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Introduction

The papers collected in this volume were all written in celebration of Bodil Branner’s

60 year birthday. Most of them were presented at the ‘Bodil Fest’, a symposium

on holomorphic dynamics held in June 2003 at the ‘Søminestationen’ in Holb�k,
Denmark.

JohnMilnor gives an exhaustive survey of the so called Lattès maps, their history,

their properties and significance within holomorphic dynamics in general and within

Thurston theory in particular.

Carsten Lunde Petersen and Tan Lei survey the Branner-Hubbard motion and

illustrate its power by old and new examples.

Michael Lyubich and Arthur Avila study the Hausdorff dimension of the Julia

sets of the sequence of infinitely renormalizeable real quadratic polynomials with

p-periodic combinatorics closest to the Chebychev polynomial, p→∞; using their

Poincaré Series technicque.

Arnaud Cheritat surveys his joint work with Xavier Buff on quadratic Siegel

disks with prescribed boundary regularity.

Robert Devaney, Daniel M. Look, Monica Moreno Rocha, Pradipta Seal,

Stefan Siegmund, and David Uminsky portray the family of quartic rational maps

z �→ z2 + λ/z2 which exhibits many interesting properties, and they pose several ques-

tions about this family.

Pascale Roesch subsequently answers one of these questions affirmatively.

Tomoki Kawahira studies small perturbations of geometrically finite maps into other

geometrically finite maps which are (semi)-conjugate on the Julia set to the original map.

Wolf Jung presents his interesting thesis work on self-homeomorphisms of the

Mandelbrot set. He shows among other things that the group of such homeomor-

phisms has the cardinality ofR.

Nuria Fagella andChristianHenriksen study the natural complexifications of the

so-called standard maps and Arnold disks in the corresponding complexifications in para-

meterspace, of the irrational Arnold tongues for rotation numbers yielding Herman rings.

Tan Lei surveys and extends the results of the unpublished thesis of PiaWillumsen,

who was a Ph.D. student of Bodil Branner.

Adrien Douady, in the final paper, describes Branner-Hubbard motions of com-

pact sets in the plane, poses several convergence conjectures and proves new results

on semi-hyperbolic parameters in the Mandelbrot set.

Bodil Branner is a graduate of Aarhus University. In 1967 she submitted her master

thesis in the area of algebraic topology. Since 1969 she has worked, first as an assistant



professor, later as associate professor of

mathematics at the Department ofMathemat-

ics, Technical University of Denmark, which

is situated in Lyngby, near Copenhagen.

In the summer of 1983 Branner had the

fortune to be introduced to holomorphic

dynamics when she met Adrien Douady and

John H. Hubbard.

All three participated in the Chaos work-

shop at the Niels Bohr Institute at the Univer-

sity of Copenhagen, organized by Predrag

Cvitanovic. The workshop poster displayed

the Douady Rabbit. Branner had learned

from Cvitanovic that Hubbard had general-

ized kneading sequences – used to classify

one-dimensional real uni-modal maps such

as real quadratic polynomials – to the com-

plex setting, the Hubbard trees. At the time

Branner worked on iterations of real cubic

polynomials. This was initiated by Peter Leth Christiansen who in 1980 suggested, as

a topic for a student’s master thesis, the Nature paper of 1976 byRobertMay onCompli-

cated Behavior of Simple Dynamical Systems, dealing with the logistic family of real

quadratic polynomials. The master student, Henrik Skjolding, made under supervision

by Branner a careful numerical study of monic cubic polynomials, and afterwards

Branner continued to iterate polynomials.

At the Chaos meeting, Branner asked Hubbard to tell her about the Hubbard trees.

This became the starting point of a very fruitful collaboration. Hubbard convinced her

easily that cubic polynomials were better treated when studied over the complex field.

Moreover, if she wanted to shift to holomorphic dynamics there would be a great

opportunity later that summer, when William Thurston would be lecturing on his

groundbreaking topological characterization of rational functions at an NSF summer

conference in Duluth.

Less than two months later Branner flew to the United States for the very first time

and was introduced to an inspiring group of mathematicians working in dynamical

systems, complex analysis, topology and differential geometry. After the conference,

Branner continued with Hubbard to Cornell University. Already during the first week

they became convinced that there was a wonderful structure in the cubic parameter

space to be unfolded. Computer pictures generated by Homer Smith on the super-

computer at Cornell University supported this belief. As a result, Branner was invited

as visiting professor to Cornell University, starting one year later.

Before then, in the summer of 1984, Douady, Hubbard and Branner spent some

time at the Mittag-Leffler Institute in Sweden. Douady and Hubbard were most of the

time working on the understanding of, and the filling in of details in, Thurston’s proof
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from the previous summer (where Douady had not been present), with Branner

assigned ‘guinea pig’, taking notes while they were lecturing to each other, using the

blackboard. They completed a joint preprint on Thurston’s theorem. Several years

later the manuscript was published in Acta Mathematica. Thurstons theorem is a mile-

stone in holomorphic dynamics. It asserts the equivalence of any un-obstructed post-

critically finite branched self-cover of the sphere with hyperbolic orbifold to a unique

rational map up to Möbius equivalence. In this theory the so-called Lattès maps play

a special role (see also Milnor’s paper in this volume).

During the next one and a half year, while Branner was a visiting professor at Cornell

University, Part I of [BH] on The iteration of cubic polynomials was finished. It

describes the global topology of the parameter space C2 of monic, centered cubic poly-

nomials of the form Pa, b(z)= z3 − a2z+ b. Several decompositions of the parameter

space are considered. The first splitting is to separate the connectedness locus, where

both critical points have bounded orbit and the Julia set therefore is connected, from the

escape locus, where at least one critical point escapes to infinity. The second splitting is

to foliate the escape locus into different hyper-surfaces, each one corresponding to

a fixed maximal escape rate of the critical points. A particular way of constructing

Teichmüller almost complex structures, invariant under Pa, b, were introduced aswring-

ing and stretching the complex structure. This technique is now referred to as Branner-

Hubbard motion (see also the three papers by Petersen & Tan, Tan and Douady in this

volume). The wring and stretch operation is continuous on the cubic escape locus (it is

not continuous on the entire cubic locus, see Tan in this volume). It follows that each
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hyper-surface of fixed escape rate is homeomorphic to the three-dimensional sphere,

and that the connectedness locus is cell-like: an infinite intersection of a nested sequence

of closed topological three-dimensional balls. The third splitting is within each hyper-

surface. Measuring the argument of the faster (first) escaping critical value (a choice of

faster critical value if both escape at a common rate) one obtains a fibration over the

circle with fibers a trefoil clover leaf. The final splitting in each clover leaf is governed

by the behavior of the second critical point, which may escape or not. The structure of

the set of parameters for which the second critical point does not escape can be

described combinatorially. It includes infinitely many copies of the Mandelbrot set

each with its own combinatorics. These stem from quadratic-like restrictions of

(iterates of) cubic polynomials. In fact, the starting point of it all had been the under-

standing of this combinatorial structure.

In January 1986 Branner returned to Denmark. In Spring she learned from Douady

that Yoccoz had observed that the combinatorial structure in a particular clover leaf

over the zero-argument was similar to the combinatorial structure in the 1
2
-limb of the

Mandelbrot set. How could this be justified? The comparison of quadratic polyno-

mials with connected Julia set to cubic polynomials with disconnected Julia set was

not obvious. However, moving along a stretching ray through such a cubic polynomial

towards the connectedness locus the escape rate of the critical point decreases and in

the limit the critical point is mapped onto the fixed point, which is the landing point of

the zero-ray. In the cubic one-parameter family of polynomials with one critical point

being pre-fixed, there is a limb corresponding to the fixed point being the landing point
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of the zero-ray. The correspondence between the post-critically finite quadratic and

cubic polynomials can be understood in terms of Hubbard trees. It is much harder to

establish a homeomorphism between the two relevant limbs.

Douady was at the time trying to embed the 1
2
-limb of the Mandelbrot set into the 1

3
-

limb. He was motivated by the Corollary that would follow: The main vein in the
1
3
-limb is a topological arc, being the image of the line segment of the real axis

included in the 1
2
-limb. It turned out that it was easier to work out the surgery technique

that was needed to obtain the homeomorphisms between the relevant sets of quadratic

and cubic polynomials than the one between the different sets of quadratic polyno-

mials. Therefore, the surgery technique was developed in that order, and resulted in

a joint paper [BD] Surgery on Complex Polynomials in Proceedings of Symposium on

Dynamical Systems, Mexico 1986, with Theorem A relating the quadratic polyno-

mials via a homeomorphism, and Theorem B relating the quadratic and cubic polyno-

mials via a homeomorphism.

Part II of [BH] describing patterns and para-patterns was finished in the spring of

1988 during the special semester on dynamical systems at the Max-Planck-Institute

für Mathematik in Bonn. The main inventions were on one hand the tableaus, combi-

natorial schemes, which catch enough information in the dynamical plane in order to

estimate the modulus of annuli between consecutive critical levels of Green’s func-

tion; and on the other hand the use of Grötzsch’ inequality on moduli of annuli

together with the result that for an open, bounded annulus of infinite modulus the

bounded component of the complement is just one point. Hence, if for an infinite

sequence of disjoint open annuli An, embedded in an open bounded annulus A, the

infinite series of moduli of theAn is divergent, then the annulusA has infinite modulus

and surrounds exactly one point. This method of proving components to be point com-

ponents has been called the divergence method. An infinite tree of patterns captures

the structure in the dynamical planes. Out of these one builds para-patterns, which cor-

respond to the structure in the clover leaves. The ends are either point components, as

proved by the divergence method, or copies of the Mandelbrot set, corresponding to

quadratic-like families.

The divergence method was later extended by Yoccoz to be applied to prove local

connectivity of Julia sets of non-renormalizeable quadratic polynomials z2 + cwith c in

the Mandelbrot set and both fixed points repelling. He also proved local connectivity of

the Mandelbrot set at the corresponding c-values. The complications in the quadratic

setting is much more profound than in the cubic case, in particular the estimates in the

parameter plane. Yoccoz called the division in the dynamical planes puzzles

(instead of patterns) and the one in the parameter space para-puzzles (instead of

para-patterns).

In the summer of 1993 Branner and one of the editors (PGH) organized a NATO

advanced study institute in Hillerød, entitledReal andComplexDynamics. For twoweeks

more than 100 participants, of which about two thirds were Ph.D.-students and Post.

Docs., stayed together in ideal surroundings listening to lectures of 15 main speakers,

combined with numerous talks by other participants and lots of informal discussions.

Introduction 7



Much collaboration grew out of this summer school, and these youngmathematicians

are now leading the new developments. Branner began to work together with Nuria

Fagella, further developing the surgery technique with the aim to prove certain symme-

tries in the Mandelbrot set, through comparisons with higher degree polynomials. Their

first joint paper Homeomorphisms between limbs of the Mandelbrot set was finished in

1995 during the special semester on Conformal Dynamics at MSRI in Berkeley,

arranged by Curt McMullen (see also the paper by Jung in this volume.)

10 years after the Hillerød meeting, in 2003, a large number of eminent researchers,

colleagues young and old, gathered at the Søminestationen, a former Danish navy

training site, now a peaceful conference centre picturesquely located by one of the

many quiet fjords of the Danish coast. It was mid-Summer in Scandinavia. The sym-

posium became a celebration of an exciting active area of mathematics, of warm and

long lasting international friendships, and, not least, of the wonderful life and inspiring

scholarship of Bodil Branner.

PGH&CLP
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On Lattès Maps

John Milnor

Dedicated to Bodil Branner

Abstract. An exposition of the 1918 paper of Lattès, together with its historical antecedents, and its modern
formulations and applications.

1. The Lattès paper

2. Finite Quotients of Affine Maps

3. A Cyclic Group Action onC/�

4. Flat Orbifold Metrics

5. Classification

6. Lattès Maps before Lattès

7. More Recent Developments

8. Examples

References

§1. The Lattès paper. In 1918, some months before his death of typhoid fever,

Samuel Lattès published a brief paper describing an extremely interesting class of

rational maps, which have since played a basic role as exceptional examples in the

holomorphic dynamics literature. Similar examples had been described by Schröder

almost fifty years earlier, but these seem to have been forgotten. (Compare §6.) In any

case, Lattès provided a more general foundation for the study of these maps, and his

name has become firmly attached to them.

His starting point was the ‘‘Poincaré function’’ θ : C→ bC associated with a repel-

ling fixed point z0 = f(z0) of a rational function f : bC→ bC. This can be described as

the inverse of the K�nigs linearization around z0, extended to a globally defined mero-

morphic function.1 Assuming for convenience that z0 6¼∞, it is characterized by the

identity

f(θ(t))= θ(µ t)

for all complex numbers t, with θ(0)= z0, normalized by the condition that θ0(0)= 1.

