a fixed Brjuno number and consider the Arnold tongue T , of
rotation number o. Let (A(a),a) €T, and a be small enough so that f; ). has
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ST |

"’S' 7 8
'q\i ’ ‘ 4/\\

Z

Figure 3: Siegel disk of the function E,(z) = e*"“z¢?, with rotation number a, equal
to the golden mean. Some orbits have been drawn inside the Siegel disk. Range:
[—2,2] x[—2,2].

a Herman ring. Let m(a) be its modulus and s(a) the corresponding size. Then, as
a—0,

2
s(a) =™ = % + O(a),

where ry is the conformal radius of the Siegel disk of the semistandard map E,,.

If we work with the rescaled Arnold family, the moduli of the rings are obviously
the same. But changing variables also in the conjugation plane, we see that the scaled
Herman ring is conformally equivalent to an annulus of the form {ﬁ <zl <5(a)}

where §(a) := §s(a). Observe that this annulus has the circle of radius a/2 as the
equator, exactly as the ring does. The quantity §(a) is not a conformal invariant.
Using this terminology, Theorem 1 for the rescaled Arnold family reads as follows.

Theorem 2. Let o be a fixed Brjuno number and consider the Arnold tongue T , of
rotation number «. Let (A(a),a) € T o and a be small enough so that f; )., and hence
8xr),a have a Herman ring whose modulus is m(a) and whose size is s(a). Then, as
a— 0, the quantity 5(a) has a limit. More precisely,

§(a) =1y +O(@@),

where r,, is the conformal radius of the Siegel disk of the semistandard map E,.
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Intuitively, one can say that the limit when a — 0, of the Herman rings of rotation number
« of the rescaled Arnold family are the Siegel disk of the semistandard map E,.

The second part of the paper (see Section 4) is devoted to study a particular slice of the
complex parameter space, more precisely the slice containing those maps whose Herman
rings have their boundaries rotated half a turn with respect to each other. We first describe
the location of this slice in C? (see Theorem 4.1) and show a computer drawing of it.

Finally, Section 5 is dedicated to numerics. The computer drawings in this paper
needed some new algorithms to be developed, given the difficulties that one encoun-
ters when the symmetries of the map are no longer present. In this final part we present
these algorithms which are reusable for other types of functions.

2. Real parameter space. In this section we present two results. The first one concerns
the parametrization of the linearizable piece of an irrational Arnold tongue and it is the “real”
version of Theorem 5 in Section 3. The second result is a first estimate of the size of Herman
rings in terms of the parameter a which was obtained in [FSV]. Given a Brjuno number o and
its Arnold tongue 7 ,, we define 7° fl‘L as the analytically linearizable part of 7, i.., the set
of parameter values (X, a) € T, such that fj , has a Herman ring around s'.

Theorem 3 ([FG]). Fix o a Brjuno number and let f, ,(z) = Aze2C™D. Then, there
exists an R—analytic parametrization

Fo:(0,1) — T

o

8 > Fo(8) = (A(5),a(d))
such that:

(a) forall 5€(0,1), the map fi(s) a(s) has a Herman ring of modulus m(8) = %log%
and rotation number o;
(b) 8+ a(d) is strictly increasing;
(¢) a(6) > Owhen § — 0and Bliml a®)=a.<1;
—

(d) forall (A,a) € Ty suchthat a > ax, the map f , has no Herman ring.

This theorem describes the sets TQL as connected R—analytic curves that might be
the entire Arnold tongue 7 ,. Moreover, it gives the precise modulus of the Herman
ring for each of the parameters §. On one hand as § tends to 0, the parameter a tends to
0 and the modulus of the ring tends to infinity (we consider the rigid rotation as having
a degenerate Herman ring of infinite modulus). On the other hand, as § tends to 1, the
Herman ring gets thinner and thinner, having in the limit a degenerate Herman ring
which contains the unit circle.

Theorem 3 is proven by quasiconformal surgery. We give here an idea of its proof
since it illustrates quite well the complex case of the next section.

Proof. Since « is a Brjuno number, for a small enough the map f, , has a Herman
ring. Let us fix a base point, i.e., a pair of parameters (A1,a;) in the Arnold tongue 7,
such that fi := f3, 4, has a Herman ring H; whose modulus we denote by m;.
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Now, given any s (0, 00) the goal is to construct a new map fi(y.as) With
a Herman ring H; of modulus m(s) = sm . Moreover, we want to do this construction
in such a way that the map s+ (A(s),a(s)) is real analytic and has all the required
properties (like monotonicity of a(s)). Once this is proven, it is not hard to see that the
curve can be reparametrized as desired not depending on a base point.

With this goal in mind, we make a surgery construction which consists only of
changing the complex structure of the original map. If H; is the Herman ring of fi, it
means that there exists a conformal map ¢, : A, — H; where r= e~ 2™ which
conjugates R, to f;. We now compose this map with a quasiconformal map ¢; :
A, — A,s which maps circles to circles. In particular we want it to leave the unit circle
invariant and to send the circle of radius r to the circle of radius r°. Such a map is not
hard to compute explicitly, especially if we do so in the covering space of the annulus.
It is easy to check that ¢, conjugates R, to itself.

We now proceed to change the complex structure on the dynamical plane of fi.
We first change it on the ring H; by pulling back the standard complex structure o
on A,s by the map ;o ¢;'. This defines a complex structure o, on H; which has
bounded distortion (it is a pull-back by a quasiconformal map) and is invariant under f;.
We then extend oy to the whole dynamical plane by using the dynamics of fi, i.e.,
pulling back by f7' to all the n—th preimages of H;, and seting o, = 0 at every point
that never falls on H; under iteration. This process defines an f;—invariant complex
structure o in all of C* with bounded dilatation. By the Measurable Riemann Mapping
Theorem, this structure can be integrated, i.e., there exists a quasiconformal homeo-
morphism v, : C — C that transports o, to oy. Hence, the map f; ==, 0 f; o %_1 is
holomorphic and quasiconformally conjugate to f;. The following diagram commutes.

H, —> H,
¢,] 2
H, i) H,
a I
Ra

A, — A,

o e

As 2% AL

The set H; = y,(H) is a Herman ring for f; since the composition ¢ o ¢1‘1 o 1//;1 :
H; — A,s is a conformal conjugacy between f; and R,. From here one can also see that
the modulus of the new ring H; is equal to ﬁlog,% = smy. Furthermore, f; must be
a member of the complex Arnold family and therefore fi; = fi () a(s). This defines the
map s — (A(s),a(s)) with the required properties. [

In view of the theorem above one can ask exactly how the modulus of the Herman
ring is tending to infinity, as the parameter a tends to 0. As a first estimate we have the
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following result, which connects the size of the Herman rings with the conformal
radius of the semistandard map of the same rotation number.

Theorem 4 ([FSV]). Let o be a Brjuno number and r, the conformal radius of the
Siegel disk of the semistandard map E,(z) = 2™ 70% . Let s(a) and m(a) be the size

and the modulus of the Herman ring of fi().a respectively, with (A(a),a) e’Tﬁ‘L.
Then,

2
s(a) =™ = Z(ry + O(aloga)).
a

The proof of Theorem 4 relies on understanding how the maps of the Arnold family
are related to the semistandard map E,. We saw in the introduction how one can relate
them by means of a rescaling depending on a, but to really study the limit, it is better to
perform a surgery construction that shows why these two families of maps are related.
The construction is originally due to Shishikura [3] who used it to construct examples of
rational maps with Herman rings starting from polynomials with Siegel disks (and vice-
versa). Later on, Geyer [G] adapted the proof to the Arnold family and the semistandard
map. The result of the construction is summarized in the following proposition.

Proposition 2.1. Suppose f = f ., has a fixed Herman ring H with rotation number o.
Then the semistandard map E,(z) = ™ z¢* has a Siegel disk A, and there exists a quasi-

conformal homeomorphism v : C — C and an E ,~invariant curve I in A, such that

(@) v(SH=Tandy maps @\@ to the unbounded component, V, of @\F;

(b) ¥ conjugates f : C\D — Cto Eq : V — C;

(c) oY /dz=0a.e. on (E\ Unzo f7"(D) (in particular  is conformal in the interior
of this set).

Observe that this proposition relates, at least qualitatively, the members of the
Arnold family to the members of the semistandard one. More precisely, it relates all
maps in TQL to the single map E,. Any Herman ring of rotation number « can be used
by this procedure to produce a Siegel disk with the same rotation number.

Remark 2.2. The surgery construction also connects a different unrelated problem
for the two families. It is an open problem to find a parameter value «, if it exists, for
which E, has an unbounded Siegel disk (this is a phenomenon which does occur for
the exponential family, for example). With this proposition, this becomes equivalent
to finding parameter values (A,a) such that the Herman ring of f;, , contains the essen-
tial singularities in its boundary. See [DF] for further discussion.

We proceed to sketch the surgery construction.

Proof of Proposition 2.1.  For this proof, let us take the standard annulus normalized
in a different way by setting A, ={z€C|1/r < |z| <r}forr> 1.
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Let ¢: A — H be a conformal map that conjugates the rigid rotation
Re: A — A, to f: H— H.Notice that ¢ must be symmetric with respect the unit

circle and hence it leaves S' invariant.

We now extend ¢ quasiconformally to the unit disk. Denote by ¢ : D, — HUD
a quasiconformal mapping that agrees with ¢ on D, \ID, maps D onto D, and fixes O.

Define a new map f :C — Cby

- f on C\Dj
f= poRgop™ ' on D.

The map f:C—>Cisa quasiregular mapping with an essential singularity at infinity.
It has one critical point (the one of f that is not inside the disk).

The map f is not holomorphic on D, but there it preserves the complex structure
defined by the Beltrami form
i
=%

|7

Pulling back this Beltrami form via f , we see that there exists a Beltrami form /i that coin-
cides with ¢ on D, vanishes on C\ UnZO f (D) and that is invariant by f ,in the sense
fa=ap.
By the Measurable Riemann Mapping Theorem, there exists a quasiconformal homeo-
morphism ¢ : C — C which fixes 0, sends w (the critical point) to —1 and such that
W
=5
Then, the map v o f o' : C— C is an entire transcendental map with one critical
point at —1, which fixes 0 and is conjugate to the rotation R, in a neighborhood of 0.

One can see with some further argument (see [G] or [FSV]) that such a map must be the
semistandard map, i.e.,

E,=vo f oyl
The map v is the required conjugacy. [

To prove the estimate in Theorem 4 one needs to make this surgery construction
more explicit and quantitative. The idea is to redo the procedure for the rescaled
Arnold family depending on the parameter a and make each of the steps explicit; for
example, finding a convenient extension <13a to the disk so that one can compute its
coefficient K, of quasiconformality. The key part of the proof is finding a good esti-
mate for the quantity (¥, o J)a)’(O) in terms of the parameter a (where we are using the
notation in the proof above).
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Figure 4: Herman ring of rotation number equal to the golden mean, in the dynami-
cal plane of f;_,, where (A, a) = (¢?70-622339931831 () 5i) Range: [—5, 5] x [-5, 5].

3. Complex parameter space. In this section we complexify the parameter space,
to improve the bounds obtained in the previous section. The analog of the analyti-
cally linearizable part of an (irrational) Arnold tongue is an Arnold disk, which we
show to be a disk holomorphically embedded in the parameter space.

Consider the family { f; ,} for € C* and a € C. Even if A is not contained in the
unit circle and a is not real, f; , may have a fixed Herman ring. If this is the case there
is no reason why it should be symmetric with respect to the unit circle and, indeed, this
certainly does not seem to be the case in Figures 4 and 5.

When a vanishes f; , becomes a linear map z +— Az and we consider that map to
have a Herman ring of infinite modulus when A = ¢*™ and « is a Brjuno number.

Definition 3.1. Suppose « € B. Let
Dy={(,a)eC* xC: f,, has a Herman ring of rotation number o}.

We call D, an Arnold disk.

The reason for the choice of the name Arnold disk is given by the following theorem
that shows that Arnold disks indeed are disks embedded in C?.
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Figure 5: Herman ring of rotation number equal to the golden mean, in the dynami-
cal plane of f;_,, where (A, a) = (£27/0:642219660059 ;) Range: [—4, 4] x [—4, 4].

Theorem 5. Let o be an arbitrary Brjuno number and denote by r, the conformal
radius of the Siegel disk of the semistandard map E,. The set D,, is the image of the
unit disk D under an injective holomorphic mapping

Fo:D— D,.

This mapping can be taken to satisfy the following.
(@) Fa(0)= (", 0), and F,(0) = (0, 2ry);
(b) letting Fo(8) = (M(8), a(d)), we have that ). is even and a is odd, i.e., forall § €D

A(=8) =1 (8), a(—8) = —a(d);
(©) foralls€D, the modulus m(8) of the Herman ring of fr s) satisfies

1 1
m(8) = —log Bk
(d) forsome e >0, Fy(De¢) is the graph of a holomorphic map a+> A(a);
(e) as|a| — Othe modulus m(a) of the Herman ring of Fi(a),a Satifies
2ry

mm(a) _ 2
e =T + O(a).
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Part (d) is a corollary of a more general result by Risler (see [A]). Notice that part (e)
is an improvement of the estimate obtained in the previous section.

We will not prove the properties in the order they are stated. First we see that (d)
and (e) follow from the previous three properties. Indeed, part (d) immediately
follows from (a), (b) and the implicit function theorem. To see (e) we first note that it
follows from (a) that a(8) = 2r,8 + O(8%). Since a is an odd function of § we get
a(8) =2r,8+O(8), and by the inverse function theorem &(a)= i + 0.
Combining this fact with (c) we get
1 2ry

5@~ Ja] TO@:

m(a) —

Hence to prove the theorem we need to construct the mapping F,, and establish
properties (a), (b) and (c). To do so it is convenient to work with the family g, ,(w) =
Awere™"/*"  where A € C* and b e C. The map w = %z conjugates f; 4 to g, with
b=a’. Another advantage of working with the g family is that we get rid of the sym-
metry f5 ,(—z) =—fi—a(z). When b=0 the map g, , is the semistandard map
w > Awe" and we adopt the convention that the Siegel disk of g, ¢ is a Herman ring
of (one sided) infinite modulus when A = ¢?™ and « is a Brjuno number.

We define the analogue of the Arnold disk for the g, , family as follows.

D, ={(»b) €C" x C: g, has a Herman ring with rotation number o}

Following our convention D/, always contains the point (€% 0).
We state the analog of Theorem 5.

Proposition 3.2. There exists a holomorphic injection G, : D — C* x C that maps
the unit disk onto D.,, and satisfies

o’

@) Ga(0) = (%™, 0);
(c') for all§ €D, the modulus m(8) of the Herman ring of ggs) satisfies

m(8) = 1 l 1

T8l
Before giving the proof of the proposition we define an invariant called the twist
coordinate of the Herman ring. This is most easily done when the two boundary com-
ponents of the Herman ring H of g;, , are quasicircles, each containing a critical point.
(This is the case when « is of bounded type.) Now, there is a conformal isomorphism
¢: H— A, where A, is the round annulus {r < |z| <1}. This map extends as
a homeomorphism H — A,. We can take this isomorphism to map the outer boundary
to the outer boundary and the critical point there to 1. The inner critical point is then

mapped to a point re*™®. We call the number © € R/Z the twist coordinate of g Ab-

In general we cannot assume that dH consists of two quasicircles each containing
a critical point. But since the boundary components are contained in the closure of the
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Figure 6: Lift of a Herman ring in the dynamical plane of z+> z + 1+ 5-sin(272).
Compare to Figure 4.

forward orbits of the critical points, they are made up of dynamically marked points,
and we can still measure to what extend one boundary is twisted with respect to the
other one (see [BFGH] for details).

When b is real and positive and || = 1 then reflection in the circle with center at the
origin and radius v/b/2 conjugates g , to itself, and in this case it is easy to check that
the twist parameter equals zero.

Figures 6 and 7 show two examples of Herman rings with a twist coordinate of 1/2
and rotation number equal to the golden mean. The drawings are computed in the
dynamical plane of the lift of f; ., thatis, z+> z + ¢+ 5=sin (27r7), in order to observe
the symmetries better. In fact, these two pictures correspond, once projected back, to
the two rings in Figures 4 and 5.

Proof of Theorem 3.2. A portion of the proposition can be deduced from [McS].
Indeed, from their results it can be shown that each component of 7, is a pointed disk.
Here we show that there is only one component and that the puncture corresponds
1O gexp (2ina),0- This is done by an explicit construction.

We will give a rough sketch of how to construct the mapping G,,. To give an idea of
the mapping, we first describe the inverse map II : D), — D. The modulus of II(A,b)
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Figure 7: Lift of a Herman ring in the dynamical plane of z > z + 1 + 5% sin (27z).
Compare to Figure 5.

is given in terms of the modulus m of the Herman ring of g, ;, and the argument is
determined by the twist coordinate. More precisely

TI(A,b) = exp(—27mm + 2in0O).

We give an outline of the construction of the map G,,. For the details (and there are
quite a few), refer to [BFGH]. First we choose a base point gs, with a Herman ring H
with the desired rotation number. The mapping is produced by changing the complex
structure on H and its preimages, as we did in the proof of Theorem 3. This time, we
not only change the modulus of the ring but also introduce a twist of one boundary
with respect to the other one. In this way, for each § € D* we obtain a new member of
the family g; (s).q¢s) With a Herman ring whose modulus and twist coordinate are

08 =— 5).
()= 5arg ()
This defines the mapping G, from D* to the parameter space, satisfying property (c’).
Since the Herman ring separates 0 and one critical point from oo and the other critical
point we can deduce that when § tends towards 0, then b tends toward O as well. By
a surgery construction one can show that if g, , has a Herman ring and b is small then

A is close to €27 It follows that the constructed mapping extends past the puncture as
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required in (a"). Finally one shows that the construction does not depend on the choice
of base point and that IT indeed is an inverse.

Let us now finish the proof of Theorem 5. We need to prove properties (a), (b) and (c).
Notice that the mapping (,a) — (A,a*) : D, — D/, provides a two to one covering
map ramified at (exp(2ime), 0) above (exp(2imw), 0). Hence, there exists an injective
holomorphic map F,, : D — D, such that the following diagram commutes:

fa

D — D,
FYIN 52l l()\,a) — (A, d?)
D — D.,.
Ga

This mapping is unique if we require that the second coordinate of F (8) is real and pos-
itive when § is real and positive. Letting F,(8) = (A(5), a(§)) we get from the diagram
that (A(8), a(8)?) = G, (8%). It follows that A(—8) = A(8) so A is even. It also follows that
a(8)® =a(—8)? so a is either even or odd. Then a has to be odd, because otherwise it
would contradict that F, is injective. We have proven property (b). Since the Herman
ring of F,(8) is conformally isomorphic to the Herman ring of G, (8%) property (c)
immediately follows from property (c’) in Proposition 3.2.

So to conclude we need only show that F/,(0) = (1'(0), a'(0)) = (0, 2r,). That
A’(0) =0 follows immediately from the fact that A is even. On one hand, we know
from Theorem 1 that

2
= (rq +o0(1)) =™,
a

for a > 0. On the other hand, we have from (c) that

1
m(a(s)) —
e 5
Combining these two facts we get a(§) = 2r,8 + 0(5). This proves (a) and finishes the
proof of Theorem 5.

4. The slice of twist coordinate equal to % As it was already mentioned, in general

it is not easy to locate complex parameters (A,a) € C* for which the Arnold map fra
has a Herman ring. The main reason is that, as we saw, these parameters live in sur-
faces in C? isomorphic to disks, one for each fixed rotation number.

There are two exceptional cases where it is not so difficult to locate these parameter
values. The first one is the “real” or symmetric case, i.e., when the Herman rings are
symmetric with respect to the unit circle or, equivalently, the case where the twist
coordinate is equal to 0. Two facts make the computation easier: first, we know that
the unit circle is always an invariant curve in the ring, which allows us to compute the
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rotation number of the map; and second and most important, all these parameters lie
on the plane (or cylinder) {(1,a) e R/Z x [0, 1)}. Consequently we can apply, for
example, bisection methods to locate parameter values for which the ring exists and
has a given rotation number (see Section 5 for details).

The second exceptional case turns out to be the slice for which the twist parameter is
equal to 1 /2. That is, the two boundary components of the Herman rings are rotated half
a turn with respect to each other (see Section 3). Although the symmetry is broken in this
case (there is another kind of symmetry which we will describe later) we still have the
important property of having these parameter values located on a plane of C2, namely
{(r,a) e R/Z x iR}. This is exactly what we show in the following proposition.

Proposition 4.1. Suppose f, , has a Herman ring. Then, the twist coordinate equals
1/2ifand only if A e R/Z and a=iawitha e R.

Proof. For the proof we shall use again the rescaled Arnold family g, . Fix a rotation
number « € B. Recall from Theorem 3.2 that G, defines a holomorphic bijection
between D and D&, such that g, »s) has a Herman ring with twist coordinate given
by the argument of 8. More precisely,

O©) = Larg(é).
2

The image by G, of the interval [0, 1) is exactly the piece of Arnold tongue 7° QL, since
it follows from Theorem 3 and the injectivity of G, that those are the only maps with
Herman rings having twist coordinate equal to 0. But now let us look at the map G,
restricted to the interval (—1, 1). By holomorphy, both components, A(§) and a(3),
must be real analytic. The first one, §+— A(8) maps (0, 1) into S' or equivalently,
8+ t(8) maps (0, 1) into the reals (where A = 2™ 1t follows that the Taylor series
of #(§) must have real coefficients and hence, the whole image #(—1, 1) must be real.
The same argument shows that b(—1, 1) must also be real.

We conclude that parameters (X, b) for which the Herman of g;_ , has twist para-
meter one half (i.e., the image of (—1, 0) under G, ) lie in S'xR™.

To return to the non rescaled Arnold family, recall that F,(5) = (A(8), a(5)) where
(A(8), a(8)%) = G4(8%). By lifting we deduce that a(—1, 0) € iR and A(—1, 0) € S'.

To see the other implication, suppose that f; ., A €S', @ € iR has a fixed Herman

ring H. The map f; , has a symmetry f,\,a(—%) =% I(Z). So H is symmetric with

respect to 7(z) = — 1.

We claim that a linearizing map ¢ : H — {{ < |z| < r} will have this symmetry as well.
Indeed R, and f; , commute with 7, and hence the map ¢ =1yt : H — {} <lz|l <r}
is another linearizing map of H. With this normalization, such maps are unique up to post
composition with a rigid rotation, thus ¥ = Ry for some 6 € [0, 277). Now

YT =1tReY = Rot¥.
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Hence 1 = Rytt = Rop. It follows that 20 =0 mod 1 or equivalently, that 6 =1/2
or § = 0. But the first option is not possible because in such a case, Ry = t on the unit circle
and therefore v/t = ¥ on the equator of H, i.e.,on ¢! (S"). This would contradict with the
injectivity of ¢ and hence 6 = 0. We have then proved that Y7 = 7.

Observe that, as a consequence, every marked point in the boundary of H will have
the same property, from which we conclude that the twist coordinate mustbe 1/2. [

Although the symmetry with respect to the unit circle (or to the real line in the lift)
is lost for maps in this slice (where |A| =1 and a =ia, a € R), we just saw that another
symmetry appears. Indeed, it is easy to check that

1 1
Fria <_ 2) B _fk,ié(c)

and that the lift F; ;3(z) =z + 1+ i 55 sin (27r7) satisfies
Fiz(z+m)=F a(z)+m.

As a consequence, the two critical points of the lift (seen in the cylinder) which are
located at

w :z—i arcsinh (1) and w, = 3—” + i arcsinh (1)
2 a 2 a
do not have independent dynamics (as in the general case). It then makes sense to
compute a (¢, a)—plane picture where we check if the orbit of the critical point escapes
to infinity or otherwise remains bounded. The result is shown in Figure 8, where we
have also superposed the rational tongues of rotation number 1/4, 1/2 and 3/4 and the
irrational curve corresponding to rotation number equal to the golden mean (see
Section 5.4 for the algorithms).

Figures 4 and 5 show the dynamical plane for two of the parameters in the irrational
curve while Figures 6 and 7 correspond to the lifts of these.

We observe from Figure 8 that many of the rational tongues do not seem to cross
this slice. For example, it is easy to check that none of the maps in this parameter plane
can have an attracting fixed point, and therefore, there is no zero — tongue emanating
from the point (0, 0). Similarly, there does not seem to be any rational tongue of odd
denominator attached to the bottom line a =0.

5. Numerical algorithms. In this section we describe the numerical algorithms
used to create the pictures in the paper. The methods are quite general and may be used
to compute the same type of pictures for other families possessing a cycle of Herman
rings (or Siegel disks) as long as it is the only existing periodic Fatou cycle.

We start by assuming we already know the parameter values for which the map has
a Herman ring H. Later on we shall see how to compute them, but first we see how to
draw a dynamical plane picture with these given parameter values.
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Figure 8: (¢, a) — parameter plane where the map f; ,, is iterated to check if the critical
orbits seem to remain bounded (dark grey). Range: [0, 1] x [0, 2]. All Herman rings of
maps in this slice have twist parameter one half. Superposed, we find the rational tongues
of rotation numbers 1/4, 1/2 and 3 /4 and the irrational curve corresponding to rotation
number equal to the golden mean. See Section 5.4.

Escaping algorithms usually work poorly for holomorphic maps of C* (i.e., those
with essential singularities at 0 and 0o). It is common for their Julia set to have posi-
tive measure and it therefore appears very thick. Moreover, exponentiating repeatedly
makes overflows and underflows appear too often and too soon.

The algorithms used here to draw the dynamical planes are of a different nature.
Given a pixel, we ask wether the corresponding center point eventually falls inside the
Herman ring, in which case it is painted in white. Pixels which do not satisfy this pro-
perty are painted in color.

To be able to answer this key question we must first find what we call a base domain
of the Herman ring, i.e., a set A inside the ring satisfying the following: every point in
the Herman ring has an orbit which eventually intersects A. These base domains are
of a different shape depending on the map we work with.

In all cases, we use the following important fact: the orbit of the critical points accu-
mulates on the boundary of the Herman ring. Hence, we always can compute two lists
of points that correspond to the critical orbits. These points are drawn in the picture so
the boundary of the ring is outlined.

5.1. Symmetric Herman rings (Figure 2). In this case we look for a base domain
in the form of a true annulus around the unit circle, since we know that the unit circle
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fxs
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Figure 9: Herman rings with rotation number equal to the golden mean, for the
map fi , for chosen parameters (¢, a) =(0.614526385907, 0.5) (left) and (t,a) =
(0.610074404161, 0.8) (right) where . = exp(2mit). The base annulus is drawn inside
each of the rings. Range: [—8, 8] x [—8, 8]. Compare to Figure 2.

is always completely contained in the ring. To find the width of the annulus we use
the symmetry of the ring. Indeed, we find the point on the outer boundary which has
the smallest modulus, say r > 1. Necessarily, the reflexion of this point with respect
to the unit circle is the point on the inner boundary with the largest modulus, % Then
every orbit of H meets the annulus A = {% <|z| <7} and therefore A is a base
domain. See Figure 9.

5.2. Siegel disk (Figure 3). If the invariant Fatou component is a Siegel disk with
center p, we may look for a base domain in the form of a disk, centered also at p. To
find its radius, we choose from all the points on the boundary of the disk (i.e., the criti-
cal iterates) the one that is closest to the center of the disk, say at distance r. The disk
D(p, r) is a base domain, and all invariant circles must cross the radial segment that
joints p with the closest point on the boundary. See Figure 10.

5.3. Non-symmetric Herman rings (Figures 4 and 5). This is the hardest case
since we do not know a priori the location of the Herman ring in the dynamical plane,
nor any orbit (or any point, for that matter) contained inside the ring. We do have,
however, the lists of points that correspond to the approximated boundaries of H. We
will choose a base domain in the form of a round disk with the condition of being
entirely contained in H and touching both boundaries. To do this, we need to find the
minimum (at least a local minimum) of the distance from points on the outer boundary
to points on the inner boundary. One can do this, for example, by picking a point in the
first list (outer), say p;; then finding the closest point to p; in the other list (inner), say
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Figure 10: Siegel disk of the function E,(z) = 2™ 70t with rotation number «,
equal to the golden mean. The base disk has been drawn inside the disk. Range:
[—2,2] x [-2,2].

q1; then the closest point to g in the first list, say p,, etc. We stop once the points do
not change any more, and hence we have a pair (p,, g,) whose distance between each
other is at least a local minimum in the following sense: no point in the inner boundary
is closer to p, than g,; and viceversa, no point in the outer boundary is closer to g,

{,_‘(.
]

Figure 11: Herman rings of rotation number equal to the golden mean, in the
dynamical plane of f; ., where (A, a) = (e¥70622359931841 () 5i) (left) and (A,a) =
(£%710:642219660059 'y (right). The base disks has been drawn inside the ring.
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Figure 12: Lifts of the Herman rings in Figure 11, in the dynamical plane of
Z+> z+1+ 5-sin(27z). The base rings have been drawn inside the Baker domain.

than p,. This assures that the disk of radius |p, — ¢,|/2 centered at the middle point
between p, and g, is completely contained in H and touches the two boundaries. See
Figure 11. A similar computation can be made for the lift of these rings as it is shown
in Figure 12.

5.4. Parameter space: finding parameters for a given rotation number. To draw
the images in this paper, we needed to locate parameters in a given parameter slice for
which fj , has a Herman ring with a given rotation number, say «. We observe that if
Jro.a, has a Herman ring with rotation number « of bounded type, then the quantity

n
Ft(,,ao (wlo,ao)_wloyao

n

p;:),ao (a)to,ao) =

has limit «, where @y, 4, € 0H is a critical point and A¢= 2™ Also, if ft.q has an
attracting periodic cycle, then p} (@, ,) tends to a rational number. Hence we expect
pff’a for a given N large, to be close to a real number for a substantial part of parameter
space.

Suppose we can find (#,ap), (¢1,a;) such that pg,ao and pf‘l’,al are close to being
real and

Re(pg’ao) <a< Re(,oﬁ"al).