Here µ= f 0(z0) is the multiplier at z0, with |µ|> 1. This Poincaré function can be

computed explicitly by the formula

θ(t)= lim
n→∞ f �n(z0 + t/µn):

1 Compare [La], [P], [K]. For general backgroundmaterial, see for example [M4] or [BM].



Its image θ(C)⊂ bC is equal to the Riemann sphere bC with at most two points removed.

In practice, we will always assume that f has degree at least two. The complementbC\θ(C) is then precisely equal to the exceptional set Ef , consisting of all points with

finite grand orbit under f .

In general this Poincaré function θ has very complicated behavior. In particular, the

Poincaré functions associated with different fixed points or periodic points are usually

quite incompatible. However, Lattès pointed out that in special cases θ will be peri-

odic or doubly periodic, and will give rise to a simultaneous linearization for all of the

periodic points of f outside of the postcritical set. (For a more precise statement, see

the proof of 3.9 below.)

We will expand on this idea in the following sections. Section 2 will introduce

rational maps which are finite quotients of affine maps. (These are more commonly

described in the literature as rational maps with flat orbifold metric—see §4.) They can

be classified into power maps, Chebyshev maps, and Lattès maps according as the Julia

set is a circle, a line or circle segment, or the entire Riemann sphere. These maps will be

studied in Sections 3 through 5, concentrating on the Lattès case. Section 6 will describe

the history of these ideas before Lattès; and §7 will describe some of the developments

since his time. Finally, §8 will describe a number of concrete examples.

§2. Finite Quotients of Affine Maps. It will be convenient to make a very mild

generalization of the Lattès construction, replacing the linear map t �→µ t of his con-

struction by an affine map t �→ a t+ b. Let � be a discrete additive subgroup of the

complex numbersC. In the cases of interest, this subgroup will have rank either one or

two, so that the quotient surfaceC/� is either a cylinder C or a torus T .

Definition 2.1. A rational map f of degree two or more will be called a finite quotient

of an affine map if there is a flat surface C/�, an affine map L(t)= a t+ b from C/�

to itself, and a finite-to-one holomorphic map � : C/�→ bC\Ef which satisfies the

semiconjugacy relation f ��=� � L. Thus the following diagram must commute:

C/� −→L C/�

�|↓ �|↓bC\Ef −→f bC\Ef :
(1)

We can also write f =� � L ��− 1. It follows for example that any periodic orbit of

Lmust map to a periodic orbit of f , and conversely that every periodic orbit of f out-

side of the exceptional set Ef is the image of a periodic orbit of L. (However, the peri-

ods are not necessarily the same.) Here the finite-to-one condition is essential. In fact

it follows from Poincaré’s construction that any rational map of degree at least two

can be thought of as an infinite-to-one quotient of an affine map ofC.

10 JohnMilnor



These finite quotients of affine maps can be classified very roughly into three types,

as follows. The set of postcritical points of f plays an important role in all cases.

(Compare Lemma 3.4.)

Power maps. These are the simplest examples. By definition, a rational map will be

called a power map if it is holomorphically conjugate to a map of the form

fa(z)= za

where a is an integer. Note that fa, restricted to the punctured plane C\f0g= bC\Efa ,
is conjugate to the linear map t �→ at on the cylinder C/2πZ. In fact fa(e

it)= ei at,

where the conjugacy t �→ eit maps C/2πZ diffeomorphically onto C\f0g. The degree
of fa is equal to |a|, the Julia set J(fa) is equal to the unit circle, and the exceptional

set Efa = f0,∞g consists of the two critical points, which are also the two postcritical
points.

Chebyshev maps. These are the next simplest examples. A rational mapwill be called

a Chebyshev map if it is conjugate to ± ɥn(z) where ɥn is the degree n Chebyshev

polynomial, defined by the equation2

ɥn(u+ u− 1)= un + u− n:

For example:

ɥ2(z)= z2 − 2, ɥ3(z)= z3 − 3z, ɥ4(z)= z4 − 4z2 + 2, . . . :

We will see in §3.8 that power maps and Chebyshev maps are the only finite quoti-

ents of affine maps for which the lattice�⊂C has rank one.

If we set u= eit, then the map�(t)= u+u− 1 = 2 cos (t) is a proper map of degree

two from the cylinderC/2πZ to the planeC, satisfying

ɥn(�(t))=�(nt) or equivalently ɥn(2 cos t)= 2 cos(nt),

and also −ɥn(�(t))=�(nt+π). These identities show that both ɥn and −ɥn are

finite quotients of affine maps. The Julia set J(± ɥn) is the closed interval [−2, 2],

and the exceptional set for± ɥn is the singleton f∞g. The postcritical set of± ɥn con-
sists of the three points f± 2, ∞g. In fact, if 2 cos (t) is a finite critical point of ɥn then
by differentiating the equation ɥn(2 cos t)= 2 cos (nt) we see that sin (nt)= 0 and

hence that 2 cos(nt)=± 2.

Note: If n is even, the equation −ɥn(z)= ɥn(kz)/k with k= −1 shows that −ɥn is
holomorphically conjugate to ɥn. However, for n odd the map z �→ −ɥn(z) has a post-
critical orbit f± 2g of period two, and hence cannot be conjugate to z �→ɥn(z) which
has only postcritical fixed points.

2 The Russian letter ɥ is called ‘‘chi’’, pronounced as in ‘‘chicken’’.
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Lattès maps. In the remaining case where the lattice �⊂C has rank two so that the

quotient T =C/� is a torus, the map f =� � L ��− 1 will be called a Lattès map.

Here L is to be an affine self-map of the torus, and� is to be a holomorphic map from

T to the Riemann sphere bC. These are the most interesting examples, and exhibit

rather varied behavior. Thus we can distinguish between flexible Lattès maps which

admit smooth deformations, and rigid Lattès maps which do not. (See 5.5 and 5.6, as

well as §7 and 8.3.) Another important distinction is between the Lattès maps with

three postcritical points, associated with triangle groups acting on the plane, and those

with four postcritical points. (See §4.)

For any Lattès map f , since � is necessarily onto, there are no exceptional points.

Furthermore, since periodic points ofL are dense on the torus it follows that periodic points

of f are dense on the Riemann sphere. Thus the Julia set J(f)must be the entire sphere.

§3 Cyclic Group Actions on C/�. The following result provides a more explicit

description of all of the possible Lattès maps, as defined in §2.

Theorem 3.1. A rational map is Lattès if and only if it is conformally conjugate to

a map of the formL/Gn : T /Gn → T /Gn where:

• T ffi C/� is a flat torus,

• Gn is the group of n-th roots of unity acting on T by rotation around a base point,

with n equal to either 2, 3, 4, or 6,

• T /Gn is the quotient space provided with its natural structure as a smooth

Riemann surface of genus zero (compare Remark 3:6),
• L is an affine map from T to itself which commutes with a generator ofGn, and

• L/Gn is the induced holomorphic map from the quotient surface to itself.

Remark 3.2. The map T → T /Gn ffi bC can of course be described in terms of classi-

cal elliptic function theory. In the case n= 2 we can identify this mapwith theWeierstrass

function} : C/�→ bC associatedwith the period lattice�. Here the lattice� or the torus

T can be completely arbitrary, but in the cases n ≥ 3 wewill see that T is uniquely deter-

mined by n, up to conformal isomorphism. For n= 3 we can take the derivative }0 of the
associated Weierstrass function as the semiconjugacy }0 : T → bC, while for n= 6 we

can use either (}0)2 or}3 as the semiconjugacy. (For any lattice withG3-symmetry, these

two functions are related by the identity (}0)2 = 4}3 + constant. The two alternate forms

correspond to the fact that T /G6 can be identified either with (T /G3)/G2 or with

(T /G2)/G3.) Finally, for n= 4 we can use the square }2 of the associated Weierstrass

function, corresponding to the factorization T → T /G2 → T /G4.

Remark 3.3. This theorem is related to the definition in §2 as follows. Let us use the

notation �? : T ? =C/�? → bC\Ef for the initial semiconjugacy of Definition 2.1,

formula (1). The degree of this semiconjugacy �? can be arbitrarily large. However,

the proof of 3.1 will show that �? can be factored in an essentially unique way as the
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composition of a covering map T ? → T for some torus T and a projection map T →
T /Gn ffi bCwith n equal to 2, 3, 4, or 6.

The proof of 3.1 will be based on the following ideas. Let θ : C→ bC be a doubly peri-

odic meromorphic function, and let �⊂C be its lattice of periods so that λ∈� if and

only if θ(t+λ)= θ(t) for all t ∈C. Then the canonical flat metric |dt|2 onC pushes for-

ward to a corresponding flat metric on the torus T =C/�. If ‘(t)= at+ b is an affine

map ofC satisfying the identity f � θ= θ � ‘, then for λ∈� and t ∈Cwe have

θ(at+ b)= f(θ(t))= f(θ(t+ λ))= θ(a(t+λ)+ b):

It follows that a�⊂�. Therefore the maps ‘ and θ on C induce corresponding maps L

and� on T , so that we have a commutative diagram of holomorphic maps

T −→L T
�|↓ �|↓bC −→f bC:

(2)

We will think of T as a branched covering of the Riemann sphere with projection

map�. Since L carries a small region of areaA to a region of area |a|2A, it follows that
the map L has degree |a|2. Using Diagram (2), we see that the degree df of the map f

must also be equal to |a|2. Wewill always assume that df ≥ 2.

One easily derived property is the following. (For a more precise statement, see 4.5.)

Let Cf be the set of critical points of f and let Vf = f(Cf ) be the set of critical values.

Similarly, let V� =�(C�) be the set of critical values for the projectionmap�.

Lemma 3.4. Every Lattès map f is postcritically finite. In fact the postcritical set

Pf =Vf ∪ f(Vf )∪ f �2(Vf )∪ � � �
for f is precisely equal to the finite set V� consisting of all critical values for the projec-

tion� : T → bC.
Proof. Let df (z) be the local degree of the map f at a point z. Thus

1≤ df (z)≤ df ,

where df (z)> 1 if and only if z is a critical point of f . Given points τj ∈ T and zj ∈ bC
with

τ1 �→L τ0

�

�→

�

�→

z1 �→f z0,

sinceL has local degree dL(τ)= 1 everywhere, it follows that

d�(τ0)= d�(τ1) · df (z1): (3)

On Lattès Maps 13



Since the maps L and � are surjective, it follows that z0 is a critical value of � if and

and if it is either a critical value of f or has a preimage z1 ∈ f − 1(z0)which is a critical

value of� or both. Thus V� =Vf ∪ f(V�), which implies inductively that

f �n(Vf )⊂V�, hence Pf ⊂V�:

On the other hand, if some critical point τ0 of � had image �(τ0) outside of the post-

critical set Pf , then all of the infinitely many iterated preimages � � � �→ τ2 �→ τ1 �→ τ0
would have the same property. This is impossible, since� can have only finitely many

critical points. �

Wewill prove the following preliminary version of 3.1, with notations as in Diagram (2).

Lemma 3.5. If f is a Lattès map, then there is a finite cyclic groupG of rigid rotations of

the torus T about some base point, so that �(τ0)=�(τ) if and only if τ0= g τ for some

g∈G. Thus � induces a canonical homeomorphism from the quotient space T /G onto

the Riemann sphere.

Remark 3.6. Such a quotient T /G can be given two different structures which are

distinct, but closely related. Suppose that a point τ0 ∈ T is mapped to itself by a non-

trivial subgroup ofG, necessarily cyclic of order r> 1. Any τ close to τ0 can be written

as the sum of τ0 with a small complex number τ− τ0. The power (τ− τ0)
r then serves

as a local uniformizing parameter for T /G near τ0. In this way, the quotient becomes

a smooth Riemann surface. On the other hand, if we want to carry the flat Euclidean

structure of T over to T /G, then the image of τ0 must be considered as a singular ‘‘cone

point’’, as described in the next section. The integer r, equal to the local degree d�(τ0),

depends only on �(τ0), and is called the ramification index of�(τ0). (See 4.1.)

Proof of 3.5. Let U be any simply connected open subset of bC\Pf = bC\V�. Then the

preimage �− 1(U) is the union U1 ∪ � � � ∪Un of n disjoint open sets, each of which

projects diffeomorphically onto U, where n= d� is equal to the degree of �. Let

�j : Uj −→ffi U be the restriction of� toUj. We will first prove that each composition

�− 1
k ��j : Uj →Uk, (4)

is an isometry fromUj ontoUk, using the standard flat metric on the torus.