We then pick points randomly on the segment between (#y,a0) and (#;,a;) until we
find (#2,a;) such that pg «, 18 close to being real, and replace one of the previous pairs
by this pair, as in the classical bisection procedure. If we manage to find parameters



182

Niiria Fagella and Christian Henriksen

for which pﬁ’a is almost real, the continuity of ,ona guarantees the convergence of

pﬁZ ., towards o, if the length of the segments decreases to 0.
We do not claim this to be a fullproof method; it is a heuristic one that seems to work
reasonably, especially for initial values (¢y,ao), (¢1,a;) with Re(ap) and Re(a;) small.
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Stretching rays and their
accumulations, following
Pia Willumsen

Tan Lei
Dedicated to Bodil Branner’s 60th birthday

Abstract. Pia Willumsen did her graduate work with Bodil Branner. Willumsen has written a very beautiful
Ph.D. thesis, [W], containing many interesting results. They have, however, remained unpublished up to
today. We present here a short account of some of Willumsen’s results, sketch some of the proofs, as well as
some immediate extensions. The main topic is stretching rays, which is the analogue in higher dimensional
parameter space of external rays of the Mandelbrot set. In the space of cubic polynomials, the interaction of
the two critical points create new and interesting phenomena. A typical case deals with maps with a parabolic
basin containing both critical points. The results we present here provide necessary conditions for accumu-
lation and landing of stretching rays to these maps. Also, discontinuity of the wring operator on the cubic (in
contrast to quadratic) polynomials, is proven.

1. Definitions and statements. All polynomials in this article will be monic and
centered, of degree greater than or equal to 2.

Let P be such a polynomial. Let i be a P-invariant Beltrami form with ||| ;0 < 1.
It induces a family of P-invariant Beltrami forms #- ¢ for # running through the unit
disk D. Obviously ||¢- ]| 0 <|t| < 1. One can thus apply the Measurable Riemann
Mapping theorem to this #-analytic family of Beltrami forms.

For t €D, we will define x, to be the integrating map of ¢- u normalized so that
x : D x C— C is a holomorphic motion and that the new dynamics P; := x, o P o X!
is again a monic centered polynomial for each 7.

Thus the pair (P, i) induces an (analytic, see e.g. [PT]) family of quasi-conformal
deformations of P. We are interested in the boundary behavior of such deformations.

A fundamental choice for u ([W, §5]) is the following: denote by p the Bottcher
coordinates defined on a neighborhood U of co, normalized to be tangent to the iden-
tity at oo, and by B(o0) the basin of co, define

p(2) = { (logoppo P")*d—i for z € B(00) and for large n such that P"(z) e U
pl2) = :
0

: for z¢& B(oc0)

One can check easily that the definition is independent of the choice of #. In this case
the holomorphic motion on the dynamical plane x:ID x C— C is called Branner-
Hubbard motion, and the induced operator S': (¢, P) — P, on the parameter space is
called wring operator.
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Figure 1: Ellipses of tu p in the dynamical plane, in the Bottcher coordinates and in
the log-Bottcher coordinates.

Geometrically, tu p corresponds to an ellipse field supported on the basin of co
of P, with constant ellipticity, and with the major axis of the ellipse tangent to the
external rays when —1 < < 0 but orthogonal to the external rays when 0 <7 < 1.
See Figure 1. As —1 <t <0 and ¢ \, —1, the ratio of major to minor axis tends to
oo. In this case, as the corresponding integrating map x, maps these ellipses to
circles, it therefore ‘pushes’ the points closer to the filled Julia set along the exter-
nal rays.

The real locus S(P) = {S(¢, P), r € 1—1, 1[} is called the Stretching ray (or in short
S-ray) through P. As ¢ ™\, —1, the eventual escaping critical points of P, get closer and
closer to the filled Julia set, so that the polynomials P; accumulate to the connected-
ness locus of polynomials of the same degree. If an escaping critical point of P sits on
a periodic external ray, one should expect a creation of parabolic points as r \, —1 in
order to capture this critical point.

It is quite easy to check that for P in the quadratic family z — z% + ¢ with discon-
nected Julia set, the stretching ray through P is exactly the external ray through P of
the exterior of the Mandelbrot set. And if the escaping critical point of P sits on the
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Figure 2: The slice Per;(1) and its subset .4, which is the two large white butterfly
wings.

O-external ray, the stretching ray P, converges to the cauliffower polynomial
Q@) ="+ 1.

In general, a stretching ray may, or may not, land on a point of the connectedness
locus. One may thus study the accumulation points of such a ray. This paper focuses
on necessary conditions on the pairs (P, Q) such that S(P) accumulates to Q and such
that creation of parabolic points occur at Q.

In the quadratic case, if S(P) accumulates to the cauliflower polynomial
Q@) =2+ }—P then the dynamical 0-external ray of P must branch at the critical point,
consequently S(P) coincides with the 0-external of the Mandelbrot set and S(P) actu-
ally lands at Q. This non-trivial fact is closely related to the local connectivity of the
Mandelbrot set at %, and has several proofs in the literature. See for example [T], and the
remark below.

The situation in the cubic case is considerably more complicated, due the presence
of the two critical points. And this is precisely the focus of the present study.

Denote by A the set of cubic polynomials such that both critical points are con-
tained in the same immediate basin of a parabolic fixed point of multiplier 1 (therefore
with a Jordan curve Julia set and all other periodic points repelling). These polyno-
mials are called cubic cauliflowers. Two examples of such Julia sets can be found on
the right column of Figure 5. And the parameter set A is represented, in some suitable
parametrization, in Figure 2, as well as in the middle picture of Figure 5.

The main purpose here is to study necessary conditions on a pair (P, Q) of cubic
polynomials so that Q belongs to .4 and is accumulated by S(P). We study also the
continuity or non-continuity of the map (¢, P) — S(z, P).
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Figure 3: The lemniscate in A indicates the parabolic attracting locus.

Following A. Epstein, a polynomial Q € A is called parabolic attracting if any
nearby map has an attracting or parabolic fixed point. Such polynomials are repre-
sented in Figure 3.

Here is the first main result: denote by Acc(S(P)) to be the set of accumulation
points of S(P) ast \, —1.

Theorem 1.1. Let (P, Q) be a pair of cubic polynomials such that Q € Acc(S(P))NA
and Q # P. Then

1. All periodic points of P are repelling and Q is not parabolic attracting (W, 6.5]).
II. The filled Julia set K p of P is a Cantor set ([W, 7.13]).

III. (exchange O and % if necessary) The 0-external ray of P branches at a critical
point of P ([W, 7.5]); the left and right limit O-ray (see definition below) land at
two distinct fixed points of P, which collide to the parabolic fixed point of Q at
the limit; the %-ray of P lands at the third fixed point, and at any other periodic
point of P lands exactly one external ray, which is periodic.

IV. For the other critical point of P, either
a) it escapes and falls eventually into the 0-external ray; or
b) it is the landing or branching point of a 0-external ray, with an angle 0 satisfy-
ing {3%6, k e N} % 0 but {3%0, ke N} > 0.

Conjecturally Case b) never occurs.

Two examples of the pair (P, Q) can be found on the top and bottom row of Figure 5.
The branching 0-external ray for P, and the 0-external ray for Q are also drawn.
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Remark. As mentioned above, there is a similar statement in the quadratic setting
(the part IV is void). Only part III is non trivial. Most of the existing proofs in the liter-
ature depend on the global combinatorial structure of the quadratic family. But the
proof of Part III presented here can be easily adapted to give a purely intrinsic proof of
its quadratic parallel.

A theorem of Branner-Hubbard shows the continuity of the wring operator
restricted either to the cubic connectedness locus or to the cubic disconnectedness
locus ([BHI, §9]), in fact it acts trivially on the connectedness locus. However, the
second main result presented here claims:

Theorem 1.2. The map (¢, P) — S(t, P) is continuous in the space of quadratic poly-
nomials, but is discontinuous on the cubics, more precisely at some points in D x A
(IW,5.7,5.8)).

Further necessary conditions on landing or accumulation of S-rays to 4 in terms of
Lavaurs maps will be given in §4, as well as the proof of Theorem 1.2. The proof of
Theorem 1.1 isin §3.

The following concept and result will be interesting for further research in the topic,
but will not be needed nor proved in the present paper. For a given (polynomial,
invariant Beltrami form) pair (P, ), and x, the suitably normalized integrating maps
of ru, the associated initial speed of x, and the ground wind at P relative to u are
defined by

d d
=— P =—P, .
7(2) er’(Z) ) w(P, 1) a’l_,

Proposition 1.3 ([W, 5.18]). Assume p agrees with wp on the basin of infinity. We
then have

w(P,p)=t0oP—P 1.

2. Necessary conditions for accumulation.

2.1. Generalized external angles and rays. We need to generalize the notion of
external rays, angles etc. to polynomials with disconnected Julia set. Let P be such
a polynomial, say monic and centered of degree 3. There is a unique univalent map @p,

the Bottcher coordinate, defined at least in a neighborhood of oo, conjugating P to

7> z* and satisfying WT(Z) — 1 as z — o0o. Denote by v/ the inverse map of ¢ p. Then
the maximal domain of definition of v is the complement of DU Yp, where Yp is the
union of finitely many radial segments {[1, 5] - €*"%} together with their successive
preimages under the iteration of z*, and ¥ extends continuously to the tips of segments

in Yp. For 6 € T define the 6-ray by

Rp(0) = ¥ p({1rg, +ool - ¥™})
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where ry is the minimal value possible. It is said to be branched with branching
point ¥ p(rg - €*™%) if ry> 1; unbranched otherwise. It lands at a Julia point a if
a = limy; ¥p(re*™). Due to the countability of radial segments in Yp, the following
limits exist and are called left and right limit 6-ray:

Ry ©)= | J{ lim, Y p(re™ 0Ty,
>1 4

See the middle top and middle bottom pictures in Figure 5 for examples of left and right
limit O-rays of cubic polynomials.

These limit rays are canonically parametrized by r > 1 and preserved by P, in the
sense that P(R}(0)) = R} (36) and P(Rp(9)) = Rp(30). Now we define the external
angles arg(a) and the generalized external angle Arg(a) by:

arg(a) := {0 | Rp(0) lands at a}
aeKpd N
Arg(a) ={6 | R5(6) or R5() lands at a}

arg(a) :={6 | a € Rp(#) U {branching point}}
a ¢ Kp N
Arg(a) =={0 | ac Rz (O) UR,(0)}.

Clearly
3. Arg(a) C Arg(P(a)). ()

Some of these sets might be empty. In case that K p is connected, we have Yp =10,
R,:f (6) = Rp(0) for every 6 and arg(a) = Arg(a) for every a.
Define also

per — arg(a) := {0 periodic | Rp(0) lands at a}. 2)

2.2. Fundamental properties of accumulation of a stretching ray. Let (P, Q) be
a pair of monic centered polynomials of same degree, with Q € Acc(S(P)). Letz, \, —1
be a sequence such that the polynomials P, := S(#,, P) converges algebraically to Q. We
compare here critical points and periodic points of P, P, and Q.

(Most results below are also valid under the more general assumption that P, — Q
algebraically and P, are qc-conjugates of a single map P, not necessarily coming from
stretching).

Let « be a periodic point of P. Itis associated with a triple (m, A, k), with:

e m =period of =: per(«);

e A :=(P")(a) = the multiplier of ; and

e k = the multiplicity of «, as root of P"(z) —z=0.

Recall that x, is a gc-conjugacy from P to P,. Let a, := x, (o) denote the corres-

ponding periodic point for P,. Its associated triple (m,,, A,,, k,) satisfies m, =m and
k, =k, but A, might be depending on n.
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Taking a subsequence if necessary, we may assume «, — o’. Clearly o is again
a periodic point of Q, of period a divisor of m. We denote its associated triple by
(m’, ', k'). Thus m'|m. We look for further relations between these triples. We look
also for possible relations between critical orbits of P and those of Q.

We group the various notations in one tableau:

See Table 1 for a summery of some of the following result.

(m, 1) (m,=m, A,) m', \) (period, multiplier)
a oy = X, (@) sub-sequence o periodic point
P S(P)> P, — 0
w Wy = X, (W) sub-sequence Wo w escaping critical point
0 0,=6 ? escaping critical angle

Proposition 2.1. In the above setting,

1. The escaping critical angles for P are preserved along S(P), as well as the ratio of
escaping critical potential levels (i.e., real part in the log o  g-coordinate).

2. More generally a point z and x,(z) have the same set of generalized external
angles.

3. IfIM <land A # 1, then (m, A, k) = (m’, M, k') = (m, A, 1) (W, 7.1]).

4. If M =1 then m' =m, and either |\| > 1 or A = 1. On the other hand, if . =1 then
eitherm=m'and M =1, orm>m/, \' #1 and \w = 1([W,7.2)).

5. Any critical relation of P is preserved to Q (maybe with a divisor period).

6. The map Q has a connected Julia set. All rational rays of Q land. For every
parabolic or repelling periodic point 7' of Q, we have arg 0 (z") non empty and con-
sisting of only periodic angles (see [Mi] and [Pe]). If P has connected Julia set then
S(P)={P} and x,|g, =id ((BH1, 8.3], see also Lemma 4.1.a) below).

7. If M| <1 then (m, A, k)= (m',\', k') = (m, A, 1). Consequently if o is repelling
then &' can’t be attracting.

8. If|M| > 1 then|\| > 1 and (m, k) = (m’', k') = (m, 1) (but maybe A # 1"). Moreover,
for the non-generalized external angles:

per — arg p(a) = per —argp (o) D argQ(a/) # 0.

Furthermore, the inclusion D becomes an equality iff for any 6 € per — arg,(«), the
ray R () for the polynomial Q does not land at a parabolic point of Q.

9. If a periodic ray Rp(6) of P branches then the corresponding ray R (0) for Q
lands at a parabolic periodic point (see Figure 5 for examples).

Proof. By uniform convergence, Q" (') =a’. So m'|m and

lim k= lim (B () = (Q")'(@) = (@) @) =) @)

n—oo
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Points 1 and 2 are due to the definition of the wring operator.

Point 3. The fact that m,, = m is due to the global qc-conjugacy x,, . We prove at first
An=Afor |A| < 1.If |A| < 1, @is an attracting periodic point and the complex structure
is not deformed in the attracting basin. So x, is a local conformal conjugacy and
Ap=A. If [A] =1, the map y, is a topological conjugacy and the multiplier is pre-
served by a (highly non-trivial) theorem of Naishul (see [Na] or [P-M]).

Assume now [A| <1 and A # 1. Then (A )% = A by the above argument and lambda,
so A" # 1. By Rouché’s theorem, in a neighborhood of o’ and for n large, P has
aunique fixed point u,,, and PZ’/ has a unique fixed point v,. But m’|m. So P (v,) = v,.
By unicity, u, = v, = a,. But per(v,) <m' <m = per(a,). It follows that m’ =m and
A'=A.The part k =k’ =1 is easy.

Point 4. Assume A'=1. By Point 3, either |A|>1 or A=1. We want to show
m' =m. Set o' =0 for simplicity. Let k be the multiplicity. The local expansions of

Q’"/ and Q™ are:
’ m
Q" (@=z+a+ -; Q"@=z+ — a*+ - a#0.
Applying Rouchés theorem again, we get that in a neighborhood of o’ and for n large,
P has exactly k fixed points (counting with multiplicity) u}, u2, ..., u* (one of them
must be o). And P,’l”/ has exactly k fixed points (counting with multiplicity)
vl 2, vk But m'Im. So vl =, for some i. But per(vi) <m’ <m =per(a,). It

n’:

follows that m' = m.

On the other hand, assume A = 1. Then A, = 1 and ()= = 1 by the proof in Point
3.1fm'=mthen ) =1.If m’ < m then ) # 1 by the previous paragraph.

Point 5 is easy.

Point 6. The map Q has no escaping critical points, so has a connected Julia set.
The rest are proved in the given references.

Point7. [A| < 1= |A,| < 1= A =X, =" and m’ = m (due to Point 3).

Point 8. [A/| > 1 == |A,| > 1 == |A| > 1 due to Points 3 and 4. The fact that m’ =m
is because A # 1. Now Point 6 gives that arg,(a’) # () and consists of only periodic
angles. The set {&/'} U Uyc yo(eyR0(6) undergoes a holomorphic motion. So for
0 € arg Q(a’ ), for P, close to O, and for o, the perturbed periodic point, Rp, () con-
tinues to land at ar,,. But arg p (o) = arg p (o). So per —argp(a) D arg, (o).

Finally for 6 € per — arg(«), we know that 6 is periodic, thus the ray R (6) does
not branch and lands at a repelling or parabolic point z’ (Snail Lemma, see for example
[P-M]). If 7’ is repelling then by above there is a periodic point z of P with 6 € arg(z).
Asaconsequence z=w and ' =a'. So 6 € arg, ().

Point 9. Again Ry (6) must land and lands at a repelling or parabolic point. The rest
follows from Point 8. See Figure 5 for examples of such pairs (P, Q). O

Table 1 summarizes the results in Proposition 2.1 about relations between a poly-
nomial P with disconnected Julia set (on the left) and an accumulation point Q of its
stretching ray (on the right).
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A P eQ”iC,C ¢ Q — = | N= 6271'7',(7< ¢Q N
m = per(«a) m’ = per(a)
Al >1 — [N > 1
m>m
)\ — 627ri(7 /\/ — 627”(’
(eqQ\z (eQ\z
m>m
A=1 A N=1
Al <1 —_— N <1

Table 1: In most cases we have m = m'. The only exceptions are the two diagonal
arrows which are specially labeled.

The next result establishes Part I of Theorem 1.1:

Corollary 2.2. Let (P, Q) be a pair of cubic polynomials such that P # Q€
Acc(S(P)) N A. Then all periodic points of P are repelling, and Q is not parabolic
attracting.

Proof. Note that P can not be in the connectedness locus, for otherwise S(P) =
{P} =Acc(S(P)) Z Q by Proposition 2.1.(6). We use the fact that Q has a unique
non-repelling periodic point 8/, whose associated triple is (1, 1, 2), i.e., it is fixed with
multiplier 1, and the multiplicity of f as a root of Q(z) — z = 01is 2 (this follows from
the assumption that both critical points of Q are contained in the same attracted basin
of B, so that 8’ has only one Fatou petal).

Let o be a periodic point of P, of associated triple (m, A, k). We want to prove that
[A]> 1.

As indicated at the beginning of this section, and due to Proposition 2.1, the point
a induces a periodic point o’ of Q, whose associated triple (m’, A’, k') is related to
those of « following Table 1. On the other hand, we know from the property of Q that
either |\'| > 1lore’ =g and A’ =1.



192 Tan Lei

We conclude immediately that either || > 1 or A = 1 by Table 1.

Assume A= 1. By Table 1, either m=m' and A’ =1, or m >m’ and )’ is a non-
trivial root of unity. Again the latter case is not possible for our Q. So m =m’ and
A’ =1. This implies that o/ =8 and m =m’ = 1. Thus P is in the space Per;(1) of
cubic polynomials having a fixed point of multiplier 1 and P has a disconnected Julia
set. But then S(P) accumulates to the boundary of the connected locus in this space,
which is disjoint from .A. This is a contradiction to the fact that Q € Acc(S(P)) N A.

We conclude then |A| > 1. Therefore all periodic points of P are repelling.

Now let P, € S(P) with P, — Q. If O were parabolic attracting, some P, would
have an attracting or parabolic fixed point. On the other hand, P, is a qc-deformation
of P. So, as P, all periodic points of P, are repelling. This is a contradiction. [

Lemma 2.3. [fa critical point w of P has a rational generalized external angle 0 that is
not a preimage of the 0-angle, then Acc(S(P)) N A ={).

Proof. If w e dKp then it must be strictly preperiodic. And this critical relation is
preserved to any Q € Acc(S(P)), by Proposition 2.1.(5). This implies Q ¢ A, for other-
wise both critical points of O would be contained in the attracted basin of a parabolic
fixed point and would not be preperiodic.

Assume now w & Kp. Assume there is Q € Acc(S(P)) N A. The fact that Q € A
implies that the 6-external ray of Q lands at a prerepelling point. This ray is therefore
stable under perturbation, by Proposition 2.1.(8). This means that for any polynomial
sufficiently close to Q, its f-external ray is unbranched and lands at a prerepelling
point, in particular it does not contain critical points. On the other hand, the fact that
Q € Acc(S(P)) implies the existence of a sequence of polynomials P, converging to
0, such that the 6-external ray of P,, as that of P, contains a critical point. This is
acontradiction. [

3. Proof of Theorem 1.1.
Proof. Assume P # Q € Acc(S(P)) N A. Part I is already proved in Corollary 2.2.

IL. If both critical points of P escape, then K p is a Cantor set (this is classical). If
instead only one critical point escapes, then, letting L be the filled-Julia-component
containing the non-escaping critical point, either K p is a Cantor set or L is m-periodic
for some m, in which case P™|; is hybrid equivalent to z> + ¢ for some c in the
Mandelbrot set. This is due to Branner-Hubbard theory for cubics ([BH2, 5.3]).

Assume by contradiction that L is m-periodic.

Then the hybrid equivalent quadratic polynomial z? 4 ¢ has a fixed point & which is
either non-repelling or repelling without 0 as an external angle. This fixed point
corresponds to a m-periodic point « for P. Let P, = S(¢,, P) so that P, — Q. Then
o, = x,, (o) has a limit o (taking a subsequence if necessary). Denote by (m’, 1", k')
the associated triple of o'. It is related to that of « following Table 1.
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We use the fact that Q has a unique periodic point 8 with associated triple (1, 1, 2),
and all other periodic points are repelling. So either o' = 8 and (m’, ', k') = (1, 1, 2),
or M| >1.

Assume at first m > 1. By Table 1 we can not have bothm’ =1 and A’ =1.So o’ # 8
and |A/| > 1. By Table 1 again we have m’ = m. As the Julia set of Q is a Jordan curve,
arg,, (&) consists of a unique angle 6, which has the same period . By Proposition 2.1.(8),
6 € arg p(r). Now the hybrid conjugacy sends the germ of Rp(6) to a fixed external access
to & for the polynomial z2 + c. This in turn implies (using the Bottcher coordinates for
7% + ¢) that the O-external ray lands at &, contradicting the choice of &.

Assume now m = 1. Assume first ¢ = i. In this case P is in the Per; (1) slice and
S(P) accumulates to the boundary of the connected locus in this slice, which is dis-
joint from A, and thus gives a contradiction. Assume now & is an attracting or neutral
fixed point (with multiplier ## 1). Then &’ has the same property by Table 1, and is
again not possible for our Q. Assume finally & is repelling with at least two external
rays. Then « is repelling for P. By Table 1 the point ¢’ is either repelling (and fixed) or
parabolic with multiplier 1. The former case is excluded due to the same argument as
in the case m > 1. So we are left with the case that &’ = g’ is the unique parabolic fixed
point of Q. By Theorem 1.(3-4) in [LP], Argp(ex) ={61,...,6,} with p > 1 and all
6; periodic. The case p =1 can be treated as above. If p > 1, there is one 6; that is not
the 0-angle, and R (6;) lands at a repelling periodic point z’ # «'. Due to the stability
of Ry (6;) under small perturbation, for n large, Rp,(6;) is unbranched and lands at
a point z, tending to z’. On the other hand, an unbranched ray is unique, so
Zn = Xy, (@) = &, — . This is again a contradiction.

III. We group the various notations in the next tableau.

v | | Yn | | ' arepelling fixed point
UeeAn Rp(0) ‘ ‘ UeeAn Rp, (0) ‘ ‘ UeeAn Ro(0), n>0
does not contain does not contain does not contain
a, B Xt,, Qs B, n — oo | 3 parabolic fixed point
P — P, — Q
Z#aaﬁ th(Z)#Oén,ﬁn Z/#ﬁ/

Choose P, = S(t,, P) with P, — Q ast, \, —1. As Q has a Jordan curve Julia set,
every external ray lands, and different rays land at distinct points. Recall that g’
denotes the parabolic fixed point of Q with multiplier 1. Assume Ry (0) lands at
B’ (otherwise exchange 0 with %). Denote by j’ the landing point of R ( %).

Clearly ¥’ # B and /' is arepelling fixed point. Apply Proposition 2.1.(8) to 3, one
proves that Rp( %) lands at some point y, and x, (y) =: y, converges to y'.

By part II, K p is a cantor set. Thus all fixed points of P are simple. There are there-
fore a # B two fixed points of P distinct from y. Set o, = x, (@) and B, = x, (B).
They are distinct from y, and are bounded away from oo. Further the limit of any



194 Tan Lei

convergent subsequence of «, must be a fixed point of Q, distinct from )’ (as in
aneighborhood of y’ there can be only one fixed point of P,, which s y, ). But the only
fixed points of Q are B’ and y'. Thus the entire sequence o, converges to 8. We have
Argp(a) = Argp (o) due to the stretching properties of x,. Similarly for 8, 8,. By
Corollary 2.2 both «, B are repelling.

Claim 1. The set Arg () is non-empty, closed, and satisfies: 3 - Argp(«) C Argp (o).

Proof. The inclusion is due to the fact that P(«) =« and (1). The rest follows from
[LP, 2.1] (or [W, 2.10]) (in fact when K p is a Cantor set, every left or right limit ray
lands, and every Julia point has a non-empty compact set of generalized external
angles, by pulling back disks with equipotential boundaries).

Claim 2. We have 0 € Argp(«).

Proof. For any fixed n > 0 set

Ay={0€T | dr(36,0) = n for all k},

et let X, be the set of landing points of Ry () for all € A,. Then f'¢X,U
Use A,,RQ(G) and X, is a compact hyperbolic subset ([ST], Theorem 1.2). Furthermore
Xy U Upea, Ro(6) undergoes a holomorphic motion over a small neighborhood of

Q, preserving the dynamics. Therefore for n large, the ray Rp, (0) is unbranched for
allf e A, and

an B, & | Re, 0.

e A,
(And the right hand set does not contain critical points of P,). So
( U A,,) NArgp () = 0.
n>0

The same is true if we replace Argp (o) by Argp(@) as the two sets are equal. But
Argp() is closed, non-empty and forward invariant by angle tripling (by Claim 1). So

6 € Argp(a) = 3%0 € Argp(a) = {340, k e N} C Argp(ar) = 0 € Argp(a),

where the last implication is due to the fact that 6 ¢ |
Claim 2.

»>0 Ay- This ends the proof of

Similarly one shows 0 € Arg(B). So 0 is a generalized external angle for both & and B.
This means that the O-ray of P is branched at a critical point, that R (0) land at two
distinct fixed points which collide to the parabolic fixed point of Q in the limit.

Now let z # a, B be any periodic point of P. Let z’ be a limit point of x, (z). Itis
a periodic point for Q. We now show that 7' # 8. If per(z) =1, then z=y and



Stretching rays and their accumulations, following Pia Willumsen 195

7=y # pB. So we may assume m := per(z) > 1. Either per(z’) <m then 7’ is
parabolic but with multiplier distinct from 1 (Table 1). This is not possible for Q. Or
per(z’) =m > 1.Inthiscase 7’ # 8.

As all periodic points of Q other than g’ are repelling, sois z’. As Q| o 1s topologi-
cally conjugate to z°| g1 we have arg, (z) = {¢'} and ¢’ is m-periodic.

Now let 6 € arg»(z) be periodic, that is the ray R p(6) does not branch and lands at z.
Clearly 6 # 0 as the O-ray branches. But Ry (6) always lands and lands at a distinct
point than the landing point of R (0), which is B'. Therefore R (6) lands at a non para-
bolic point. So the equality in Propostion 2.1.(8) holds for z and 7', i.e.,

{0 eargp(z), O periodic} ={0'}.
To prove that arg(z) = {¢'} we just need to apply the (non-trivial) result [LP,
Theorem 1.4].

IV. Let w be a critical point of P, escaping or not. The fact that K p is a Cantor set
ensures that Arg p(w) # () (see Claim 1). Let 6 € Argp(w).

Case 1. There is N such that 39 =0. Then w must escape for otherwise PN*!(w) =
P (w) and this critical relation would have persisted to Q. This is Case a) of the theorem.

Case 2. There is n> 0 such that 6 € A,,. This is not possible due to the argument in
II1, similar to the proof of Lemma 2.3.

Case 3. The orbit of 6 does not meet O but accumulates to 0. In this case either w & K p,
in which case the §-ray branches at w, or w € K p in which case Arg(w) = arg(w) # 0.
This is Case b) of the theorem. Conjecturally this case never occurs. [

4. Lavaurs maps, Fatou vectors and Theorem 1.2.

4.1. Lavaurs maps and enriched Branner-Hubbard motion. In this subsection,
denote by Q a monic centered polynomial of degree d, with connected Julia set and
with a parabolic fixed point 8 of multiplier 1. We will define the following objects
related to Q:

(0.8, B(B). Ko, Bo(00), 00 ¥o. ©5. V. 85) 4)
where:

B(p') is an immediate basin of §';

K ¢ is the filled Julia set

B (00) is the basin of oo;

o denotes the Bottcher coordinates of Q near oo, tangent to the identity at co. As
K is connected, the map ¢y extends to a conformal homeomorphism from Bg(oc0)
to C\D.

o Yy C\D — Bg(c0) denotes the inverse of .
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o @, denotes the attracting Fatou coordinates. More precisely, it is at first defined and
univalent on an attracting petal of 8’ satisfying ¢, 0 Q=T 0@, Itis then extended
to the entire basin B(B') using the functional equation (and is no more univalent).

° <I>“é denotes the repelling Fatou coordinates. It is at first defined and univalent on
arepelling petal of 8 satisfying @/, 0 Q =T} o ®.

° \I!JQr denotes the inverse of this local <I>5. It is then extended to the entire plane C
using the functional equation Q o \IIJQr = \IlJQr o T} (and is not globally univalent).

e T, denotes the translation z — z + x, in particular 7; is the translation by 1.

e For 6 € C, the Lavaurs map g; of lifted phase &, is by definition \II*Q' 0T50®,. It
satisfies gz 0 O = Q o g;.