Since periodic points of f are everywhere dense, we can choose a periodic point

z0 ∈U. Now replacing f by some carefully chosen iterate bf , and replacing L by the

corresponding iterate bL, we may assume without changing� that:

• z0 is actually a fixed point of bf , and that
• every point in the finite bL-invariant set �− 1(z0) is either fixed by bL, or is mapped

to a fixed point by bL.
In other words, each point τj =�− 1

j (z0) is either a fixed point of bL or maps directly

to a fixed point. For τ close to τj, evidently the difference τ− τj can be identified
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with a unique complex number close to zero. Setting bL(τj)= τj0 , note that the affine
map

τ− τj �→ bL(τ)− τj0 ∈C

is actually linear, so that bL(τ)− τj0 = ba (τ− τj) where ba= bL0 is constant. Similarly,

for z close to z0, the difference

Kj(z)=�− 1
j (z)− τj

is well defined as a complex number. For each index j we will show that the map z �→
Kj(z)∈C is a K�nigs linearizing map for bf in a neighborhood of z0. That is,

Kj(bf(z))= baKj(z), with Kj(z0)= 0, (5)

where the constant ba= bL0 is necessarily equal to the multiplier of bf at z0. In fact the

identity�− 1
j0 (bf(z))= bL(�− 1

j (z)) holds for all z close to z0. Subtracting τj0 we see that

Kj0(bf(z))= baKj(z): (6)

If τj is a fixed point so that j
0= j, then this is the required assertion (5). But τj0 is always

a fixed point, so this proves that Kj0(bf(z))= baKj0(z). Combining this equation with

(6), we see thatKj(z)=Kj0(z), and it follows that equation (5) holds in all cases.
Since such a K�nigs linearizing map is unique up to multiplication by a constant, it

follows that every Ki(z) must be equal to the product cij Kj(z) for some constant

cij 6¼ 0 and for all z close to z0. Therefore �
− 1
i (z) must be equal to cij �

− 1
j (z) plus

a constant for all z close to z0. Choosing a local lifting of �− 1
i ��j to the universal

covering space eT ffi C and continuing analytically, we obtain an affine map Aij from

C to itself with derivative A0ij = cij, satisfying the identity θ= θ � Aij, where θ is the

composition eT → T −→� bC.
We must prove that |cjk|= 1, so that this affine transformation is an isometry. Let eG be

the group3 consisting of all affine transformations eg of C which satisfy the identity

θ= θ � eg. The translations t �→ t+ λwithλ∈� constitute a normal subgroup, and the quo-

tient G= eG/� acts as a finite group of complex affine automorphisms of the torus

T =C/�. In factG has exactly n elements, since it contains exactly one transformation g

carryingU1 to any specifiedUj. The derivative map g �→ g0 is an injective homomorphism

fromG to the multiplicative groupC\f0g. Hence it must carryG isomorphically onto the

unique subgroup ofC\f0g of order n, namely the groupGn of n-th roots of unity. Further-

more, a generator of G must have a fixed point in the torus, so G can be considered as

a group of rotations about this fixed point. This completes the proof of 3.5. �

In fact, if we translate coordinates so that some specified fixed point of theG-action

is the origin of the torus T =C/�, then clearly we can identify G with the group Gn

of n-th roots of unity, acting by multiplication on T .

3 This eG is often described as a crystallographic group acting on C; that is, it is a discrete group of rigid

Euclidean motions ofC, with compact quotientC/ eG ffi T /G. (Compare 4.9 and 7.3.)
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Lemma 3.7. The order n of such a cyclic group of rotations of the torus with quotient

T /Gn ffi bC is necessarily either 2, 3, 4, or 6.

Proof. Thinking of a rotation through angle α as a real linear map, it has eigenvalues

e± i α and trace ei α + e− i α = 2 cos (α). On the other hand, if such a rotation carries the

lattice � into itself, then its trace must be an integer. The function α �→ 2 cos (α) is

monotone decreasing for 0<α≤π and takes only the following integer values:

r = 6 4 3 2

2 cos (2π/r) = 1 0 − 1 − 2:

This proves 3.7. �

Now to complete the proof of Theorem 3.1, we must find which affine maps

L(τ)= a τ+ b give rise to well defined maps of the quotient surface T /Gn. Let ω be

a primitive n-th root of unity, so that the rotation g(t)=ωt generates Gn. Then evi-

dently the points L(t)= at+ b and L(g(t))= aω t+ b represent the same element of

T /Gn if and only if

aω t+ b≡ωk(at+ b)mod � for some power ωk:

If this equation is true for some generic choice of t, then it will be true identically for

all t. Now differentiating with respect to t we see that ωk =ω, and substituting t= 0

we see that b≡ωb mod�. It follows easily that g � L=L � g. Conversely, whenever
g and L commute it follows immediately that L/Gn is well defined. This completes

the proof of 3.1.

The analogous statement for Chebyshev maps and power maps is the following.

Lemma 3.8. If f =� � L ��− 1 is a finite quotient of an affine map on a cylinder C,
then f is holomorphically conjugate either to a power map z �→ za or to a Chebyshev

map± ɥd.

The proof is completely analogous to the proof of 3.1. In fact any such f is conju-

gate to a map of the form L/Gn : C/Gn → C/Gn, where L is an affine map of the cyl-

inder C and where n is either one (for the power map case) or two (for the Chebyshev

case). Details will be left to the reader. �

The following helps to demonstrate the extremely restricted dynamics associated with

finite quotients of affinemaps. Presumably nothing like it is true for any other rationalmap.

Corollary 3.9. Let f =� � L ��− 1 be a finite quotient of an affine map L which

has derivative L0= a. If z∈ bC\Ef is a periodic point with period p ≥ 1 and ramifica-

tion index r ≥ 1, then the multiplier of f �p at z is a number of the form µ= (ωap)r

where ωn = 1.
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(The ramification index is described in 3.6 and also in §4.) For example for a

periodic orbit of maximal ramification index r= n the multiplier is simply apn. In the

case of a generic periodic orbit with r= 1, the multiplier has the form ωap. In all cases,

the absolute value |µ| is equal to |a|pr.
Proof of 3.9. First consider a fixed point z0 = f(z0) and let �(τ0)= z0. As in 3.6, we

can take ζ= (τ− τ0)
r as local uniformizing parameter near z0. On the other hand,

since z0 = f(z0) we have τ0 ∼L(τ0), or in other words τ0 =ωL(τ0) for some ω∈Gn.

Thus f lifts to the linear map

τ− τ0 �→ωL(τ)−ωL(τ0)=ωa (τ− τ0):

Therefore, in terms of the local coordinate ζ near z0, we have the linear map

ζ �→ (ω a)rζ, with derivative µ= (ω a)r. Applying the same argument to the p-th iter-

ates of f andL, we get a corresponding identity for a period p orbit. �

§4. Flat Orbifold Metrics. We can give another characterization of finite quoti-

ents of affine maps as follows. Recall that Ef is the exceptional set for f , with at most

two points.

Definition. A flat orbifold metric on bC\Ef is a complete metric which is smooth,

conformal, and locally isometric to the standard flat metric on C, except at finitely

many ‘‘cone points’’, where it has cone angle of the form 2π/r. Here a cone pointwith

cone angle 0<α< 2π, is an isolated singular point of the metric which can be visual-

ized by cutting an angle of α out of a sheet of paper and then gluing the two edges

together. (Compare Figure 1. A more formal definition will be left to the reader.) In

the special case where α is an angle of the form 2π/r, we can identify such a cone with

the quotient space C/Gr where Gr is the group of r-th roots of unity acting by multi-

plication on the complex numbers, and where the flat metric onC corresponds to a flat

metric on the quotient, except at the cone point.

Evidently the canonical flat metric on a torus T or cylinder C induces a corresponding
flat orbifold metric on the quotient T /Gn of Theorem 3.1 or the quotient C/Gn of

Figure 1: Model for a cone point with cone angle α.
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Lemma 3.8. Thus near any non-cone point we can choose a local coordinate t so that the

metric takes the form |dt|2. I will say that such a metric linearizes the map f since, in

terms of such preferred local coordinates, f is an affine map with constant derivative.4

(An equivalent property is that f maps any curve of length δ to a curve of length k δ

where k= |a|> 1 is constant.) A converse statement is also true:

Theorem 4.1. A rationalmap f is a finite quotient of an affine map if and only if it is

linearized by some flat orbifold metric, or if and only if there exists an integer valued

‘‘ramification index’’ function r(z) on bC\Ef satisfying the identity
r(f(z))= df (z) r(z) for all z, (7)

with r(z)= 1 outside of the postcritical set of f .

Proof in the Lattès case. First suppose that f is a finite quotient of an affine map on

a torus, conformally conjugate to the quotient map L/Gn : T /Gn → T /Gn. If τ0 is

a critical point of the projection � : T → T /Gn ffi bC with local degree d�(τ0)= r,

then the subgroup consisting of elements of Gn which fix τ0 must be generated by

a rotation through 2π/r about τ0. Hence the flat metric on T pushes forward to a flat

metric on T /Gn with τ0 corresponding to a cone point z0 =�(τ0) of angle 2π/r. This

integer r= r(z0)> 1 is called the ramification index of the cone point. Setting r(z)= 1

if z is not a cone point, we see that r(�(τ)) can be identified with the local degree

d�(τ) in all cases. There may be several different points in �− 1(z), but � must have

the same local degree at all of these points, since the angle at a cone point is uniquely

defined, or by 3.9. With these notations, the required equation (7) is just a restatement

of equation (3) of §3.

Conversely, suppose that (7) is satisfied. It follows from this equation that f is post-

critically finite. In fact we can express the postcritical set Pf as a union P1 ∪P2 ∪ � � �
of disjoint finite subsets, where

P1 = f(Cf ) and Pm+ 1 = f(Pm)\(P1 ∪ � � � ∪Pm):

Let |Pm| be the number of elements in Pm. Since f(Pm)⊃Pm+ 1, the sequence

|Cf | ≥ |P1| ≥ |P2| ≥ |P3| ≥ � � � must eventually stabilize. Therefore we can

choose an integerm so that Pk maps bijectively onto Pk+ 1 for k ≥ m, and must prove

that the number of elements |Pm|= |Pm+ 1|= � � � is zero. Note that each point of

Pm+ 1 has df distinct preimages, where df ≥ 2 by our standing hypothesis. Thus if

|Pm+ 1| 6¼ 0 there would exist some point z∈	 Pm with f(z)∈Pm+ 1. In fact it would

follow that z∈	 Cf ∪Pf . For if z were in Cf ∪P1 ∪ � � � ∪Pm− 1 then f(z) would be in

some Pk with k<m+ 1, while if z were in Pk with k>m then f(z) would be in Pk+ 1

4 The more usual terminology for a map f which is linearized by a flat orbifold metric would be that f has

‘‘parabolic’’ or ‘‘Euclidean’’ orbifold. Following Thurston, for any postcritically finite f there is a smallest

function r(z) ≥ 1 on bC\Ef such that r(f(z)) is a multiple of df (z) r(z) for every z. Furthermore there is an

essentially unique complete orbifold metric of constant curvature ≤ 0 on bC\Ef with r(z) as ramification

index function. The curvature is zero if and only if equation (7) of 4.1 is satisfied. (See [DH] or [M4].)
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with k+ 1>m+ 1, contradicting the hypothesis that f(z)∈Pm+ 1 in either case. The

existence of a point z∈	 Cf ∪Pf with f(z)∈Pf clearly contradicts equation (7).

Let me use the notation M for the Riemann sphere bC together with the ‘‘orbifold

structure’’ determined by the function r : bC→ f1, 2, 3, . . .g. The universal covering
orbifold eM can be characterized as a simply connected Riemann surface together with

a holomorphic branched covering map θ : eM→M= bC such that, for each ez∈ eM, the

local degree dθ(ez) is equal to the prescribed ramification index r(θ(ez)). Such a univer-
sal covering associated with a function r : M→ f1, 2, 3, . . .g exists whenever the

number of z with r(z)> 1 is finite with at least three elements. (See for example [M4,

Lemma E.1].)

For this proof only, it will be convenient to choose some fixed point of f as base

point z0 ∈M. Using equation (7), there is no obstruction to lifting f to a holomorphic

map ef which maps the Riemann surface eM diffeomorphically into itself, with no criti-

cal points. Furthermore, we can choose ef to fix some base point ez0 lying over z0. The
covering manifold eM cannot be a compact surface, necessarily of genus zero, since

then ef and hence f would have degree one, contrary to the standing hypothesis that

df ≥ 2. Furthermore, since the base point in eM is strictly repelling under ef , it follows
that eM cannot be a hyperbolic surface. Therefore eM must be conformally isomorphic

to the complex numbers C, and ef must correspond to a linear map L from C to itself.