The Fatou coordinates ¢ 5 are uniquely defined up to post-composition of a transla-
tion. We may for example choose the following normalizations:

@, has an inverse branch mapping the right half plane univalently onto a region
U ¢ whose boundary contains B’ and a critical point wq (in some sense wy is the ‘closest’
attracted critical point), and CIDé (wg) =0;

U5(0) =y(e) for some x> 0 (in other words W, (0) is a point on the 0-ray of
0), and \I/‘é is univalent on the left half plane.

The various maps and change of coordinates are sketched in the following
commutative diagram:

Ts

C/iz — CJ/z

l il

c 5 o 5 o Do
5 o5 24} |ws
BB) — BPB) — C — C

(Y] 86 (Y]

U U

Bp(oo) — Bp(c0)

Qo
Vol 1o
C\D — C\D
l,l ll,:z|—>z~|z|%

C\D — C\D

zd

In the above diagram, the sets C* are two different copies of the complex plane.
The map 7 denotes the natural projection from C to C/Z. For o the class of ¢ in C/Z,
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the map 7, denotes simply the quotient of 7;. For t €D, the map [; : z+> z - |z|%,
C\D — C\D, is a quasi-conformal map commuting with z¢.

We may now describe the Branner-Hubbard motion of Q as follows: One checks
easily (see for example [PT]) that the complex structure ¢4, defined in §1 coincides
with the pull-back of the standard structure by /; o ¢op. We use as in §1 the map y;, to
denote the integrating map of fu, uniquely normalized so that x,Q x; ! is again
amonic centered polynomial.

Part a) of the following Lemma in contained in [BH1, 8.3] (we include a sketch of
its proof for completeness). The rest part of the following two lemmas are inspired
from [PT, §4.2].

Lemmad4.1. FixanyteD.
a) Wehave ,0 Qo X;I =0, X,|KQ =1id, and x, = id on the ideal boundary of B (00).

b) Xilpyoy=¥golio Wél, XioVYo=vYgol,and @, 0 x|y = Py
¢) Denote by ;" = (\IIE)* (tieg), then there is a unique integrating map &, of w;t such
that

&oT =T o0&, Xto\Il'éz\Il‘éogt. (®)]
d) Denote by I?(Q), resp. §Q(oo), the preimage by ‘I/Jé of K, resp. of Bo(c0). Then

E,|;Q =id, the map \I/Jé : EQ(OO) — Bg(0c0)\{oo} is a universal covering, and

& =id on the ideal boundary ofEQ (00).

Proof. a) This part uses only the fact that Q has a connected Julia set, as stated in
Proposition 2.1.(6) above. To prove it, define

p={tgoliova on Bo
id on Ky.
Then one checks easily, using the explicit formula of /;, that A, satisfies a) in place of
X:» and A, is a global homeomorphism. One needs to apply Rickman’s gluing lemma
to prove that 4, is actually quasi-conformal, therefore an integrating map of 714,.

Now h; o X;I : Bg(00) — Bg(00) is analytic on z, conjugates Q to itself, equals to
the identity for # =0 and depends continuously on ¢. As there are only finitely many
such conformal selfconjugacies we conclude that /1, = x, for all ¢. This settles a).

b) The first two equalities follow from the explicit construction of x, above. The last
one is also trivial as x,|gg) = id by a).

¢) As tje is Q-invariant, the complex structure ;" is T -invariant. Denote by ¢, the
unique integrating map of ;" fixing 0, 1, co. Then ¢, o T; o ¢! is a global conformal
homeomorphism of C, is fixed point free, and maps O to 1 by the normalization of ¢,.
SogoTo é‘t_l =T.

Now y, o \IIE o ¢! is analytic in z and conjugates T} to Q. So it is a repelling Fatou
coordinate. By unicity up to additive constant of such coordinates, there is a(¢) such
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that \I! oTan ol =x 0 \I/ . Set & =T, o ¢,. It is again an integrating map of ;"
and satlsﬁes (5). The unicity of such a map is an easy exercise and is left to the reader.

d)FixzeKpandze (\I/ )~ (z). Now the map t — &,(Z) is analytic on ¢ and equals
to 7 at t = 0. On the other hand, yx,(z) =z for all 7 by a), so0 §,(z) € (\If )~ !(2) for all 1.
But the latter set is discrete. Consequently &,(z) =7 for all 7. Arguing similarly on the
accesses of BEQ (00) from B 0 (00), one proves that £, is the identity on the ideal boundary
of EQ (00). The universal covering property of \I/JQr : EQ(oo) — Bg(00)\{oo} is easy.

The relations of various maps are illustrated in the following commutative
diagrams:

C,0 C,0 Ct,0 d C*,a(t)
anT T% wgl l\yg
B(f'),wo <=7 B(8'),wo C,9g(e®) i C,vg(e e17i%)
wQT T’/’Q
CD, e CD,er"

However, the Lavaurs map g; behaves badly under the above Branner-Hubbard
motion. In fact the conjugated map x, o g5 o ;! Ig) = X: © 85| p(p) is nO more ana-
Iytic in z. For this reason, following Douady and Lavaurs we introduce a new
Q-invariant Beltrami form which will be also g;-invariant, as follows: define

B, (00) = Bg(00)U{z| 3n gi(z) € Byp(c0)}.

It depends only on the class o of ¢ in C/Z. Set

(82) g =(logo pg o gl) %  for z € B;(c0) and for n
Ho. o= such that g2(z) € Bg(00);
0 for z & B,(00).

Fix now €. Note that tu g ,=(g5)" (1), 85tk o) =thg o» Q" (tibg o) =tilg &
and ti1 , depends only on the class o of . We use y, ,, to denote the integrating map of
titg, 5> uniquely normalized so that the conjugated map, Q; o = X, ,Q X;}; is again
a monic centered polynomial. Clearly Q; , has again a connected Julia set, and a parabolic
fixed point g , == x, (") of multiplier 1, with B, , := x, ,(B(f')) as an immediate
basin. We may thus define the corresponding objects in the list (4) for Q, ,, in particular the

corresponding  Bottcher/Fatou coordinates ¢r, 5, ¥, @tia, \I',’fa. We choose the
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normalization so that ¢, , is again tangent to the identity at oo, <I>; (X1, s(w0)) =0 and
\I/jfU(O) = V¥, ,(e%), with x > 0 independent of 7, o.

Denote by 7 the standard complex structure. These maps are related as indicated in
the following diagram:

0= g, C 8 g CoBoc0) 25 C\D
B
X, al lx; llr tz>ze |z
Qio— T10,C 79, C — (C\ﬁ
v0

Denote by j1f, == (U5) (tieg, ) and pu,, =T; .

Lemma 4.2. Fixte€D and o € C/Z. The objects of Q,. , and those of Q are related as

follows:

Q) Yio= X100 Vool onC\D;

b) For n, , the integrating map of u, , fixing 0,1 and oo, we have @ =n; ;o
Dy 0 X as

¢) There is a unique integrating map n," of /L:’:a, commuting with Ty and satisfying
\IJ:—U = Xt,6 © \I]JQF o (7)2—(,)71;

d) the map n;r(, oTso0 (r;;(,)’1 is a translation and x, {,g;,)(;}, is a Lavaurs map of
Q0

e) If, for somet, o, we have Q; = Q, then x, , = x, on Bg(c0) and x, , =id on the
ideal boundary of Bg(00).

f) If Q1.o=0Q for all teD, then n;f” coincides with &, of Lemma 4.1.c) on EQ (o0)
and in particular n;” , = id on the ideal boundary ofEQ (00).

Proof. The proof is very similar to that of Lemma 4.1. We give at first a sketch in the
following commutative diagram.

Nt Ts s
C™,0~— Cc-,0 c*,0 - C*,b(t)

@f,g] %T %l

Bt,aaxt,ﬂ(q“()) <—B(/8’)7w0 T(C?Q/}Q(ex) Xt,o (C7 d)t’g(ettll) (6)

Xt.o
U”QT th,a

C~\D,e" i C\D,e1=t*

In this diagram, x > 0 is the real number such that \IIE(O) =1 (e"); the maps g5 and
T do not necessarily preserve the base points, whereas the other maps do.
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a) One checks easily that x, , 0¥y ol ! is conformal, conjugates z¢ to Q, ,,
depends continuously on ¢, is tangent to the identity at co when ¢ =0, and tangent to a
(d — Dth-root of unity at oo for any 7. One concludes then for every ¢, the map x, ,o
Yoo I7! is tangent to the identity at 0o, coincides thus with Ve

b) and c). As in the proof of the previous lemma, the structure pc;fg is Ty-invariant.
Sou; ,is Ty !'T) Ts-invariant, thus is T}-invariant. Arguing as for ¢,, &, in the previous
Lemma, one concludes that i, , o o x; I coincides with the attracting Fatou coor-
dinates of Q; ,, whereas y, , © \IJE o (nlf(,)_' coincides with the repelling Fatou coor-
dinates of Q, ,, after suitable normalization of the integrating map 77sz~

d) Themap n, o T5 o (;7;,0)’1 is a conformal automorphism of C, as T ;" , = ;.
It is therefore of the form az + c¢. But it commutes with 77, so it is of the form z + ¢, i.e.,
a translation. It follows by definition that x, , g5, !'is a Lavaurs map of Q.

e) Assume that for some given ¢, o we have Q, , = Q. This implies B, , = B(8),
Vio=Y0, ¥, = \I/Jé and ®;°, = ®;. So the diagram (6) becomes

e nt
Mo Ts Mo

C~,0 . C~,0 C*,0 C™*,b(t)
% | & |3
B(B'),wo < B(F),wo —= C,hq(€") ——— C, g (eF557) @
g 8
O, e ———— D, o142

It follows from a) that x, , =¥ ol 0 wél on Byp(oco). By Lemma 4.1.a), x, , coin-
cides with x, on By (oo) and is the identity on the ideal boundary.

f) Arguing as in the proof of Lemma 4.1.d), one proves that ntfa is the identity on
the ideal boundary of By (c0). Now nf,0& " on By(00) is a conformal automor-
phism (as they integrate the same complex structure) and is the identity on the ideal
boundary. It follows that &, = ntfa on EQ (00). O

Although y, leaves Q invariant, x, , may deform Q to nearby maps. Even in the
case X, , leaves Q invariant, it often deforms g5 to other Lavaurs maps (see below).

4.2. Fatou vectors for Q € A. 1In this subsection, fix Q € A, i.e a cubic cauliflower.
Denote as before by g the unique parabolic fixed point of multiplier 1, and by B(8')
the unique immediate basin of 8'. The following is classical:

Lemma 4.3. For any polynomial P close to Q, there are exactly two fixed points o1, oty

(counting with multiplicity) of P close to 8. For j=1, 2 denote by A ; the multiplier of

Patajandoj= 123 - Assume that both oy and o are repelling. Then there are two
J

constants C € C and C' e R™ depending on Q such that
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a) 6+06,—>Cas P— Q;

b) |o;| > oc0,as P— Q, fori=1,2;

¢c) C'<S(0y) <m, fori=1,2;

d) exchanging the labeling of a1, «, if necessary, ®£(6,) > —ooas P— Q.

Proof. a) is due to the continuity of holomorphic indices. See e.g. [Mi].

b) is due to the factthat A; — 1 as P — Q.

¢) By assumption |A;| > 1, i.e., A; € C\ID. The Mobius map h(w) = % maps C\D onto
{S(w) < 7}. Therefore 3(6;) = Sh(A;) < 7. On the other hand, by a), S(61) + J(52)
remains bounded. So each &(4;) is bounded from below.

d) Combining a), b) and c¢), we conclude that $(5;) + R(62) remains bounded and

|R(6;)| = oo, fori =1, 2. Therefore one of R(51), N(5,) tendsto —ocas P— Q. O

Definition. For P, a perturbed map of Q without attracting fixed points, we define
the lifted phase 6 (P ) to be one of the 6; with large negative real part, as indicated in
Lemma 4.3. Denote by o(Py) its class in C/Z.

Corollary 4.4. Assume P, is a sequence of cubic polynomials without attracting fixed
points, and converging algebraically to Q. Then, taking a subsequence if necessary,
we have o(P,) — o in C/Z.

Proof. By Lemma 4.3 we have 6(P,) =a, + ib, with C' <b, <m and a, — —o0.
Denote by {a, } the fractional part of a,. Taking a subsequence if necessary we have
{a,} —a€l0, 1[and b, — b € [C', ]. Consequently o (P,) converges to the class of
a+ibinC/z. O

The following is due to Lavaurs Douady:

Lemma 4.5. Another meaning of 6(Py) is as follows: there exist Fatou coordinates éﬁ#
for Py, and they can be normalized suitably so that they depend continuously on Py and
that @;# () — <I>;# (z) =0 (Py). In other words, for suitably chosen z, and some N
depending on Py (tending to +00 as Py — Q), we have P;;(z) = (CI);#)’IO T5(py) k0
CIJ;#(z) fork=0,1,..., N.

T (Py)+k

e ——>0

i s
P#T T Py

e ——> 0
Pk

#

In case P,— Q and o(P,) — o, for 6 €C a lift of o and k, € N such that
o(Py) +ky — &, we have Tsp,) 4k, — T5. ®F, — @7, and therefore Pi" — g5 uni-
formly on compact sets of K. Based on this, we have
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Theorem 4.6 (Key continuity theorem, [W, 8.2]). Denote by K(Q, o), J(Q, o) the
enriched filled Julia set and the enriched Julia set. More precisely K(Q,o0)=
K\ B,(c0) and J(Q, 0) = 0K(Q, o) (see [D2] for more details). Assume

CO. (Q, 0) € A x C/Z and g5 sends the two critical points of Q outside K ¢.
A. P,— QecA and P, & A
B. o(P,) > oeC/Z.

These conditions imply C1. K p, — K(Q, o), Jp, = J(Q, 0) and mes(J(Q, 0)) =0.
Assume furthermore D. t, — ty € D. Then
A, B,Cland D —=
E. hilkp,—>aelolQ, o5 =
F. Xt,. P = X1y, 0 uniformly on C =
G. S(ty, P,) = Q.0

Sketch of a proof: Part A+ B+ C0=— Cl1 is a theorem of Douady-Lavaurs.
Part E = F can be found in [L, Theorem 4.6]. The remaining part should be checked
by hand. O

Definition (three half neighborhoods of 8 and —o0 € C™h.

e Define Vp =W}, ({Rw < 0}). In other words @}, is well defined and univalent on
Vo, mapping it onto the left half plane.

e Define Ly = 1//‘Q(€R), where R={s+i0 |0 <s <s9, —0p <6 <6} is a small rect-
angle sothat Ly C V.

e Define M < 0 large enough so that

{Rw <M} N By(co) C 5 (Lo) C{Rw<0}, and
\Ifa_ ({%w < M}) N BQ(OO) C LQ C VQ.

Definition. Define the Fatou vector v(Q) to be @, (w) — ®, (wp), the difference of

the two critical points in the attracting Fatou coordinates. It depends on the labelling
of the critical points, but not on the normalization of <I>é.

4.3. Discontinuity of the wring operator.

Proposition 4.7.1 ((W, 8.12]). There are Q € A such that, for any given labeling
w', w” of the critical points of Q, there is & € C, such that, for L defined as above,
we have Ty o @4, (w'), T; 0 @, (w") € @5(LQ), gs(w") € Lo NRp(0) and gs(w") €
Lp\Rp(0).

For any such couple (Q, &), and for o the class in C/Z of &,

II. o satisfies CO and t — Q, . is non constant (a sufficient condition for this is that
the ground wind w(Q, o) does not vanish, [W, 8.12]).
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0L (s, P)+—> S(t, P) is discontinuous at (t, Q) for any t€D* with Q, , # Q
([W, 8.5,8.9)).

Proof. I. In the quotient repelling Ecalle cylinder, the quotient [ R (0)] of the O-ray is
the core curve of the annulus [ B (c0)], of modulus @ (independent of Q, this can be

seen in the Bottcher coordinate). For any real polynomial Q € A with v(Q) # 0, the
map @Jé isreal, Rp(0) C R and K is symmetric with respect to R. There is a universal

constant /29 such that W), maps the strip {u 4 iy| |y| < ho} into By (o). Note that ¥},
maps R onto Ry (0) and maps R™ onto Ry (0) N V. We may then choose a real Q such
that |Sv(Q)| < hp and Sv(Q) # 0 (such map exists, see §5). Define the three half
neighborhood of B’ of Q as in §4.2. We have a fourth half neighborhood consisting of
U5 ({u+iylu < M, |yl <ho}), which s contained in Bg(00) N Lo C V.

Fix alabeling w’, w” of the critical points of Q.

Now choose a translation 7 so that a := T&(@é (w")) is a large negative real number

satisfying
max{a,a£Rv(Q)} <M.
Then
T5(@5(w")) = T5 (P (w') £ v(Q))
= T&(‘I)é(w/)) +v(Q) =axRv(Q) £iJv(Q),
So both gz(w') = \Il’é oTso0 <I>§(w’) and gz (w") = \IIJQr oTso0 @é(w”) are contained

in the fourth half neighborhood of A, satisfying in particular g5(w’) € Ly N Rp(0) and
gs(w") € Lo\Rp(0).
II. Clearly o satisfies CO, that is, gz maps the two critical points of Q outside K.
Assume by contradiction that Q, , = Q for all t €ID. Then x, , commutes with Q,
in particular x, , maps critical points of Q to critical points of Q. But t+> x, ,(z) is
analytic on ¢ and is equal to z at t=0. We conclude that x, , is the identity on the
grand orbit of the critical points. On the other hand, by Lemma 4.2.e) and f),
Xeo=Xi= 1//Q ol;o Iﬂél on Bgp(oo), and
ny,=§& on EQ(oo). (3)
Fix —1 <7<0. By Lemma 4.2.d) the map 7722, oTs0 (7;;(,)_1 is some translation T,. So
+£0(Q) =B, () — By (W) =T.( Dy (W) — To(Pg ("))
=n/,0Ts0(n, )" (g w')
— 1/ 0Ts0(m )" (@, w")
=}, o Ts(@y(w") =11 o Ts (@5 (w")
= £,0T5(Dy(w)) — &0 T (D (w"))
= @JQF ox,08s(w) —@5 ox, 085w,
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where the second equality is due to the fact that T, is a translation, the third is due to the
previous paragraph, the fourth is due to the fact that th}, is the identity on the critical
points, the fifth is due to oo, and finally the last is due to the facts that gz(w’),
gs(w")e Ly C Vy (by the construction of & and L ¢, V) and that L is invariant by x;,
—1<t<0 (by the choice of Ly).

We claim, however, that the right hand side tends to oo as —1 <t<0, £\, —1.
Because, one of the points x, o gz(w’), x, © gs(w"), say the first one, tends to the landing
point B’ of R (0) whereas the other tends to the landing point y, of R (6) for some 6 # 0.
Solimy @5 (x; o gs(w")) = —oo whereas lim__ @5()(, o gs(w") = @5 (ye) €C.

This is a contradiction.

III. Fix € D such that Q, , # Q. Let R’ be a compact set contained in the rectangle
R such that

2s(w), gs(w") € Yg(e*) C () =Lo.
By continuous dependence of ¥ | on P and continuous dependence of ® & , one con-
cludes that there is a sequence P, — Q, k, € N such that P (w!), P (w!) € yr P, ().
Therefore Jp, is a Cantor set and all periodic points are repelling. We may thus apply
Corollary 4.4 to conclude that o(P,) — o (taking a subsequence if necessary). Set
,=t€D*. Then the conditions A, B, CO, D of Theorem 4.6 are satisfied. So

S, P,) = Qro # Q=S8(t, Q), where the last equality is due to Proposition 2.1.(6).
Therefore the wring operator S(z, P) is not continuous at (¢, Q). O

This proves in particular the part of Theorem 1.2 about the discontinuity of the
wring operator on the cubic polynomials.

An interesting necessary condition for a S-ray S(P) to land ata Q € A is the following:
Assume S(¢, P) := P, convergesto Q € Aast \, —1 (with P # Q). By Theorem 1.1.11I,
the ray R p, (0) branches at a critical point denoted by w;. These points w, have a limit w as
t \, —1, which is necessarily a critical point of Q. Define

Z(w)={oceC/Z | 35, gs(w) e Re(0)NYy([e’, eSs])} and

Y ={o€C/Z | T,([w]) € [Rp,(0) Ny, ([e*, D]}
They are two closed loops in C/Z.

Lemma 4.8 ([W, 8.7, 8.8]). In the above setting (landing of an S-ray), assume further-
more o(P;) € ¥'. Then d(o(P;), Z(w)) — 0 as t \, —1. Moreover, if a o € X (w) satis-
fies CO (i.e., mapping both critical points outside K o) then Q; = Q.

Proof. By continuity of all involved maps, points, one sees easily that X’ — X (w) in
the Hausdorff topology. But o(P;) € X! by assumption. So d(a(P;), (w)) — 0.

Since the real part of 6(P;) tends to —oo as ¢ \, —1, the phase map 7+ o (P,) spir-
als asymptotically to the loop X(w). As a consequence, for any o € X(w), there is
asequence t, \, —1 suchthato (P, ) — o.
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Assume a o € X (w) satisfies CO. Then by Theorem 4.6, for —1 <t <1,

Q"= S, (P) = 5,(P,) = Q1
where ¢ x ¢’ denotes the group structure in D related to the operator S. Therefore Q; ,
is constant for 7 real. But it is analytic on ¢ (cf. e.g. [PT, Theorem 2.7]). So it is also
constant forallreD. [O

As for the continuity part of Theorem 1.2, we may apply the following Lemma to the
quadratic family (this proof is somewhat different from the two proofs of Willumsen).

Lemma 4.9 ([BH1, 7.2] + [PT]). For F an analytic family of polynomials, if S maps
D x F into F, then S is a parameter holomorphic motion. It is continuous if in addition
F C C (by Stodkovski’s theorem).

Proposition 4.10 ([W, 8.12]). Assume S(P) 2 P, — Q€ A, P # Q, o(P,) — o, and
gs(w) € Bg(00) for alift 6 of o and for w a critical point of Q. Then, for any lift 6 of
o, we have gz(w) € R (0) and Pfl(w(P,,)) € Rp, (0) for some l independent of n.

A consequence of this is (improved [W, 8.10]): Assume (Q, o) € A x C/Z such
that for one critical point w’ of Q, we have gz(w') € Ro(6'), with &' # 0. Assume fur-
thermore P, — Q, o(P,) — o. Then { P, } can not belong to a single S-ray.

Proof. All periodic points of P, are repelling, by Theorem 1.1.I. So we may apply
Corollary 4.4 to conclude that there is a subsequence such that o(P,) converges in C/Z to
some o. Fix a large integer / so that Q' (w) is in an attracting petal, where ® o Isinjective.

Assume g5(w) € By (00) (this is independent of the lift). Choose o € C a lift of o
such that 754 ,(®, (w)) has a negative real part. There is therefore a 6 such that
Ty 1(Dg () €@ (Ro(6)).

There are integers k, — + 0o such that 5(P,) + k, — & and that P (P! (w(P,))) —
g;,(Ql(w)) (cf. [D2, 18.2]). By semi-continuity of Kp, on n one concludes that
P,’f”(Pfl(w(Pn))) & Kp,, and is therefore contained in some 6(n)-ray. Hence the
%S{’fx)-ray contains P,l1 (w(Py,)) (cf. [Ta, § 2], beware that the o there is different from
the o here). But P, € S(P). By Proposition 3.(2), applied to z= Pfl(w(P,,)), we
have argp, (Pfl (w(Py))) = argP(Pl(w(P))) and is independent of n. We conclude
that 8(n) =0 for any n. But 8(n) — 6. So 8 =0.

From T;1/(®, (w)) € @5 (Rp(0)) on concludes easily that g5 n(w)=¥
(T4 n (P (w))) € Rp(0) for any integer N € Z.

5. Parameter interpretation, comments. The space Per; (1) of cubic polynomials
with a fixed point of multiplier 1 modulo affine conjugacy can be parametrized by
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b? € C with Q5 (z) = z° + bz* + z, as two such maps are conjugate iff b = —b'. Figure 2
represents the b-plane, centered at 0. The set A in this plane consists of the two large
butterfly wings. The locus of parabolic attracting maps in A is the lemniscate
{b, |b*— %| < %} (Figure 3). The parameter interpretation of Theorem 1.1.I is that no
S-ray accumulates at this lemniscate.

Figure 4 represent the right wing of A in the b-plane. It is quite easy to check that in
this plane ANR* = ]0, 2[ . The examples constructed in Proposition 4.7 correspond to
b €10, v3[, close to /3 (see Figure 4). The conclusion is that no S-rays lands at such b.

Komori and Nakane have proved the following closely related results (see [KN]):

There is a monotonic sequence of points b, € [V/3, 2, by = /3, b, /' 2 with integer
Fatou vectors. Each of them is the landing point of some S-ray. The in-between real
S-rays accumulate but do not land in [v/3, 2].

The paper [PT2] contains the following parameterization of each wing of A:

Denote by B the parabolic basin of F : 7+ 7% 4 %, by &~ : B— C the attracting
Fatou coordinates normalized so that ®~(0) = 0. Then (®~) ! (R) decomposes B into
a chess board structure, mapping each open chess square bi-holomorphically onto the
upper half or the lower half plane, and mapping the borders onto the real line. Denote
by U the component of (&~) ! (H,) containing the parabolic fixed point on the boundary.
Define ~ on dU by z ~ Z.

There exists a bi-holomorphic map H from each component of A onto B\U/ ~,
recording the position of the second attracted critical point (the quotient is meant to
cancel the confusing case when both critical points can be considered as ‘first’). One
proves easily v(Q) = ®~ o H(Q). There is therefore a chess board structure on .4 (see
Figures 4 and 5). Moreover @~ o H maps each of the two main chess squares (the ones
in Figures 4 with 10, v/3[ as an edge) bi-holomorphically onto the upper-left quarter
and the lower-left quarter plane, and maps each of the other chess squares onto the
upper half or the lower half plane. This implies in particular the surjectivity of
Q0 v(Q), A—C.

The results listed in this article lead naturally to the following questions:

1. Are the following conditions equivalent?

o Acc(S(P)) NPeri(1) # 0,
e Acc(S(P)) CPer(1),and
e cither P € Per; (1) or a fixed ray of P branches.

2. Acc(S(P)) N A # D<= Acc(S(P)) C A< the set | J, P7"(Rp(0)) (or %)) is con-
nected, and necessarily contains both critical points.
3. In the setting of Lemma 3, is the assumption o(P;) € ' always satisfied?

Comments. This is a free extraction of some of the results in Pia Willumsen’s thesis,
with a different organization and sometimes a different proof. It contains also some
generalizations of the original results. I take the responsibility for all eventual intro-
duced errors. The reader is strongly advised to read the original document, which
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Figure 4: The chess board structure in A

Figure 5: Julia sets for pairs (P, Q), left and right limit O-rays for P and the O-ray for
0, and parameter slices containing these maps.
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includes a lot more related results, background material, complete proofs as well as
many impressive figures.
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Conjectures about the Branner-Hubbard
motion of Cantor sets in C

Adrien Douady

Introduction. For ¢ € C — M, the filled Julia set K, of z2+ ¢ is a Cantor set. For
almost all external ray R of M, when ¢ moves on R and tends to M, the point ¢ has
a limit ¢y, the set K, is a dendrite and K. tends to K.

The present paper is a reflection on the following question: How much of this fact is
really related to dynamics? We only present conjectures, we have no results. This is
part of the program “Dynamics without dynamics” (cf [D/V])

Moving in C — M along external rays (and equipotentials) is a particular case of the
Branner-Hubbard motion, which can be defined for any Dirichlet regular compact set
K, providing a family (K;); cg, , where Hy = {z € C | Re(z) > 0}, with K; = K.

We conjecture that, for a large class of Cantor sets in C (which includes the Cantor
quadratic Julia sets), the following holds: for almost all B, the Cantor set K, has
a limit K;g when o tends to 0, and this limit is a dendrite. We present also variants of
this conjecture in a more extended situation.

The Branner-Hubbard motion has been introduced in [BH2], for cubic Julia sets
with one critical point escaping. It has been used by Binder-Makarov-Smirnov
[BMS]. We have benefited of talks by M. Zinsmeister on [BMS] in the Seminar
COOL (Cergy-Orleans-Orsay-Lille), and of inspiring discussions with him, J.-P. Otal,
P. Haissinsky, P. Sentenac, Tan Lei, M. Flexor, B. Branner, Ch. Henriksen, C. Petersen
and others. We thank C. Petersen for many comments, resulting in improvement and
clarification of earlier versions.

1. The euclidean harmonic metric. Let K C C be a Dirichlet regular compact set.
This means that there is a function G = Gk : C — R, called the potential, satisfying:

(i) G is continuous on C and vanishes on K:
(ii) G is harmonic on C — K;
(iii)) G(z) =Log|z| + O(1) when z tends to oo.

In fact, G(z) =Log|z| — LogR + o(1) for some R called the capacity radius of K.
We shall always suppose that K is monic, i.e., with capacity radius 1. Then we can
always center K, i.e., translate it so that G(z) = Log|z| + 0(%).

The equipotential of level s is the set G~!(s). An equipotential component is
a connected component of an equipotential. A critical equipotential component is an
equipotential component which contains a critical point of G. The set C — (KU | E)),
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where the E; are the critical equipotential components, has one unbounded connected
component, called the overcritical annulus, the other components are the intercritical
annuli.

Figure 1: Equipotentials and critical rays.

The level of separation of two points x and y in K is the smallest level of an equipo-
tential component which encloses both x and y. If K is a Cantor set, the level of sepa-
ration is an ultrametric distance on K which defines its topology. The level of
separation G*? (K) of K is the level of the highest critical point of G, it is the level of
the inner boundary of the overcritical annulus.

A harmonic chart is a C-analytic homeomorphism ¢ : U — ¢(U) such that
Re(¢) =G|y, with U an open set in C— K. On a neighbourhood of any point
z € C — K which is not a critical point of G, there is a harmonic chart defined. The har-
monic charts form an atlas on ) =C — (K UCrit(G)) called the harmonic atlas, in
which the change of charts are of the form Z — Z + ib, with b € R locally constant.

We define the harmonic euclidean metric on € as the riemannian metric whose
expression in the harmonic charts is the standard metric |dZ|. The distance defined by
this metric extends to a distance on C — K, compatible with its topology. In a neigh-
bourhood of a critical point of G of multiplicity k, the space C — K, provided with this
distance, is locally isometric to the space obtained by sewing 2k + 2 half planes.