Evidently the standard flat metric onC ffi eM now gives rise to a flat orbifold metric on

M= bCwhich linearizes the map f .

Finally, suppose that we start with a flat orbifold metric on bC which linearizes the

rational map f . The preceding discussion shows that f lifts to a linear map ef on the

universal covering orbifold eM. Let eG be the group of deck transformations of eM, that

is homeomorphisms eg from eM to itself which cover the identity map of M, so that

θ � eg= θ. Then the quotient surface eM/ eG can be identified with M= bC. If �⊂ eG is

the normal subgroup consisting of those deck transformations which are translations

of eM ffi C, then the quotient group G= eG/� is a finite group of rotations with order

equal to the least common multiple of the ramification indices. It follows that the

quotient T = eM/� is a torus, and hence that f is a finite quotient of an affine map of

this torus.

The proof of 4.1 in the Chebyshev and power map cases is similar and will be

omitted. �

Remark 4.2. Note that the construction of the torus T , the group Gn and the affine

map L from the rational map f satisfying (7) is completely canonical, except for the

choice of lifting for f . For example, when there are four postcritical points, the con-

formal conjugacy class of the torus T is completely determined by the set of post-

critical points, and in fact by the cross-ratio of these four points.
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However, to make an explicit classification we must note the following.

• We want to identify the torus T with some quotient C/�. Here, � is unique only

up to multiplication by a non-zero constant; but we can make an explicit and unique

choice by taking � to be the lattice Z⊕ γZ spanned by 1 and γ, where γ belongs to

the Siegel region

jγj ≥ 1; j<ðγÞj≤ 1=2; =ðγÞ> 0;

with <ðγÞ ≥ 0 whenever jγj ¼ 1 or j<ðγÞj ¼ 1=2:

With these conditions, γ is uniquely determined by the conformal isomorphism

class of T . We will describe the corresponding�=Z⊕ γZ as a normalized lattice.

• For specified �, we still need to make some choice of conformal isomorphism

� : C/�→ T . In most cases, � depends only on a choice of base point �(0)∈ T , up to
sign. However, in the special case where T admits a G3 (or G4) action, we can also

multiply � by a cube (or fourth) root of unity. As in §3, it will be convenient to choose

one of the fixed points of theGn action as a base point in T .
• The lifting L(t)= at+ b of the map f to the torus is well defined only up to the

action ofGn. In particular, we are always free to multiply the coefficients a by an n-th

root of unity.

We will deal with all of these ambiguities in §5.

Here is an interesting consequence of 4.1. Let f and g be rational maps.

Corollary 4.3. Suppose that there is a holomorphic semiconjugacy from f to g, that

is, a non-constant rational map h with h � f = g � h. Then f is a finite quotient of an

affine map if and only if g is a finite quotient of an affine map.

Proof. It is not hard to see that h− 1(Eg)= Ef , so that h induces a proper map frombC\Ef to bC\Eg. Now if f is a finite quotient of an affine map L, say f =� � L ��− 1,

then it follows immediately that g= (h ��) � L � (h ��)− 1. Conversely, if g is such

a finite quotient, then there is a flat orbifold structure on bC\Eg which linearizes g, and
we can lift easily to a flat orbifold structure on bC\Ef which linearizes f . �

In order to classify all possible flat orbifold structures on the Riemann sphere, we

can use a piecewise linear form of the Gauss-Bonnet Theorem. For this lemma only,

we allow cone angles which are greater than 2π.

Lemma 4.4. If a flat metric with finitely many cone points on a compact Riemann surface

S has cone angles α1, . . . , αk, then

(2π−α1) + � � � + (2π−αk)= 2πχ(S), (9)

where χ(S) is the Euler characteristic. In particular, ifαj = 2π/rj and if S is the Riemann

sphere with χ(S)= 2, then it follows that
P

(1− 1/rj)= 2.

(8)
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Proof. Choose a rectilinear triangulation, where the cone points will necessarily be

among the vertices. Let V be the number of vertices,E the number of edges, and F the

number of faces (i.e., triangles). Then 2E= 3F since each edge bounds two triangles

and each triangle has three edges. Thus

χ(S)=V −E+F =V −F/2: (10)

The sum of the internal angles of all of the triangles is clearly equal to πF . On the

other hand, the j-th cone point contributes αj to the total, while each non-cone vertex

contributes 2π. Thus

πF =α1 + � � � +αk + 2π(V − k): (11)

Multiplying equation (10) by 2π and using (11), we obtain the required equation (9). �

Corollary 4.5. The collection of ramification indices for a flat orbifold metric on the

Riemann sphere must be either f2, 2, 2, 2g or f3, 3, 3g or f2, 4, 4g or f2, 3, 6g. In
particular, the number of cone points must be either four or three.

Proof. Using the inequality 1/2≤ (1− 1/rj)< 1, it is easy to check that the required

equation X
j

(1− 1/rj)=χ(bC)= 2,

has only these solutions in integers rj > 1. �

Remark 4.6. If z∈ bC corresponds to a fixed point for the action of the groupGn on the

torus, then the ramification index r(z) is evidently equal to n. For any other point, it is some

divisor of n. Thus the order n of the rotation groupGn can be identified with the least com-

monmultiple (or themaximum) of the various ramification indices as listed in 4.5.

Remark 4.7. To deal with the case of amap f which has exceptional points, we can assign

the ramification index r(z)=∞ to any exceptional point z∈ Ef . Ifwe allow such points, then

the equation
P

(1− 1/rj)= 2 has two further solutions, namely: f∞, ∞g corresponding
to the powermap case, and f2, 2, ∞g corresponding to theChebyshev case.

Combining Corollary 4.5 with equation (7), we get an easy characterization of

Lattès maps in two of the four cases.

Corollary 4.8. A rational map with four postcritical points is Lattès if and only if

every critical point is simple (with local degree two) and no critical point is postcriti-

cal. Similarly, a rational map with three postcritical points is Lattès of type f3, 3, 3g
if and only if every critical point has local degree three and none is postcritical.

The proof is easily supplied. �
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Remark 4.9. We conclude this section with a more precise description of the possible

crystallographic groups eG acting onC, and of the corresponding orbifold geometries on

C/ eG ffi T /Gn. We first look at the cases n ≥ 3 where there are exactly three cone

points in T /Gn or equivalently three postcritical points for any associated Lattès map.

Thus the collection of ramification indices must be either f2, 3, 6g or f2, 4, 4g or

f3, 3, 3g. Each of these three possibilities is associated with a rigidly defined flat orbi-

fold geometry which can be described as follows. Join each pair of cone points by amin-

imal geodesic. It is not hard to check that these three geodesics cannot cross each other;

and no geodesic can pass through a cone point since our cone angles are strictly less than

2π. In this way, we obtain three edges which cut our locally flat manifold into two

Euclidean triangles. Since these two triangles have the same edges, they must be precise

mirror images of each other. In particular, the two edges which meet at a cone point of

angle 2π/rj must cut it into two Euclidean angles of π/rj. Passing to the branched cov-

ering space T or its universal covering eT , we obtain a tiling of the torus or the Euclidean
plane5 by triangles with angles π/r1, π/r2 and π/r3. These tilings are illustrated in

Figures 2, 3, 4.

In each case, each pair of adjacent triangles are mirror images of each other, and

together form a fundamental domain for the action of the group of Euclidean

motions eGn on the plane, or for the action ofGn on the torus. For each vertex of this

diagram, corresponding to a cone point of angle 2π/rj, there are rj lines through the

vertex, and hence 2rj triangles which meet at the vertex. The subgroup of eGn (orGn)

which fixes such a point has order rj and is generated by a rotation through the angle

αi = 2π/rj.

The subgroup �⊂ eGn consists of all translations of the plane which belong to eGn.

Recall from 4.4 that the integer n can be described as the maximum of the rj. The 2n

triangles which meet at any maximally ramified vertex form a fundamental domain

for the action of this subgroup�. In the f2, 3, 6g and f3, 3, 3g cases, this fundamental

domain is a regular hexagon, while in the f2, 4, 4g case it is a square. In all three cases,
the torus T can be obtained by identifying opposite faces of this fundamental domain

under the appropriate translations. Thus when n ≥ 3 the torus T is uniquely deter-

mined by n, up to conformal diffeomorphism.

In the f2, 3, 6g case, the integers rj are all distinct, so it is easy to distinguish the

three kinds of vertices. However, in the f2, 4, 4g case there are two different kinds of
vertices of index 4. In order to distinguish them, one kind has been marked with dots

and the other with circles. Similarly in the f3, 3, 3g case, the three kinds of vertices
have been marked in three different ways. In this last case, half of the triangles have

also been labeled. In all three cases, the points of the lattice �, corresponding to the

base point in T , have been circled. For all three diagrams, the group eGn can be

described as the group of all rigid Euclidean motions which carry the marked diagram

5 More generally, for any triple of integers rj ≥ 2 there is an associated tiling, either of the Euclidean or

hyperbolic plane or of the 2-sphere depending on the sign of 1/r1 + 1/r2 + 1/r3 − 1. See for example [M1].
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to itself, and the lattice� can be identified with the subgroup consisting of translations

which carry this marked diagram to itself.

The analogue of Figures 2, 3, 4 for a typical orbifold of type f2, 2, 2, 2g is a tiling
of the plane by parallelograms associated with a typical lattice �=Z⊕ γZ, as

Figure 2: The f2; 3; 6g-tiling of the plane. In each of these diagrams, all of the points

of maximal ramification n have been marked.

Figure 3: The f2; 4; 4g-tiling.

On Lattès Maps 23



illustrated in Figure 5. All of the vertices in this figure represent critical points for the

projection map θ : C→ bC. Again lattice points have been circled. Any two adjacent

small parallelograms form a fundamental region for the action of the group eG2, which

consists of 180� rotations around the vertices, together with lattice translations. The

four small parallelograms adjacent to any vertex forms a fundamental domain under

lattice translations.

In most cases, the corresponding flat orbifold is isometric to some tetrahedron in

Euclidean space. (Compare [De].) For example, consider the case where the invariant γ

Figure 4: The f3; 3; 3g-tiling, with one tile and its images under eG3 labeled.

Figure 5: A typical {2, 2, 2, 2} tiling of the plane.
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in the Siegel domain (8) satisfies 0<<(γ)< 1/2. Then the triangle with vertices 0,

1 and γ has all angles acute, and also serves as a fundamental domain for the action of

the crystallographic group eG2 on C. Joining the midpoints of the edges of this triangle,

as shown in Figure 6, we can cut this triangle up into four similar triangles. Now fold

along the dotted lines and bring the three corner triangles up so that the three vertices

0, 1 and γ come together. In this way, we obtain a tetrahedron which is isometric to the

required flat orbifold T /G2. The construction when − 1/2≤<(γ)< 0 is the same,

except that we use − 1 and 0 in place of 0 and 1. The tetrahedrons which can be

obtained in this way are characterized by the property that opposite edges have equal

length, or by the property that there is a Euclidean motion carrying any vertex to any

other vertex. In most cases this Euclidean motion is uniquely determined; but in the

special case where we start with an equilateral triangle, with γ=ω6, we obtain a regular

tetrahedron which has extra symmetries.

In the case <(γ)= 0 where γ is pure imaginary, this tetrahedron degenerates and the

orbifold can be described rather as the ‘‘double’’ of the rectangle which has vertices

0, 1/2, γ/2, (1+ γ)/2:

Again, in most cases there is a unique orientation preserving isometry carrying any

vertex to any other vertex; but in the special case of a square, with γ= i, there are extra

symmetries.

§5. Classification. By taking a closer look at the arguments in sections 3 and 4,

we can give a precise classification of Lattès Maps. (Compare [DH, §9]; and see

Figure 6: Illustrating the orbifold structure of T =G2.
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also [H, pp. 101–103] and [Mc3, p. 185].) It will be convenient to introduce the

notation

ωn = exp(2πi/n), (12)

for the standard generator of the cyclic groupGn. Thus

ω2 = −1, ω3 = (−1+ i
ffiffiffi
3
p

)/2, ω4 = i, ω6 =ω3 + 1:

As usual, we consider a Lattès map which is conjugate to L/Gn : T /Gn → T /Gn,

where T ffi Z/� and where L(t)= at+ b. Here it will be convenient to think of b

as a complex number, well defined modulo�.

Lemma 5.1. Such a Lattèsmap f is uniquely determined up to conformal conjugacy by

the following four invariants.

• First: the integer n, equal to 2, 3, 4, or 6.

• Second: the complex number an, with |a|2 equal to the degree of f .
• Third: the lattice �, which we may take to have the form �=Z⊕ γZ with γ in the

Siegel region (8). This lattice must satisfy the conditions that ωn�=� and a�⊂�.