If K is connected, then C — K is isometric to Ri x R/27Z. In the general case, the
overcritical annulus is isometric to Ri x R/2mZ, each intercritical annulus A is iso-
metric to an open cylinder 10, k[ x R/¢Z, with h = Gt — G~ where G (resp. G™) is
the level of the upper (resp. lower) boundary of A, and ¢ = 27ww(K 4) where w denotes
the harmonic measure and K 4 is the part of K enclosed by A.
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Still supposing K monic, there is a holomorphic map 8= X : V — C with V a neigh-
bourhood of oo in C, having oo as a fixed point, such that G =Log|8| and B(z) =
z+ O(1). This generalizes the Bottcher coordinate of a polynomial (the harmonic charts
generalize the LogBottcher coordinates). If K is centered, % (z) =z + o(1).

The quotient tree is the quotient Tx of C — K by the equivalence relation contract-
ing each equipotential component to a point. It is a rooted tree (root at infinity); the
branch points correspond to critical equipotential components.

2. The quadratic case and the dyadic case. Consider f. : z+> z>+c withce C — M,
set K= K.= K(f.),and G = G, = Gg,. The potential of ¢ with respect to M is

Gy (c) =G:(c) =2-G.(0).

Let 6 be the external argument of ¢ with respect to M, which is also its argument with
respect to K.

The quotient tree is a dyadic tree. Each cylinder has 3 marked points: one critical
point of G on its upper boundary (except the overcritical cylinder), and two on its
lower boundary to be collapsed to one point. The cylinders are labeled by words in the
alphabet {0, 1}; each cylinder C,, has two “children” C,, ¢ and C,, |, and f induces
a C-analytic isomorphism of C,, onto Cg, where a(w) is w with the first letter
removed. The cylinder Cy is not the whole overcritical annulus, but the cylinder
bounded above by the equipotential passing through the critical value ¢ (which is then
a marked point). The cylinders of order k (corresponding to a word with k letters) are
mapped onto Cy by f*. Such a cylinder has height 2=**DGy,(c), circumference

Gu(e)

27%. 27, thus modulus ~#L=, and the arguments of the two lower marked points,

taking as origin the point just below the upper marked point, are — g and — %

The dyadic case is more general. Again, the quotient tree is a dyadic tree. Each
cylinder has 3 marked points: one critical point of G on its upper boundary (except for
the overcritical cylinder), and two on its lower boundary, to be collapsed to one point.
The cylinders are labeled by words in the alphabet {0, 1}; each cylinder C,, has two
“children” Cy, 9 and Cy, ;.

One can make a model for a Cantor set of dyadic type (or rather for its comple-
ment). Take the dyadic tree with nodes corresponding to the elements of the set S of
words in {0, 1} (that carries no information). Assign to each node s a height G (s) and
two arguments &' (s), 6" (s). We require that G(s') < G(s) if s’ is after s, and that G(s)
tends to 0 along an infinite branch of the tree. We then associate to each segment of
the tree a cylinder. To the root segment, a cylinder with one-sided infinite height and
circumference 2; on the lower boundary we mark two points with the assigned argu-
ments (and we take record of the generatrix of argument 0). To any other segment E,,
a cylinder C,, with one marked point on the upper boundary and two on the lower
boundary. The height of C,, is the difference between the heights of the nodes corres-
ponding to its boundary, the arguments of the lower marked points taking the point
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Figure 2: The Euclidean harmonic metric

just below the upper one as origin are the assigned arguments. The two lower marked
points are pinched to one point, transforming the lower boundary into a figure eight,
of which each component is sewn isometrically to the upper boundary of one of the
children cylinders attaching marked point to marked point. This determines the cir-
cumferences of all cylinders, and also the moduli.

This way, according to a model given by the data (G(s), & (s), 8" (s)),c s We can
construct a Riemann surface X. We say that a model is quasi-quadratic if the moduli
of the cylinders are bounded away from 0 and above, and the ratio of circumference of
children cylinders to their parent bounded away from 0 and 1, or equivalently the
angle |0 (s) — 0" (s)| is uniformly bounded away from O and 1.
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Proposition 1. The Riemann surface given by a quasi-quadratic model can be
imbedded in C as the complement of a Cantor set in a unique way, up to postcomposi-
tion with an affine map.

For a proof, see [AB]. Ahlfors and Beurling prove a stronger theorem: it suffices that
the sum of the moduli of the intercritical annuli surrounding any point of K is infinite.

3. The Branner-Hubbard motion. Consider the right half-plane H,; =
{Le€C | Re(r)>0}. For . e H,, let ¢, : C— C be the R-affine map which induces
the identity on iR and maps 1 to A, i.e., ¢, (z) = %((A 4+ 1)z4+ (A — 1)2); let u, denote
the Beltrami form % (), ie., u; = $55 dz/dz. We denote by uf the Beltrami form on
C — K whose expression in the harmonic charts is i, (undefined at critical points of G).

Extend X to C by taking it equal to 0 on K. By the integrability theorem, there is a quasi-

conformal mapping X : C — C such thatgapf = X We normalize X in the following

way: For the closed unit disc D, define ap? by gp? o exp =exp o ¢,. For K arbitrary, we

have uX = (BX )*,u? with BX defined above, so for any choice of ©K the map n=

nK =Ko (571 o (¢P)~! is holomorphic at the neighbourhood of 0o; we chose X so
that n(z) =z +o(1).

Proposition 2. For each z € C, the point X (z) depends holomorphically on i.

Proof. The map cp? depends holomorphically on A, and so does the Beltrami form
py. Define ¢f by 2pK = uX, oX(0) =0, ¢X (1) = 1. By Ahlfors-Bers, 1 — @X(2) is
holomorphic for each z. The map BX does not depend on A. So the map 0K =
oKo B5 1o (@f)’l is a holomorphic map whose graph undergoes a holomorphic
motion parametrized by AeH,.. It is known ([PT]) that this implies that
A, )= ﬁf (z) is holomorphic where defined (say for A close to some X and z close
to 00). One can write 17(z) =a(X).z + b(A) + o(1) when z — oo. Then a(x) and b(1)
depend holomorphically on A, and so does X (z) = ﬁ @5 —bn)). O

We set K; = pX(K). As we have supposed K monic, K; is monic for each A, for
the harmonic measure we have wg, = (<pf J:(wg), and for the separation level
G*P(K,) = Re()) - G*?(K). It follows that, if (A,) is a sequence of parameters such
that Re(A,) — 0 and K, has alimit L, then L is connected.

When we restrict A to take values in ]0, 1], we speak of Branner-Hubbard compres-
sion. If we restrict it to values in 1 + iR, we speak of Branner-Hubbard furning.

4. Dendrites

Proposition 3 and Definition. Let X be a metrizable compact space, connected and
locally connected (thus arcwise connected).
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The following conditions are equivalent:

(i) X is homeomorphic to a compact set in R?, full with empty interior;
(1) X is uniquely arcwise connected;
(iii) X is a projective limit of finite trees, with retractions.

If these conditions are satisfied, we say that X is a dendrite.

Comments. The condition “K is full”” means that R*> — K is connected.

Condition (ii) means that, for any two distinct points a and b in X, there is a unique
topological arc [a, b]x in X with endpoints a and b.

Condition (iii) means that there is a sequence (A,) of finite topological trees, with
inclusions i, : A, — A, and continuous retractions p,, : A,+; — A,, and X is homeo-
morphic to liin (A,, p,)- Note that this condition implies that X is locally connected.

Proof (i) = (ii). Let I and J be two arcs from a to b, suppose { ¢ J and let ]c, d[; be
a connected component of 7\ J. Then I = [c, d]; U[c, d], is a Jordan curve contained
in X, it bounds a disc A which is contained in W since X is full. This contradicts the
fact that X has empty interior (cf [D/M])

(ii) = (iii): Since X is compact and locally connected, it is uniformly locally con-
nected, i.e., there is a function / : R, — R, continuous at O with 2(0) =0, such that
diam([x, y]ly <h(d(x, y)). If AC X is a closed connected subset, define a map pj :
X — A in the following way: choose a point gy € A; for any point x € X, the set
[ao, x]x N A is of the form [ay, y]x, then set p4(x) =y. The map p, does not depend
on the choice of ag, and it is a retraction. If pa(x) # pa(y), one has [x, y]xy =
[x, pa)]x U[pa(x), paM]Ix YUlpa(y), ylx, therefore d(pa(x), pa(y)) < h(d(x, y))
and p, is continuous.

Let {a,},.n be a dense set in X. For each n, the set A,=[ao,...,a,lx=
U; <, [ao, ailx is a finite tree in X. Set p, = pa, : X - A, and denote by p, the
restriction of p, to A,;;. Then x+— (p,(x)), is a homeomorphism of X onto
im (A,, p,).

(iii)) = (i): Suppose X = lEn(A,,, 0,). Choose a sequence €, of positive numbers

such that > €, < oco. By induction, construct an imbedding ¢, : A, — R? so that
thytla, =tn and (Vx € A, 11) d(tyy1(x), t,(0,(x)) < €,. Then, for any x=(x,) € X,
the sequence (1,(x)) converges to a point ¢(x) € R?, and the map ¢ defined this way is
a continuous embedding of X in R%. The space X has topological dimension 1, there-
fore ¢(X) has empty interiorin R2. [

Proposition 4. Let X be a dendrite.

a) Any closed connected subset Y of X is a dendrite.
b) LetR be an equivalence relation on X. Suppose that

e the graph of R is closed in X x X;
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e cach equivalence class is connected.

Then Z = X /R is a dendrite.

Proof. a) Write X =1im(A,, p,) and denote by B, the image of Y in A,,. Then, for

each n, the set B, is a finite topological tree, p, induces a continuous retraction
B,11— B,and Y =1imB,.

b) Since R is closed, Z = X /R is Hausdorff. Denote by p the projection X — Z.
Since X is compact, connected, locally connected and arcwise connected, the same
holds for Z; let us show that Z is uniquely arcwise connected. Let a and b be two
points in Z, a’' € p~'(a), b’ € p~'(b) and y an arc from a to b. Since the fibers of p are
connected, the compact set I' = p’l(y) is connected, so I' contains the unique arc
Yy =[d, b']x and p(y’) C y. But the set p(3y’) is connected and contains {a, b}, so
p(y) =y. Now the arc y =[d’, b']x does not depend on the choice of y, therefore
y=p(y') isunique. O

5. Bridging Cantor sets. Let K be a Dirichlet regular compact set in C (we are think-
ing of a Cantor set), denote by G the potential. An external ray is aline in C — K orthog-
onal to the equipotentials; when oriented towards decreasing potential, we call it
a descending ray. A descending ray may tend to K or bump on a critical point of G.
A critical link 1is an arc of external ray joining a critical point of G to another critical
point of G. A descending line is a piecewise R-analytic topological arc (compact or not)
which is a union of arcs of external rays and critical links, oriented towards decreasing
potential. When continued, a descending line tends to K, it may land at a point of K or
wander in a connected component. If K is a Cantor set, any descending line lands at
apointof K.

For z and 7’ two points in C — K, we say that 7’ is below z if there is a descending
line from z to z’. For a a critical point of G in C — K, the bridge of a is the closure in C
of the set of points in C — K which are below a (including a itself); the bridge of a is
compact, connected and contains at least two points of K.

We denote by K?"¢¢¢ the union of K and the bridges of all critical points of G.

Proposition 5. If K is a Cantor set, K" is q dendrite.

Proof. For e >0, let L, be the union of G~!([0, €]) and the bridges of critical points
of level > ¢, and X, the quotient of L, by the equivalence relation contracting the
region enclosed by each equipotential component of level € to a point. Then, each X,
is topologically a finite tree, and K?"s¢d = lim X, is adendrite. [

On K""idsed we consider the equivalence relation ~ 7 algebraically generated by
collapsing each bridge: x and y are equivalent if there is a finite sequence
(xo=x, ..., x,=y) such that x;_; and x; are in the bridge of a common critical point
of Gfori=1,...,n.
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We define the equivalence ~ g by its graph, which is the closure of that of ~ 7, and
we denote by K* the quotient space K48 /~ .

We say that there is a landing coincidence at a point x € K if there are two descend-
ing lines from different critical points of G, not contained in one another, both landing
at x. If there is no landing coincidence, x ~ %y means that x =y or x and y belong to
a common bridge; then the graph of ~ 7 is closed, and ~ p coincides with ~ 7.

Proposition 6. If K is a Cantor set, K*® is a dendrite (possibly reduced to a point).

Proof. In view of Proposition 4, (b), it suffices to prove that the classes of ~ p are
connected. If x ~ py, one can find sequences (x,) tending to x and (y,) tending to y
such that x,, ~ %y,. For each n, one can find a connected compact set A, (a finite union
of bridges) containing x and y, and contained in their ~ % class. From the sequence
(Ay),, one can extract a subsequence converging for the Hausdorff metric to a con-
nected compact set A, containing x and y and contained in their ~ g class. [

Definition. Let K be a Dirichlet regular Cantor set in C. I say that K is dendrogenous
if, under Branner-Hubbard compression, K, has a limit L when A € ]0, 1] tends to 0,
and L is homeomorphic to K*°.

6. Examples from quadratic Julia sets. We set f.(z) =z°>+c and K.=K(f.).
For ¢ € C— M, the Branner-Hubbard compression of K. gives (K)o, 17, Where
¢, is the point on the external ray Ry, (0) passing through ¢ with Gy, (c;) =1 - Gy (c).

For ce R;\M =] %, ool, the bridge of 0 is an infinite tree whose closure contains
K., the set K? is reduced to a point. The point ¢, tends to % along R, we are in the situ-
ation of parabolic implosion, K, does not have a limit but a family parametrized by
T of possible limits, none of which is reduced to a point ([D/AMS], [L]). For such
a c, the Cantor set K. is not dendrogenous.

Let 6 be an irrational angle such that the external ray Rj;(#) lands on a point ¢y on
the boundary of a hyperbolic component of M. For c € Ry () the set K., tends to
K., ([D/AMS]), but K, either has non empty interior or is not locally connected, so
K, is not dendrogenous. Note that, if ¢ is on the main cardioid, «, is linked to —a,
by the bridge of 0; in fact « is linked by bridges to an infinity of its iterated prei-
mages, and by finite chains of bridges to all its iterated preimages. In that case, K?
is reduced to a point; and there are infinitely many infinite landing coincidences.

If Ry(6) accumulates on an infinitely renormalizable point ¢y € M, the set K., can
be locally connected (for instance if c¢o € R) or not locally connected ([S]). In case
¢; — co and K is locally connected, it is a dendrite, K., tends to K., but I don’t know
if K, is necessarily homeomorphic to K.

The following theorem gives examples of dendrogenous Cantor Julia sets.
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Theorem 1. Let 6 € T be an angle such that the external ray Ry (0) lands at a point
co € M such that the map f,, is not renormalizable and has no indifferent fixed point.
Then, for any c € Ry (), the Cantor set K. is dendrogeneous.

Proof. By hypothesis, ¢; tends to ¢y when ¢ — 0. By results of Yoccoz ([B/AMS],
[H/M], [Y]), the set K(f,) is a dendrite (the proof involves some facts which are spe-
cific of degree 2). The map f+— K(f) is continuous at f., (([D/AMS]); so K., = K.
It remains to show that K, is homeomorphic to K?. To fix the ideas we shall introduce
the Yoccoz puzzles:

Let 7y, ..., 7, be the external arguments of the fixed point e, of f, (the one which
does not have 0 as external argument). For ¢ close to ¢, the rays R.(t;) land at «. Fix
a potential s. The puzzle pieces of depth r for f. with ¢ close to ¢ are the closures of the
connected components of £~ (G ([0, sD\({ac} U R(T1) U ... UR.(1,))). The result
of Yoccoz is that the puzzle pieces of various depth containing a point x € K., form a funda-
mental system of neighbourhoods of x (if x is a preimage of «, take for each  the union of
pieces of depth r containing x). For each r, there is a neighbourhood V;. of ¢ such that, for
¢ € V,, the puzzle for f, has the same combinatorics as the puzzle of f.,, down to depth r.

Let x be a point in K. and for ¢ € 0, 1] let x, be its image under B-H compression.
For each level r, for ¢ suficiently small x; is in a puzzle piece for K. correponding to
apiece P of K.,. These pieces nest down to a point xo € K, and x; — xo when r — 0.
This way we define a continuous map o : K. — K.

Given x, y, z in C, with x a critical point of G, or a repelling periodic point of f, we
say that x separates y from z (with respect to f) if the union of {x} and the rays des-
cending to x separates y from z.

If x and y in K, are linked by a bridge, they are not separated by preimages of ., and it
follows that p(x) = p(y). So p givesamap p : K? — K,,.Itis clear that this map is con-
tinuous and surjective, let us show that it is injective (thus a homeomorphism).

Lemma 1. Under the hypotheses of the Theorem, let ¢ be a point of Ry (0) and o,
" two critical points of G, of different level (i.e., G.(0") # G.(0")). Then there is an
iterated preimage of a. separating o' from " .

Proof. The points o’ and o” have external arguments ¢, §” (with respect to K.), with
2K¢' =2¥"¢" =@ and k' # K". Then R,,(¢') and R,, (") land at points w, and /] such
that C"O’ (') = Lko/ '(@") = ¢o. The point ¢y is not periodic since K, «, has empty interior,
80 wy, # wj. By the result of Yoccoz, w), and wj are separated by an iterated preimage
a of a,. There is a point o whose external arguments with respect to f, are the same
as those of o, with respect to f,,, and this point o separates ' from o”. [

End of the proof of Theorem 1: Let x and y be two distinct points of K, such that
o(x) = p(y). This means that x and y are not separated by iterated preimages of «.. Let
w be the highest critical point of G, separating x from y. The bridge of w lands at points
x' and ¥ in K., on the side of x and y respectively. Suppose x # x’. Then there is
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a highest critical point «’ separating x from x’, and G,(«') < G.(w). By the lemma,
there is an iterated preimage o of «, separating o from «’, and this point o separates
 and y from x. This is a contradiction, therefore x = x’. Similarly y=7y/, so x and y
are linked by a bridge, they have the same image in K.

This proves that the map p is injective. [

Corollary. For almost all ¢ on an equipotential in C — M, the Cantor set K, is
dendrogenous.

Proof. The values of 6 such that R (#) accumulates on a point ¢ such that f. is renor-
malizable or has an indifferent fixed point are given by algorithms described in [D/A].
They form a set of measure 0. For the other values of 6, the ray Ry, (0) lands at a point
of M (Yoccoz), and we are in the conditions of the theorem. [

7. Two conjectures. The case of quadratic Cantor Julia sets suggests the following
conjecture:

Conjecture 1. Let K be a quasi-quadratic Cantor set, and let (Ky) be the family
obtained from K by Branner-Hubbard turning. Then, for almost all 6, the Cantor set
Ky is dendrogenous.

The Branner-Hubbard turning consists, for each cylinder C;, to turn the lower
boundary with its marked points by an angle —b - h;, where A, is the height of C;.

More generally, we can turn the lower boundary of C; by an angle —o;, these angles
being chosen independently. We remain in the quasi-quadratic case. This way we
obtain a family (K,) with o = (0;) ranging in T!, where I =Crit(Gk) is the set of
nodes of the quotient tree.

The space T carries a natural uniformly spread measure, so we can formulate:

Conjecture 2. In this situation, the Cantor set K, is dendrogenous for almost all o € T".

8. The semi-hyperbolic case. A point c € dM is called semi-hyperbolic if f. has no
parabolic cycle and the critical point 0 is not recurrent under f, (note that, for c € 9M,
attracting cycles are excluded). A dendrite K € Cis called a John dendrite if

(A >0)(VOeT)(VzeRk(©)  d(z,K) <Az —yg(O)l

Here Rk (0) denotes the external ray of K of argument 6 and y(6) its landing point.
L. Carleson, P. Jones and J.-C. Yoccoz have proved ([CJY]) that, for ¢ € 9M, the filled
Julia set K. is a John dendrite if and only if ¢ is semi-hyperbolic.

Theorem 2. For6 €T, the following conditions are equivalent:

(1) 6@isnon-recurrent under doubling;
(2) Ru(0) lands at a semi-hyperbolic point co € 0M;
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(3) ForceRy(0), the Cantor set K = K has no critical link and satisfies the follow-
ing properties:

(3.1) There is an o > 0 such that Vi the arguments in C; of two rays descending
from higher critical points of G differ by at least o;

(3.2) There is a p € N such that two rays descending from critical points of Gg
cross together at most ju consecutive cylinders.

Lemma 2. Let ¢y € 0M be an accumulation point of an external ray R y(0).

a) Ifco is of the form ¢! L " (¢ tuned by "), where f. has a superattracting cycle of
order k and c" does not admit a dyadic argument, then (3n > 1) |2"6 — 0] <27*,

b) If cq is infinitely renormalizable, then 0 is recurrent under doubling.

©) If fe, has an indifferent cycle, then 0 is recurrent under doubling.

Proof. a) We use the tuning algorithm for external arguments ([D/A]): Let & and ¢”
be the root arguments of ¢, and ¢ the (by hypothesis non dyadic) argument of a ray
accumulating on ¢” corresponding to 6, then, knowing the expansions in base 2
0= -ur...uxy O'=-v7...v9f t=-s152...5,...,wegetforo:

0= Wi e WgW2 1 W2k Whee - Whke e

where w, ; = u;,if s, =0and v;, if s, = 1. Take n > 1 such that s,, = s, (this is possible
because in particular ¢’ # —2), then 6 and 26 have the same  first digits.

b) It is an immediate consequence of (a), as ¢y can be written as ¢’ L ¢” in infinitely
many ways, with ¢’ not having a dyadic external argument in M.

) If f., has anindifferent fixed point with multiplier ™5 then @ is given by the stair-
case algorithm ([D/A], [BS]). It follows that any initial sequence of digits is repeated
somewhere. Thus 6 is recurrent under doubling. If £, has an indifferent cycle of order
k > 1, then the point cy is of the form ¢’ L ¢”, where f. has a superattracting cycle of
order k and f.» has an indifferent fixed point. Then 6 is given by the tuning algorithm.
With the notations of (@), in the expansion of ¢ any initial sequence of digits is repeated,
so in the expansion of 6 any initial sequence of length nk is repeated somewhere.  [J

Proof of Theorem 2. a) (1) = (2): Suppose 8 is non recurrent under doubling and
let cp be an accumulation point of Ry (6). By Lemma 2, f,, is not infinitely renorma-
lizable and has no indifferent cycle. Then by Yoccoz ([H/M]), M is locally connected
at co, the ray Ry (0) does land at ¢y, and K, is a dendrite. Let us show that 0, or equiv-
alently co, is not recurrent under fc,. If co has only 6 as external argument in K, then
%, (co) cannot approach co.

Suppose that ¢y has two external arguments, 6 and another one ¢, in K =K,,.
A priori, it might happen that 8 is not recurrent, but &' € () (w limit set under doubling),
making ¢, recurrent. Let us show that this is impossible. Let 7= 2% €10, 1] be the lead-
ing dyadic number (i.e., with k minimal) between 6 and @'. Let z be the landing point of
Rey (1), set 7, = fc’_’o (zo) (so that z; = B, the landing point of R (0)) and z;_; = — 3, the
landing point of R.,(1/2), and let A={zo, ..., zx]¢ be the connected envelope of
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{z0,...,z¢} in K. Then A is a finite tree, 0 € A, because 0 € [—8, Blx and ¢y € A
because the ray R, (7) landing at z is separated from z; by R, (6) U R, @) U{co}. It
follows that f. (A)C A and hence the orbit of 0 is in f. (A) CA, since
feo {0, 2o, ..., zk}) ={co, 21, - . ., 2k }. For each n, the rays R (2"0) and R, (2"¢")
land at the same point x,, = f".‘o+1 (0). Moreover they are on opposite sides of the branch
of A passing through x,, because they have different arguments (they could only have
the same argument at some time 7, if they previously passed through the critical point 0,
which would make 0 periodic). Therefore, if 2"/ tends to &, then Xn; tends to c¢o and
26 tends to 6, s0 6 € (') and finally 0 € w(9), countrary to the hypothesis.

If ¢y has at least three external arguments 6y, 6,, 63 with 0 <0; <6, <63 <1, we
can consider the leading dyadic numbers 7; in 10y, 6;[ and 1, in ]6,, 03[, the landing
points z; of R, (t1) and z5 of R, (12), and the connected envelope A of the union of
the orbits of z; and z5. Then as above A is a finite tree, 0, ¢p € A, f,,(A) C A, the point
co is a branching point of A, and so is fc”o (co) for each n. As the number of branch
points is finite the orbit of ¢ is finite and ¢ is a Misiurewicz point.

b) (2) = (1): If ¢ is semi-hyperbolic, K, is locally connected ([CIY]). Then the
Caratheodory loop y : T — K, is continuous. If & were recurrent under doubling,
then ¢ were recurrent under f.

¢) (1) = (3.1): Note first that critical links occur only for 0 periodic under doubling,
i.e., rational with odd denominator. Suppose 6 is non recurrent under doubling and set
a=d(®, w(®)). Let C be a cylinder with G(3~¢) = %,9), and let R’ and R” be two
consecutive descending rays in C, coming from precritical points x' and x” with
ff’ x)= fck// (x") =c. We have k' # k", because an equipotential component contains
at most one critical point of G. Suppose k” < k’. Let Cy, C’' and C" be the cylinders hav-
ing ¢, x" and x” in their upper boundary. In Co, the rays f¥ (R’) and f* (R") have argu-
ment 0 and 6=2¢*'9 respectively, these arguments differ by at leats «. The map ff/
induces an isomorphism C' — C preserving argument differences, so in C’ the rays R’
and R” have arguments which differ by at least .. The strip between R’ and R goes
down to C without hitting a precritical point, because R’ and R” are consecutive. So the
metric width of this strip remains the same, and its argument width is multiplied by
2k=¥ We have seen that the difference of arguments between two descending rays is at
least « along an arc on which they are consecutive. Naturally this holds also without this
consecutiveness hypothesis.

d) (2) = (3.2): Suppose R (6) lands at ¢y € IM semi-hyperbolic. By (2) = (1)
and Lemma 2, f,, is only finitely renormalizable and has no indifferent cycle. By
[H/M], the pieces of Yoccoz puzzles containing ¢y form a fundamental system of
neighbourhoods of co. So, in K, there is a finite number of repelling preperiodic
points z;(co) which, together with the external rays R, (#;, ;) landing on them, separate
co and R, (0) from fc"0 (co) and R, (2"6) for n > 0. For each n > 0, if ¢ is close enough
to cp, the corresponding preperiodic points z;(c) together with the rays R (%, ;)
separates R.(0) from R.(2"0). Actually this holds for any c € Ry (), since the
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combinatorics of external rays does not change when ¢ moves on an external ray of M.
Fix ce Ry (0), let s; be the separation potential between ¢ and z;(c), choose
s < min(s;) a non critical level, let E be the equipotential component of level s of K,
which intersects R.(6) and C; the cylinder which contains E. Then no ray of the form
R(2"6) with n > 0 crosses Cy. There is a u € N such that f*(C;) = Cy (the cylinder
with ¢ on its upper boundary). Let R ans R’ be two distinct rays descending from pre-
critical points x and x’ with f¥(x) = f¥ (x') =0, K’ < k. Let C be the cylinder with x on
its upper boundary, so that R crosses C. Then f**!(C) = Cy, and f**! induces an iso-
morphism of C together with everything below to Cy together with everything below.
Suppose that R’ also crosses C, which implies x' # x and k' <k. In Co,
FUR) =Ro(0) and f(R') =R.(25¥0), since they are rays descending from ¢
and ff’ki (c) respectively. These two rays can be continued downwards without hitting
a critical point. (there is no critical link, so no ray descending from a postcritical point of
f. can hit a precritical point). If R and R’ stay in the same cylinder  times, then so do
R.(6) and R.(25-¥ 9). Therefore u’ < u, since R() crosses C; and R(25-¥'9) cannot
enter it.

e) (No critical link) and (3.2) = (1): The angle 6 is not periodic under doubling
(i.e., not rational with odd denominator) because there is no critical link. Suppose,
by contradiction, that @ is recurrent under doubling and choose & with 20’ =0, so that
R(@) bumps on the critical point 0. For any k, there is an n such that 2"0 =0+ € is
so close to @ that there is no ¢ with 2'r=60, I <k, between 6 and 2"6. Set
0" =6 — 557 Then 2"710" =2"0 — € =0, 50 R.(6") bumps on a precritical point '
with f2(e') =0.

Suppose that a ray R..(f') with ¢ (strictly) between & and 8" bumps on a precritical
point w with f7*(w) =0. Then t =2"¢ lies between 6 and 2"6. We cannot have m <n
because 21 ¢ = 6 and we would have r = 2""6. Neither can we haven <m <n+ K
because 2/t =0 withl=n —m.Som > n +k.

Therefore the rays R.(¢') with ¢ between ' and §” span an open strip which crosses
n +k -+ 1 consecutive cylinders without hitting a critical point of the potential (i.e.,
a precritical point of f.). Below the level of «/, this strip is bounded by a ray descend-
ing from &/, and by another ray descending from 0, and these rays stay together across
k consecutive cylinders.

As k is arbitrary, this contradicts (3.2). [

Remarks. 1) We have proved more than stated: the statement says {(3.1) and
(3.2)} = (1), and we have proved (3.2) = (1). But we have in view the conjecture
below. In the quadratic case, the conditions (3.1) and (3.2) are more or less equiva-
lent; it is not clear that the same holds for general quasi-quadratic Cantor sets, and we
shall be happy if we prove this conjecture as stated.

2) We use Lemma 2 (c) only to get local connectivity, which is convenient in the proof
of (1) = (2). Then we just want to exclude parabolic cycles, which is much easier. It
might be possible to improve this proof by avoiding this contortion.
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Conjecture 3. If a quasi-quadratic Cantor set satisfies (3.1) and (3.2), it is dendro-
genous, and under Branner-Hubbard compression it tends to a John dendrite.

Note that none of the above conjectures implies obviously any other.
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