Let k be the largest integer such that ωk�=�.

• Fourth: the product (1−ωn) b∈�modulo the sublattice

(1−ωn)� + (a− 1)� ⊂ �,

up to multiplication byGk with k as above. This last invariant is zero if and only if the

map f admits a fixed point of maximal ramification index r= n, or equivalently a fixed

point of multiplierµ= an.

For most lattices we have k= 2, so that the image of (1−ωn) b in the quotient group

�/((1−ωn)� + (a− 1)�) (13)

is invariant up to sign. However, in the special case where � has G4 or G6 symmetry,

so that γ=ω4 or γ=ω6, this image is invariant only up to multiplication by ω4 or ω6

respectively.

Note that the first invariant n, equal to the greatest common divisor of the ramifica-

tion indices, can easily be computed by looking at the orbits of the critical points of f ,

using formula (7) of §4. The invariant an can be computed from the multiplier µ at

any fixed point, since the equation µ= (ωa)r of Corollary 3.9, with ωn = 1, implies

thatµn/r = an. It follows from this equation thatµ= an if and only if r= n.

The cases with n ≥ 3 are somewhat easier than the case n= 2. In fact a normalized

lattice� withG3 orG6 symmetry is necessarily equal to Z[ω3]=Z[ω6], and the con-

dition a�⊂� is satisfied if and only if a∈Z[ω6]. Similarly, G4 symmetry implies

that �=Z[i], and the possible choices for a are just the elements of Z[i], always

subject to the standing requirement that |a|> 1.
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Theorem 5.2. If n ≥ 3, then the conformal conjugacy class of f is completely deter-

mined by the numbers n and an where a∈Z[ωn], together with the information as to

whether f does or does not have a fixed point of multiplierµ= an.

Evidently there is such a fixed point if and only if (1−ωn) b is congruent to zero

modulo (1−ωn)� + (a− 1)�. (When n= 6 there is necessarily such a fixed point.)

The proof of 5.1 and 5.2 will be based on the following.

Lemma 5.3. The additive subgroup of T =C/� consisting of elements fixed by the

action of Gn is canonically isomorphic to the quotient group �/(1−ωn)�, of order

|1−ωn|2 = 4 sin2 (π/n). In fact, the correspondence t �→ (1−ωn) t maps the group of

torus elements fixed byGn isomorphically onto this quotient group.

Proof. The required equation ωnt≡ t mod � is equivalent to (1−ωn) t ∈�, and the

conclusion follows easily. �

Note that points of T fixed by the action ofGn correspond to points in the quotient

sphere T /Gn of maximal ramification index r= n. As a check, in the four cases

f2, 2, 2, 2g, f3, 3, 3g, f2, 4, 4g, and f2, 3, 6g, there are clearly 4, 3, 2, and 1 such

points respectively. This number is equal to 4 sin2 (π/n) in each case.

Proof of 5.1. It is clear that the numbers n, γ, an, and b completely determine the

map L/Gn : T /Gn → T /Gn. In fact γ determines the torus T , and the power an deter-
mines a up to multiplication by n-th roots of unity. But we can multiply L and hence a

by any n-th root of unity without changing the quotientL/Gn. Since the numbers n, an,

and γ are uniquely determined by f (compare the discussion above), we need only study

the extent to which b is determined by f .

Recall from Theorem 3.1 that the map L(t)= at+ b must commute with multipli-

cation by ωn. That is

L(ωnt)≡ωnL(t) mod �:

Taking t= 0 it follows that b≡ωnb mod �, or in other words (1−ωn) b∈�, as

required.

Next recall that we are free to choose any fixed point t0 for the action ofGn on T as

base point. Changing the base point to t0 in place of 0 amounts to replacingL(t) by the

conjugate map L(t+ t0)− t0 = at + b0 where

b0= b+ (a− 1) t0, and hence (1−ωn) b
0= (1−ωn) b+ (a− 1)(1−ωn) t0:

Since the product (1−ωn) t0 can be a completely arbitrary element of �, this means

that we can add a completely arbitrary element of (a− 1)� to the product (1−ωn) b

by a change of base point. Thus the residue class

(1−ωn) b∈�/((1−ωn)� + (a− 1)�),
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together with n, γ, and an, suffices to determine the conjugacy class of f . However,

we have not yet shown that this residue class is an invariant of f , since we must also

consider automorphisms of T which fix the base point. Let ω be any root of unity

which satisfiesω�=�. ThenL(t)= at+ b is conjugate to the mapωL(t/ω)= at+ωb.

In most cases, we can only choose ω=± 1. (The fact that we are free to change the sign

of b is irrelevant when n is even, but will be important in the case n= 3.) However, if

�=Z[ω6] then we can choose ω to be any power of ω6, and if �=Z[i] then we can

chooseω to be any power of i. Further details of the proof are straightforward. �

Proof of Theorem 5.2. In the cases n ≥ 3, we have noted that� is necessarily equal

to Z[ωn]. Furthermore, for n= 3, 4, 6, the quotient group �/(1−ωn)� is cyclic of

order 3, 2, 1 respectively. Thus this group has at most one non-zero element, up to

sign. The conclusion follows easily. �

The discussion of Lattès maps of type f2, 2, 2, 2g will be divided into two cases

according as a∈Z or a∈	 Z. First suppose that a∈	 Z.

Definition. A complex number a will be called an imaginary quadratic integer if it

satisfies an equation a2 − q a + d= 0 with integer coefficients and with q2 < 4d, so

that

a= (q±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 4d

p
)/2 (14)

is not a real number. Here |a|2 = d is the associated degree. Evidently the imaginary

quadratic integers form a discrete subset of the complex plane. In fact for each choice

of |a|2 = d there are roughly 4
ffiffiffi
d
p

possible choices for q, and twice that number for a.

Lemma 5.4. A complex number a can occur as the derivative a=L0 associated with an
affine torus map if and only if it is either a rational integer a∈Z or an imaginary quadratic

integer. If a∈Z then any torus can occur, but if a∈	 Z then there are only finitely

many possible tori up to conformal diffeomorphism. Furthermore, there is a one-to-

one correspondence between conformal diffeomorphism classes of such tori and

ideal classes in the ring Z[a].

Proof. Let T =C/�. The condition that a�⊂�means that�must be a module over

the ringZ[a] generated by a. We first show that amust be an algebraic integer. Without

loss of generality, we may assume that �=Z⊕ γZ is a normalized lattice, satisfying

the Siegel conditions (8). Thus 1∈� and it follows that all powers of a belong to�. If

�k is the sublattice spanned by 1, a, a2, . . . , ak, then the lattices �1 ⊂�2 ⊂ � � � ⊂�

cannot all be distinct. Hence some power ak must belong to �k− 1, which proves that a

satisfies a monic equation with integer coefficients, and hence is an algebraic integer.

On the other hand, a belongs to a quadratic number field since the three numbers

1, a, a2 ∈� must satisfy a linear relation with integer coefficients. Using the fact that

28 JohnMilnor



the ring of integer polynomials forms a unique factorization domain, it follows that a

satisfies a monic degree two polynomial.

Now given a∈	 Z we must ask which normalized lattices � are possible. Since

a∈�, we can write a= r+ s γ with r, s∈Z. Changing the sign of a if necessary, we

may assume that s> 0. Taking real and imaginary parts, it follows that

r=<(a) − s<(γ) and s==(a)/=(γ):
On the other hand, it follows easily from the Siegel inequalities

|γ| ≥ 1, |<(γ)| ≤ 1/2, =(γ)> 0

that =(γ) ≥ ffiffiffi
3
p

/2. Since a has been specified, this inequality yields an upper bound

of 2=(a)/ ffiffiffi
3
p

for s, and the inequality |<(γ)| ≤ 1/2 then yields an upper bound for |r|.
Thus there are only finitely many possibilities for γ= (a− r)/s.

Next note that the product lattice I = s�= sZ⊕ (a− r)Z is contained in the ring

Z[a], and is an ideal in this ring since a I ⊂ I . Clearly the torus C/� is isomorphic to

C/I . If I0 is another ideal in Z[a], note that C/I ffi C/I0 if and only if I0= c I for

some constant c 6¼ 0. Such a constant must belong to the quotient field Q[a], so by

definition this means that I and I0 represent the same ideal class. �

For further discussion of maps with imaginary quadratic a see 7.2, 8.1 and 8.2

below. We next discuss the case a∈Z.

Definition. A Lattès map

L/Gn : T /Gn → T /Gn with T =C/�

will be called flexible if we can vary� and L continuously so as to obtain other Lattès

maps which are not conformally conjugate to it.

Lemma 5.5. A Lattès map L/Gn : T /Gn → T /Gn is flexible if and only if n= 2 and

the affinemapL(τ)= aτ+ b has integer derivative,L0= a∈Z.

Proof. This follows easily from 5.1 and 5.4. �

We can easily classify such maps into a single connected family provided that the

degree a2 is even, and into two connected families when a2 is odd, as follows. In each

case, the coefficients a and b will remain constant but T will vary through all possible

conformal diffeomorphism classes.

• Maps with postcritical fixed point. LetH be the upper half-plane. For each integer

a ≥ 2 there is a connected family of flexible Lattès maps of degree a2 parametrized

by the half-cylinder H/Z, as follows. Let T (γ) be the torus C/(Z⊕ γZ) where γ

varies overH/Z, and let L : T (γ)→ T (γ) be the mapL(t)= at. Then

L/G2 : T (γ)/G2 → T (γ)/G2
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is the required smooth family of maps, with the image of 0∈ T as ramified fixed point.

If we restrict γ to the Siegel region (8), then we get a set of representative maps which

are unique up to holomorphic conjugacy.

• Maps without postcritical fixed point. The construction in this case is identical,

except that we take L(t)= at+ 1/2. If a is even, this construction yields nothing new.

In fact, the quotient group (13) of 5.1 is then trivial, and it follows that every Lattès

map with L0= a must have a postcritical fixed point. However, when a is odd, the

period two orbits

0$ 1/2, γ/2$ (γ+ 1)/2

in T (γ) map to ramified period two orbits in T (γ)/G2, and there is no postcritical

fixed point.

Caution: In this last case, we can no longer realize every conjugacy class of maps

by restricting γ to the Siegel region. A larger fundamental domain is needed. For

explicitly worked out examples in both cases, see equations (15), (18) and (19) below;

and for further discussion see §7.

Here is another characterization.

Lemma 5.6. A Lattès map is flexible if and only if the multiplier for every periodic orbit

is an integer.

Proof. If n= 2 and a∈Z, then it follows immediately from Corollary 3.9 that every

multiplier is an integer. On the other hand, if n> 2 or if a∈	 Z, then we can find infinitely

many integers p> 0 so thatωap ∈	 Z for someω∈Gn. The number of fixed points of the

map ωL�p on the torus T grows exponentially with p (the precise number is

|ωap − 1|2), and each of thesemaps to a periodic point of the associated Lattès map f . If

we exclude the three or four postcritical points, then the derivative of f �p at such a point
will beωap, so that the multiplier of this periodic orbit cannot be an integer. �

It seems very likely that power maps, Chebyshev maps, and flexible Lattès maps

are the only rational maps such that the multiplier of every periodic orbit is an integer.

(For a related result, see Lemma 7.1 below.)

§6. Lattès Maps before Lattès. Although the name of Lattès has become firmly

attached to the construction studied in this paper, it actually occurs much earlier in the

mathematical literature. Ernst Schröder [S], in a well known paper written in 1871,

first used trigonometric identities to construct examples of what I call ‘‘Chebyshev

maps’’. He then constructed an explicit one-parameter family of ‘‘Lattès’’ type exam-

ples as follows. Let x= sn(u) be the Jacobi sine function with elliptic modulus k,

defined by the equation

u=
Z x

0

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1− ξ2)(1− k2ξ2)

p :
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More explicitly, for any parameter k2 6¼ 0, 1, let Ek ⊂C
2 be the elliptic curve defined

by the equation y2 = (1− x2)(1− k2x2). Then the holomorphic differential dx/y is

smooth and non-zero everywhere on Ek (even at the two points at infinity in terms of

suitable local coordinates). The integrals
H
dx/y around cycles inEk generate a lattice

�⊂C, and the integral

u(x, y)=
Z (x, y)

(0, 1)

dx/y

along any path from (0, 1) to (x, y) inEk is well defined modulo this lattice. In fact the

resulting coordinate u parametrizes the torus T =C/�, and we can set x= sn(u) and

y= cn(u) dn(u). Here sn(u) is the Jacobi sine function, and cn(u) and dn(u) are

closely related doubly periodic meromorphic functions which satisfy

cn2(u)= 1− sn2(u) and dn2(u)= 1− k2sn2(u):

Furthermore

sn(2u)= 2 sn(u) cn(u) dn(u)

1− k2sn4(u)
:

(Compare [WW, §22.2].) Setting z= x2 = sn2(u) it follows easily that there is a well

defined rational function

f(z)= 4z(1− z)(1− k2z)

(1− k2z2)2
(15)

of degree four which satisfies the semiconjugacy relation

sn2(2u)= f(sn2(u)):

This is Schröder’s example (modulo a minor misprint). In the terminology of §5, f is

a ‘‘flexible Lattès map’’, described 47 years before Lattès.

It is not hard to see that sn(u) has critical values ± 1 and ± 1/k, and hence that

sn2(u) has critical values 1, 1/k2, 0, and ∞. On the other hand the map f has three

critical values 1, 1/k2 and∞, which all map to the fixed point 0= f(0). Each of these

three critical values is the image under f of two distinct simple critical points.

Lucyan Böttcher cited the same example in 1904, with a different version of the

misprint. (See [Bö].) He was perhaps the first to think of this example from a dynamical

viewpoint, and to use the term ‘‘chaotic’’ to describe the behavior of the sequence of iter-

ates of f . In fact he described an orbit z0 �→ z1 �→ � � � as chaotic if for every convergent
subsequence fznig the differences ni+ 1 − ni are unbounded. (Note that this includes

examples such as irrational rotations which are not chaotic in the modern sense.)

Böttcher actually cited a much earlier paper, written by Charles Babbage in 1815,

for a fundamental property of what we now call semiconjugacies. For example, in

order to find a periodic point ψnx= x of a mapping ψ, Babbage proceeded as follows

(see [Ba, p. 412]):
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‘‘Assume as beforeψx=φ− 1fφ x, then

ψ2x=φ− 1fφφ− 1fφ x=φ− 1f 2φ x

ψ3x=φ− 1f 2φφ− 1fφ x=φ− 1f 3φ x,

and generallyψnx=φ− 1fnφ x, hence our equation becomes

φ− 1fnφ x= x: . . . ’’

In modern terminology, we would say that φ is a semiconjugacy fromψ to f . It follows

that any periodic point of ψmaps to a periodic point of f ; and furthermore (assuming

that φ is finite-to-one and onto) any periodic point of f is the image of a periodic point

of ψ. Böttcher pointed out that the use of such an intermediary map φ to relate the

dynamic properties of two mapsψ and f lies at the heart of Schröder’s example.

J. F. Ritt carried out many further developments of these ideas in the 1920’s.

(Compare [R1], [R2], [R3], and see the ‘‘Ritt-Eremenko Theorem’’ in §7. For further

historical information, see [A].)

§7. More Recent Developments. This concluding section will outline some of the

special properties shared by some or all finite quotients of affine maps.

We first consider the class of flexible Lattès maps, as described in 5.5 and 5.6. These

are the only known rational maps without attracting cycles which admit a continuous

family of deformations preserving the topological conjugacy class. In fact the C∞
conjugacy class remains almost unchanged as we deform the torus. Differentiability

fails only at the postcritical points; and the multipliers of periodic orbits remain

unchanged even at these postcritical points.

Closely related is the following:

Fundamental Conjecture. The flexible Lattès maps are the only rational maps which

admit an ‘‘invariant line field’’ on their Julia set.

By definition f has an invariant line field if its Julia set J has positive Lebesgue

measure, and if there is a measurable f -invariant field of real one-dimensional sub-

spaces of the tangent bundle of bC restricted to J. The importance of this conjecture is

demonstrated by the following. (See [MSS], and compare the discussion in [Mc2] as

well as [BM].)

Theorem of Ma~né, Sad and Sullivan. If this Fundamental Conjecture is true, then

hyperbolicity is dense among rational maps. That is, every rational map can be

approximated by a hyperbolic map.

To see that every flexible Lattès map has such an invariant line field, note that any

torus C/(Z⊕ γZ) is foliated by a family of circles =(t)= constant which is invariant

under the affine map L. If f is the associated Lattès map L/G2, then this circle folia-

tion maps to an f -invariant foliation of J(f)= bC which is not only measurable but

actually smooth, except for singularities at the four postcritical points.
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Let us define themultiplier spectrum of a degree d rational map f to be the function

which assigns to each p ≥ 1 the unordered list of multipliers at the dp + 1 (not neces-

sarily distinct) fixed points of the iterate f �p. Call two maps isospectral if they have

the same multiplier spectrum.

Theorem of McMullen. The flexible Lattès maps are the only rational maps which

admit non-trivial isospectral deformations. The conjugacy class of any rational map

which is not flexible Lattès is determined, up to finitely many choices, by its multiplier

spectrum.

This is proved in [Mc1, §2]. I am grateful to McMullen for the observation that the

Lattès maps L/G2 associated with imaginary quadratic number fields provide a rich

source of isospectral examples which are not flexible. First note the following.

Lemma 7.1. Two Lattès mapsL/G2 : T /G2 → T /G2 are isospectral if and only if they

have the same derivative L0= a, up to sign, and the same numbers of periodic orbits of

various periods within the postcritical setPf .

Proof Outline. Let ω=± 1. The number of fixed points of the map ωL�p on the torus
can be computed as |ωap − 1|2. These fixed points occur in pairs f± tg, and each such
pair corresponds to a single fixed point of the corresponding iterate f �p, where
f ffi L/G2. Whenever t 6¼ − t on the torus, the multiplier of f �p at this fixed point is

also equal to ωap. For the exceptional points t= − t which are fixed under the action

of G2 and correspond to postcritical points of f , the multiplier of f �p is equal to a2p.

Thus, to determine the multiplier spectrum completely, we need only know howmany

points of various periods there are in the postcritical set. �

Example 7.2. Let ξ= i
ffiffiffi
k
p

where k> 0 is a square-free integer, and let a=mξ+ n.

Then for each divisor d of m the lattice Z[ξd]⊂C is a Z[a]-module. Hence the linear

map L(τ)= aτ acts on the associated torus T /Z[ξd]. If m is highly divisible, then

there are many possible choices for d. Suppose, to simplify the discussion, that mk

and n are both even, so that a2 is divisible by two in Z[a]. Then multiplication by a2

acts as the zero map on the group consisting of elements of order two in T . Thus
0=L(0) is the only periodic point under this action, hence the image of 0 in T /G2 is

the only postcritical periodic point of L/G2. It then follows from 7.1 that these exam-

ples are all isospectral.

Berteloot and Loeb [BL1] have characterized Lattès maps in terms of the dynamics

and geometry of the associated homogeneous polynomial map ofC2. Every rational map

f : P1 →P
1 of degree two or more lifts to a homogeneous polynomial map

F : C2 →C
2 of the same degree with the origin as an attracting fixed point. They show

that f is Lattès if and only if the boundary of the basin of the origin underF is smooth and

strictly pseudoconvex within some open set. In fact, this boundary must be ‘‘spherical’’,

except over the postcritical set of f ; that is, it can be transformed to the standard sphere

On Lattès Maps 33



P |zj|2 = 1 by a local holomorphic change of coordinates. For the corresponding result

in higher dimensions, see [Du]. (For higher dimensional Lattès maps, see 7.3.)

Anna Zdunik [Z] has characterized Lattès maps using only measure theoretic prop-

erties. It is not hard to see that the standard probability measure on the flat torus pushes

forward under � to an ergodic f -invariant probability measure on the Riemann

sphere. This measure is smooth and in fact real analytic, except for mild singularities

at the postcritical points. Furthermore, it is balanced, in the sense that the preimage

f − 1(U) of any simply connected subset of bC\Pf is a union of n disjoint sets of equal

measure. Hence it coincides with the unique measure of maximal entropy, as con-

structed by Lyubich [Ly], or by Freire, Lopez and M~ané [FLM], [Ma]. The converse

theorem is much more difficult:

Theorem of Zdunik. The Lattès maps are the only rational maps for which the mea-

sure of maximal entropy is absolutely continuous with respect to Lebesgue measure.

The same result for higher dimensional maps has been proved by Berteloot and

Dupont [BD]. They also characterize higher dimensional Lattès maps by minimality

of the Lyapunov exponents or maximality for the Hausdorff dimension associated

with their measure of maximal entropy.

We can think of the maximal entropy measure µmax as describing the asymptotic

distribution of random backward orbits. That is, if we start with any non-exceptional

initial point z0, and then use a fair d-sided coin or die to iteratively choose a backward

orbit

� � � �→ z− 2 �→ z− 1 �→ z0,

then fzngwill be equidistributed with respect toµmax. This measureµmax always exists.

An absolutely continuous invariant measure is much harder to find, and an invariant

measure which is ergodic and belongs to the same measure class as Lebesgue measure

is even rarer. However Lattès maps are not the only examples: Mary Rees [Re] has

shown that for every degree d ≥ 2 themoduli space of degree d rational maps has a sub-

set of positive measure consisting of maps f which have an ergodic invariant measure

µ in the same measure class as Lebesgue measure. Such a measure is clearly unique,

since Lebesgue almost every forward orbit z0 �→ z1 �→ z2 � � � must be equidistributed

with respect toµ.

Using these ideas, an easy consequence of Zdunik’s Theorem is the following.

Corollary. A Lebesgue randomly chosen forward orbit for a Lattès map has the same

asymptotic distribution as a randomly chosen backward orbit.

I don’t know whether Lattès maps are the only maps of degree d ≥ 2 with this

property.

In general, different rational maps have different invariant measures, except that every

invariant measure for f is also an invariant measure for its iterates f �p. However, every
Lattès map L/Gn shares its measure µmax with a rich collection of Lattès maps
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bL/Gn where bL ranges over all affine maps of the torus which commute with the

action of Gn. This collection forms a semigroup which is not finitely generated. (If

we consider only the linear torus maps bL(τ)= aτ, then we obtain a commutative

semigroup.) I don’t know any other examples, outside of the Chebyshev and power

maps, of a semigroup of rational maps which is not finitely generated, and which

shares a common non-atomic invariant measure. (See [LP] for related results.)

Closely related is the study of commuting rational maps. Following a terminology

introduced much later by Veselov [V], let us call a rational map f integrable if it com-

mutes with another rational map, f � g= g � f , where both f and g have degree at

least two, and where no iterate of f is equal to an iterate of g.

Theorem of Ritt and Eremenko. A rational map f of degree df ≥ 2 is integrable if

and only if it is a finite quotient of an affine map; that is if and only if it is either

a Lattès, Chebyshev, or power map. Furthermore, the commuting map g must have

the same Julia set, the same flat orbifold metric, the same measure of maximal

entropy, and the same set of preperiodic points as f .

This is a modern formulation of a statement which was proved by Ritt [R2] in 1923,

and by Eremenko [E] using a quite different method in 1989. For higher dimensional

analogues, see [Di2], [DS].

Remark 7.3. There has been a great deal of interest in higher dimensional analogues of

Lattès maps in recent years. Let eG be a complex crystallographic group of automorphisms

ofCr, that is a discrete group of complex affine maps with compact quotient. (Such maps

were characterized by Bieberbach, also in the real case—see for example [M2].) If

L : Cr →C
r is an affine map, and if L � g � L− 1 ∈ eG for every g∈ eG, then L induces

a holomorphic self-map of the quotient orbifold C
r/ eG. We are particularly interested in

the case where this quotient can be identified with complex projective r-space. As an

example, given any one-dimensional example with crystallographic group eG1 and affine

mapL1, let eG be generated by the r-fold cartesian product eG1 × � � � × eG1, together with

the symmetric group of permutations of the r coordinates. Then the quotient Cr/ eG can

indeed be identified with complex projective space, and the map L=L1 × � � � ×L1 of

C
r gives rise to a ‘‘Lattès map’’ of this quotient r-dimensional projective space.

For further information about higher dimensional Lattès maps, compare [BL2],

[Di1], [Di2], [Du], and [V].

§8. Examples. This concluding section will provide explicit formulas for some partic-

ular Lattès maps.

8.1. Degree Two Lattès Maps. Recall from Lemma 5.4 and equation (14) that the

derivativeL0= a for a torus map of degree d must either be a (rational) integer, so that
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d= a2, or must be an imaginary quadratic integer of the form a= (q± ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 4d

p
)/2

with q2 < 4d, satisfying a2 − q a+ d= 0 and |a|2 = d. Furthermore, replacing a by

− a if necessary, we may assume that q ≥ 0. Thus, in the degree two case, the only

distinct possibilities are q= 0, 1, 2, with

a= i
ffiffiffi
2
p

, or a= (1± i
ffiffiffi
7
p

)/2, or a= 1± i:

In each of these cases, the associated torus T =C/� is necessarily conformally iso-

morphic to the quotient C/Z[a]. In fact we can assume that �=Z⊕ γZ with γ in the

Siegel region (8), and set a= r+ sγ with r, s∈Z. Let us assume, to fix our ideas, that

=(a)> 0. Then:

0<s==(a)/=(γ)≤ 2=(a)ffiffiffi
3
p ≤ 2|a|ffiffiffi

3
p = 2

ffiffiffi
2
pffiffiffi
3
p ≈ 1:63:

Therefore s= 1, hence a≡ γ(modZ); so the lattice�must be equal to Z[a].

First suppose that f ffi L/G2 is a Lattès map of type f2, 2, 2, 2g, with

L(t)= at+ b. The four points of the form λ/2 in T map to the four postcritical points

of f . Hence the action of the Lattès map f on its postcritical set is mimicked by the

action of L on this group of elements of the form λ/2 in T , or equivalently by the

action of t �→ at+ 2b on the four element group Z[a]/2Z[a]. A brief computation

shows that the quotient group Z[a]/(2Z[a]+ (a− 1)Z[a]) of Lemma 5.1 is trivial

when q is even but has two elements when q is odd. Thus, in the two cases a= i
ffiffiffi
2
p

and a= 1+ i where q is even, we may assume that L(t)= at. In these cases, the equa-

tion a2 − qa+ 2= 0 implies that a2 ≡ 0 mod 2Z[a], and hence that

1 �→ a �→ 0 and 1+ a �→ a �→ 0 (modulo 2Z[a])

under multiplication by a. Thus in these two cases there is a unique postcritical fixed

point, represented by 0, where the multiplier at this fixed point must be a2 by 3.9. In

fact, the diagram of critical and postcritical points for the Lattès map f necessarily

has the following form.

•�

� →

� �→ • �→ • �→• �→�

Here each star stands for a simple critical point, each heavy dot stands for a ramified

(or postcritical) point, and the heavy dot with a circle around it stands for a postcritical

fixed point. If we put the two critical points at ± 1 and put the postcritical fixed point

at infinity, then f will have the form

f(z)= (z+ z− 1)/a2 + c
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for some constant c. (Compare [M3].) In fact it is not difficult to derive the forms

f(z)=− (z+ z− 1)/2+ ffiffiffi
2
p

when a= i
ffiffiffi
2
p

, and

f(z)= ± (z+ z− 1)/2i when a= 1± i:

On the other hand, for a= (1± i
ffiffiffi
7
p

)/2, a similar argument shows that there are two

possible critical orbit diagrams, as follows. Either:

�→ • �→ •� � �→ • �→ •�
with two postcritical fixed points, or

� �→ • �→ •  ! • �→• �→�
with no postcritical fixed points. In the first case, if we put the postcritical fixed points

at zero and infinity, and another fixed point at + 1, then the map takes the form

f(z)= z
z+ a2

a2z+ 1
:

This commutes with the involution z �→ 1/z, and we can take the composition

z �→ f(1/z)= 1/f(z)= az2 + 1

z(z+ a2)

as the other Lattès map with the same value of a, but with f0,∞g as postcritical

period two orbit. (See [M6, §B.3] for further information on these maps.6)

We can also ask for Lattès maps of degree two of the form L/Gn with n> 2.

However, only the type f2, 4, 4g with n= 4 can occur, since, of the lattices Z[a]

described above, only Z[1+ i]=Z[i] admits a rotation of order greater than 2. In fact

the rotation t �→ it of the torus C/Z[i] corresponds to an involution z �→ − z which

commutes with the associated Lattès map f(z)= (z+ z− 1)/2i. To identify z with

− z, we can introduce the new variablew= z2 and set

g(w)= g(z2)= f(z)2 = − (z2 + 2+ z− 2)/4= − (w+ 2+w− 1)/4:

Up to holomorphic conjugacy, this is the unique degree two Lattès map of the form

L/G4. Its critical points ± 1 have orbit 1 �→−1 �→ 0 �→∞ ⊃← , so that − 1 is both

a critical point and a critical value, yielding the following schematic diagram.

� �→ � �→ • �→ •�
2 4 4

6 Caution: In both [M4, 2000] and [M6], the term ‘‘Lattès map’’ was used with a more restricted meaning,

allowing only maps of type f2, 2, 2, 2gwith n= 2.)
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Here the ramification index is indicated underneath each ramified point. Thus the map

has type f2, 4, 4g, as expected. (Alternatively, the map z �→ 1− 2/z2, with critical

points zero and infinity and with critical orbit 0 �→∞ �→ 1 �→ − 1 ⊃← , could also be

used as a normal form for this same conjugacy class.)

Remark. It is interesting to note that every quadratic Lattès map can be constructed as

a mating p1 ?? p2, where p1 and p2 are quadratic polynomial maps which have den-

drites as Julia sets. (Compare [M6, §B.8]. In fact, in the special case a= (1± i
ffiffiffi
7
p

)/2

with postcritical fixed points, there are four essentially distinct representations as a

mating.) Each such mating structure gives rise to a continuous map R/Z→ bC which

semiconjugates the doubling map on the circle to the Lattès map. Hubbard has asked

whether a corresponding statement holds for higher degree Lattès maps.

8.2. Degree Three. If the torus map L(t)= at+ b has degree |a|2 = 3, then according

to equation (14) we can write a= (q± ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 12

p
)/2 for some integer q with q2 < 12

or in other words |q| ≤ 3. I will try to analyze only a single case, choosing q= 0 with

a= i
ffiffiffi
3
p

so that a2 = − 3.

For this choice a= i
ffiffiffi
3
p

, setting a= r+ sγ as in the proof of 5.4, we find that s can

be either one or two, and it follows easily that there are exactly two essentially distinct

tori which admit an affine map L with derivative L0= a. We can choose either the

hexagonally symmetric torus T =C/Z[ω6]=C/Z[(a+ 1)/2], or its 2-fold covering

torus T 0=C/Z[a].

For the torus C/Z[a], since there is no G3 or G4 symmetry, we are necessarily in

the case n= 2. A brief computation shows that the quotient group Z[a]/(2Z[a]+
(a− 1)Z[a]) of Lemma 5.1 has two elements, so there are two possible Lattès maps,

corresponding to the two affine maps L(t)= at and L(t)= at+ 1/2. In the first case,

the corresponding critical orbit diagram has the form

� �→ •� � �→ •� � �→ • $ • �→�
with two postcritical fixed points. In the second case, it takes the form

� �→ • �→ • �→�

� →
�→

� �→ • �→ • �→�
with a period four orbit of postcritical points. In the first case, if we place the postcriti-

cal fixed points at zero and infinity, and place a fixed point with multiplier + a at + 1,

then the map takes the form

f(z)= z(z− a)2

(az− 1)2
:

The remaining fixed point then lies at − 1 and has multiplier − a. The two remaining

critical points± 2i− amap to the period two postcritical orbit − 2i+ a !2i+ a:
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We can construct the other Lattès maps with the same a and the same lattice Z[a]

by composing f with the Möbius involution gwhich satisfies

g : 0$ 2i+ a, g : ∞$ − 2i+ a:

The critical orbit diagram for this composition permutes the four postcritical points

cyclically, as required.

A beautifully symmetric example. Now consider the torus T =C/Z[ω6]. As noted

at the end of §4, the quotient T /G2, with its flat orbifold metric, is isometric to a regu-

lar tetrahedron with the four cone points as vertices. Again there are two distinct

Lattès maps with invariant a2 = − 3, according as there is or is not a postcritical fixed

point. The map L(t)= at induces a highly symmetric piecewise linear map L/G2 of

this tetrahedron. (Compare [DMc] for a discussion of symmetric rational maps.) The

four vertices are postcritical fixed points of this map, and the midpoints of the four

faces are the critical points, each mapping to the opposite vertex. Thus the critical

orbit diagram has the following form.

� �→ •� � �→ •� � �→ •� � �→ •�
The midpoint of each edge maps to the midpoint of the opposite edge, thus forming

three period two orbits.

If we place these critical points on the Riemann sphere at the cube roots of −1 and

at infinity, then this map takes the form

f(z)= 6 z

z3 − 2
, (16)

with a critical orbitω �→ − 2ω ⊃← whenever ω3 = − 1, and also∞ �→ 0 ⊃← .

The affine map L(t)= at+ 1/2 yields a Lattès map L/G2 with the same critical

and postcritical points, but with the following critical orbit diagram.

� �→ • $ • �→� � �→ • $ • �→�
Such a map can be constructed by composing the map f of (16) with the Möbius

involution

g(z)= (2− z)/(1+ z)

which satisfies − 1$∞ and ω6 $ ω6: This corresponds to a 180� rotation of the

tetrahedron about an axis joining the midpoints of two opposite faces.

Now consider Lattès maps L/Gn with n ≥ 3 and with a= i
ffiffiffi
3
p

. Evidently the

lattice must be Z[ω6], and n must be either 3 or 6, so the type must be either f3, 3, 3g
or f2, 3, 6g. Using Theorem 5.2, we can easily check that there is just one possible

map in each case, corresponding to the linear map L(t)= at. Since both G2 and G3
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are subgroups of G6, this torus map L(t)= at gives rise to maps of type f2, 2, 2, 2g
and f3, 3, 3g and f2, 3, 6gwhich are related by the commutative diagram

L �→ L/G2�→ �→

L/G3 �→ L/G6:

HereL/G2 is the ‘‘beautifully symmetric example’’ of equation (16). The correspond-

ing Lattès map L/G6 of type f2, 3, 6g can be constructed from (16) by identifying

each z with ω z for ω∈G3. If we introduce the new variable ζ= z3, then the corres-

ponding mapL/G6 = f/G3 is given by mapping ζ= z3 to g(ζ)= f(z)3, so that

g(ζ)= 6 z

z3 − 2

� �3

= 63 ζ

(ζ− 2)3
: (17)

The three critical points at the cube roots of −1 now coalesce into a single critical

point at −1, with g(−1)= g(8)= 8. There is still a critical point at infinity with

g(∞)= g(0)= 0. But now infinity is also a critical value. In fact there if a double criti-

cal point at ζ= 2, with g(2)=∞. The corresponding diagram for the critical and post-

critical points 2 �→∞ �→ 0 and −1 �→ 8 takes the form

�� �→ � �→ •� � �→ •�
3 6 2

where the symbol �� stands for a critical point of multiplicity two. The multipliers at

the two postcritical fixed points are a6 = −27 and a2 = − 3 respectively.

Similarly we can study the Lattès map L/G3. In this case the three points of T
which are fixed by G3 all map to zero. Thus the three cone points of the orbifold

T /G3 all map to one of the three. The corresponding diagram has the following form.

�� �→ • �→ •� �→• �→��
3 3 3

If we put the critical points at zero and infinity, and the postcritical fixed point at + 1

(compare [M5]), then this map takes the form

f(z)= z3 +ω3

ω3z3 + 1
,

with critical orbits 0 �→ω3 �→ 1 ⊃← , and ∞ �→ω3 �→ 1 ⊃← . In contrast to L/G2 and

L/G6, this cannot be represented as a map with real coefficients. In fact the invariant

a3 = − i
ffiffiffiffiffi
27
p

is not a real number, so this f is not holomorphically conjugate to its

complex conjugate or mirror image map. (For a similar example with a3 = −8 which

occurs in the study of rational maps of the projective plane, see [BDM, §4 or §6].)

Note that f commutes with the involution z �→ 1/z. If we identify z with 1/z by

introducing a new variable w= z+ 1/z, then we obtain a different model for L/G6,

which is necessarily conformally conjugate to (17).
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8.3. Flexible Lattès maps. Recall from §5 that there is just one connected family of

flexible Lattès maps of degree a2 for each even integer a, but that there are two distinct

families of degree a2 when a is odd. For a2 = 4, the Schröder family (15), constructed by

expressing sn2(2t) as a rational function of sn2(t), exhausts all of the possibilities. This

family depends on a parameter k2 ∈C\f0, 1g and has postcritical set f0, 1, ∞, 1/k2g,
with all postcritical points mapping to the fixed point zero. Using the corresponding

formula for sn2(3t) and following Schröder’s method, we obtain the family

f(z)= z (k4z4 − 6k2z2 + 4(k2 + 1)z− 3)2

(3k4z4 − 4k2(k2 + 1)z3 + 6k2z2 − 1)2
(18)

of degree nine Lattès maps, with the same postcritical set f0, 1, ∞, 1/k2g, but with all
postcritical points fixed by f . Note that f commutes with the involution z �→ 1/k2z

which permutes the postcritical points. Composing f with this involution, we obtain

a different family

z �→ 1

k2f(z)
= f

1

k2z

� �
= (3k4z4 − 4k2(k2 + 1)z3 + 6k2z2 − 1)2

k2z(k4z4 − 6k2z2 + 4(k2 + 1)z− 3)2
(19)

with the same postcritical set, but with all postcritical orbits of period two. Higher degree

examples could be worked out by the same method. Presumably they look much like the

degree four case for even degrees, and much like the degree nine case for odd degrees.
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Branner-Hubbard motions and
attracting dynamics

C. L. Petersen
Tan Lei

Abstract. Branner-Hubbard motion is a systematic way of deforming an attracting holomorphic dynamical
system f into a family (fs)s∈L, via a holomorphic motion which is also a group action. We establish the
analytic dependence of fs on s (a result first stated by Lyubich) and the injectivity of fs on f . We prove that
the stabilizer of f (in terms of s) is either the full group L (rigidity), or a discrete subgroup (injectivity). The
first case means that fs is Möbius conjugate to f for all s∈L, and it happens for instance at the center of
a hyperbolic component. In the second case the map s �→ fs is locally injective. We show that BH-motion
induces a periodic holomorphic motion on the parameter space of cubic polynomials, and that the corres-
ponding quotient motion has a natural extension to its isolated singularity. We give another application in
the setting of Lavaurs enriched dynamical systems within a parabolic basin.

1. Introduction. This paper describes systematic perturbations of holomorphic

dynamical systems via structured holomorphic motions that are also group actions.

The technique, commonly known as the Branner Hubbard motion or in short BH-

motion, was introduced by Branner and Hubbard in [BH1] to study parameter spaces

of monic polynomials. It was later used by, for example, Branner’s Ph.D. student

Willumsen [Wi] (see also [Ta] in this volume).

In order to better exhibit the general properties of BH-motions we introduce the

notion of attracting dynamics (see Definition 2.3), on which the BH-motion naturally

acts. Given an attracting dynamics f , a BH-motion provides a parametrized family of

attracting dynamics (fs)s∈L, with the parameter space L equal to the right half com-

plex plane, equipped with its usual complex structure and with a specific real Lie

group structure. The map s �→ fs is naturally a group action.

We give a thorough description of the construction of the BH-motion together

with basic properties. We prove then the holomorphic dependence of fs on s

(Theorem 2.5.(2)), in a holomorphic motion context more general than BH-motions

(Theorem 2.7). This result was first stated without proof by Michael Lyubich. We

proceed to prove the injectivity of f �→ fs (Theroem 2.5.(6)). These two results will

be our main tool, while performing BH-motions on a full slice of cubic polynomial

attracting dynamics, to promote a holomorphic motion of the dynamical planes to

a holomorphic motion of the parameter space of such polynomials.

We then study the mapping properties of s �→ fs. We show that the stabilizer (see

Definition 3.1) exhibits the following dichotomy: it is



• either the full group L, in which case f behaves like the center of a hyperbolic

component, in other words all critical points attracted by the attracting cycle actu-

ally lay on the cycle or its preimages;

• or a discrete subgroup of L contained in the vertical line 1+ iR, in which case f is

necessarily a non-center, in other words at least one attracted critical point has an infi-

nite orbit (Theorem 3.3).

There are many possible applications of BH-motions. We have chosen here two of

them which we find illustrative for the diversity of applications.

The first one concerns a family (Pa) of cubic polynomials, such that 0 is an attract-

ing fixed point of multiplier independent of a, and attracts exactly one simple critical

point. We will perform a BH-motion on each Pa, thus obtain a double indexed family

Pa, s of cubic polynomials. As mentioned above, we prove that these dynamically

defined BH-motions promote to a holomorphic motion of the a-slice within the space

of cubic polynomials, which turns out to be 2πi-periodic on s (Theorem 4.1). This

induces naturally a quotient motion over D�≈ L/2πiZ, which is the most natural

way to change the multiplier of Pa at 0, but keeping the remaining part of the dynam-

ics fixed. We then make one more effort to extend this motion over D, and thus suc-

ceed in deforming systematically the attracting fixed point into a superattracting fixed

point (Theorem 4.2).

The second one concerns the BH-motion of the basin of ∞ of the quadratic cauli-

flower z �→ z2 + 1
4
, enriched by a Lavaurs map g. We give a detailed study of the effect

of the BH-motion on the enrichment of the dynamics (Theorem 4.6).

For other illustrations beyond the paper of Willumsen and the original paper of

Branner and Hubbard, the reader may want to consult the beautiful master thesis of

Uhre [U], the paper [D] in this volume and the paper [P-T] which explores further the

notion of attracting dynamics.

2. Definition and basic properties of BH-motions. In this paper we shall use the

notion of holomorphic motions in a slightly more general sense than the usual

definition:

Definition 2.1 (Holomorphic motion). Let (χ,�, p) be a triple with χ,� two com-

plex analytic manifolds and p : χ→� an analytic surjective mapping. Denote by χλ

the fiber p−1(λ). Choose λ0 ∈� a base point andE⊂χλ0
. A holomorphic motion of

E over� into χ is a mappingH : �×E→X, (λ, z) �→H(λ, z) satisfying:

1. For any fixed λ, z �→H(λ, z) is injective onE and mapsE into χλ.

2. For any fixed z∈E, λ �→H( · , z) is analytic.
3. H(λ0, · ) is the identity map onE.

In practice, we often have χ=�×X, in which case we suppress the first coordinate

ofH and writeH : �×E−→X:
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2.1. Themodel BH-motion. The notation below is taken from [Wi]. Further calcu-

lations can be found there.

Define L= fu+ iv, u> 0g and for any s= sx + isy ∈L, define an R-linear diffeo-

morphism els : C→C by:

els(z)= (s− 1)zx + z= szx + izy = s+ 1

2
z+ s− 1

2
�z

= sx 0

sy 1

� �
zx

zy

� �
= sxzx

syzx + zy

� �
;

where z= zx + izy. Moreover define a homeomorphism ls : C→ C by

ls(z)= ls(re
2πiθ)= rse2πiθ = z · rs− 1 = z · e(s−1)logr,

so that exp �els = ls � exp. Then the almost complex structure eσs =els�(σ0) obtained by

pulling back the standard almost complex structure σ0, is given by the ‘constant’

Beltrami form ts
d�z
dz
where the constant ts = s− 1

s+ 1
depends only on s, but not the position z.

Let ? : L×L →L denote the group structure for which the map s �→els, is a group
isomorphism onto its image, i.e., s0 ? s �→els0 � els and in algebra

s0 ? s= s0(s+ �s)+ (s− �s)

2
= s0xsx + i(s0ysx + sy), and

s− 1 = 1

sx
− i

sy

sx
= 2− s+ �s

s+ �s
:

Note that s= (sx + i0) ? (1+ isy). The group (L, ? ) is therefore a real Lie group and
is generated by the two Abelian but non mutually commuting subgroups (W, ?Þ and
(S, ?Þ called wring and stretch respectively. Where W= 1+ i R with ? is given by

addition of imaginary parts and where W acts on the group (L, ?Þ from the right by

addition of the imaginary part. And S=R+ with ? given by multiplication and where

S acts on the group (L, ?Þ from the right by multiplication. The (collection of) maps els
and ls have many useful properties. We state them below as:

Define H± = fz∈ C|±<(zÞ> 0g, the right (left) half plane.

Lemma 2.2 (basic properties ofels and ls).
1. The map els is the unique linear map mapping the ordered triple (i, 0, 1Þ to the

ordered triple (i, 0, sÞ. The maps
(s, z) �→els(z), L×C→C, L×H± →H±

(s, z) �→ ls(z), L×C→C

satisfy simultaneously the following properties:

• they are holomorphic motions over L, with base point s0 = 1

• they are group actions of (L, ?Þ, acting on the left.
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• they are dynamical conjugacies, more precisely els conjugates z �→ kz (k∈ R)

to itself and conjugates z �→ z+L to z �→ z+Ls, whereLs :=els(LÞ; and ls con-
jugates z �→ zk (k∈ N) to itself and conjugates z �→λz to z �→λsz, where

λs := ls(λÞ= λ · |λ|s− 1.

2. els|iR = Id, it maps R to the oblique line passing through 0 and s, and any other

horizontal line iy + R to the line parallel to s, passing through iy. It maps any

vertical line to a vertical line.

3. For any z∈H± : dH± (z,
els(z))=dH+(1, sÞ=Cs, where dH± denotes the hyperbolic

distance.

4. For s1 = 1+ 2πi, els1 mapsm+ i ·R (m∈Z) onto itself, mappingm tom+ 2πim.

5. ls|f|z|=1g= id, ls maps the circle |z|= r to the circle f|z|= rug (where u=<(s)),
and the ray e2πiθ ·R+ to an oblique (logarithmic) ray.

6. The Beltrami coefficient of els(z) is a constant depending only on s, i.e., is transla-

tionally invariant and that of ls is invariant under linear maps z �→ az, a 6¼ 0:

∂els
∂els (z)≡

s− 1

s+ 1
=: ts ∈D,

∂ls

∂ls
(z)≡ z

z

s− 1

s+ 1
=: ts ∈D:

Moreover the dilatationsK(ls)=K(els)= 1+ |t|
1− |t| are also constants.

7. When s varies from 1 to 1+ 2πi, the circle f|z|= emg makes m-turns, relative to

the unit circle, for allm∈Z, under the action of ls.

Proof. Wewill only prove 3 forH+, the rest being straight forward. Fix z0 ∈H+. The
mapw �→w− i ·=(z0) is a hyperbolic isometry ofH+, mapping z0 to <(z0) and els(z0)
to els(<(z0)) by the conjugacy property). Noww �→w/<(z0Þ is again an isometry, map-

ping<(z0) to 1 and els(<(z0)) toels(1)= s (by the conjugacy property). �

2.2. BH-motion of an attracting dynamics ( f ,W,α).

Definition 2.3. We say that (f,W, α) or in short (f, α) or f , is an attracting dynam-

ics, if: i)W ⊂ �C is open, ii) f : W−→�C is holomorphic and iii) α∈W is an attracting

or superattracting periodic point for f .

Any attracting dynamics (f,W, α) comes with a long string of informations

(f,W, α, k(f), λ(f), eB(α), B(α), φ, U)

defined as follows: k= k(f)∈N is the exact period of α, and λ(f)∈D denotes the

multiplier (fk)0(α). The set

eBðαÞ := fz∈W| 8n fn(z)∈W & fnk+ l(z) −→
n→+∞ α for some l∈Ng

denotes the entire attracted basin of the orbit of α, and B(α) denotes the immediate

basin of α, i.e., the connected component of eB(α) containing α. The map φ : U−→C
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is a choice of a linearizing (possibly a Böttcher) coordinate defined and univalent on

some neighborhoodU of α.

Note that different choices of φ on a given U differ by a multiplicative constant. In

what follows we shall for any subsetW ⊆ �C denote byWc the complement �C\W.

Definition 2.4. Define a BH-motion of (f,W, α) to be a map:

s �→ (σs, hs, (fs,Ws, αs), φs, Us), s∈L or in short s �→hs, s∈L

as follows (see the diagram below):

• σs is the measurable and bounded Beltrami form defined by

σs= σs, f =
(ls � φ)�(σ0) on U

(fn)�σs on f − n(U), n∈N

σ0 on eB(α)c:
8<
:

That is σs is given by the above formulas on U and eB(α)c and extended to eB(α) by
iterated pull-backs of f . Note that for every z0 ∈U the assignment s �→ σs(z0) is

a complex analytic function on L. In fact if we write σs(z)=µs(z)
d�z
dz in some local

coordinate z on W 0⊆W , then for every fixed z0 ∈U the map s �→µs(z0) : L−→D is

a Möbius transformation. On C which has a natural preferred chart the identity, we

shall abuse the notation and simply writeµ for the Beltrami form µ d�z
dz.

• hs= hs, f : �C−→�C is a family of integrating maps for σs normalized so as to

depend complex analytically on s, as supplied by the measurable Riemann mapping

theorem with parameters.

• (fs,Wfs
, αfs

)= (fs,Ws, αs)= (hs � f � h− 1
s , hs(W), hs(α)).

• φs=φfs
= ls � φ � h− 1

s andUs=Ufs
=hs(U).

Note that another s-analytic normalization bhs of hs differs by an s-analytic family of

Möbius transformations. In other words bhs =Ms � hs withMs Möbius and analytic in s.

Example 1. (f,W, α)= (e−1z+ z2, �C, 0) is an attracting dynamics with k(f)= 1

and λ(f)= e−1. In a BH-motion of it, we may normalize the integrating maps hs so

that they fix 0 and∞ and they are tangent to the identity at∞. Then one checks easily

that fs(z)= e−sz+ z2.

Example 2. Let P be a monic centered polynomial. We do a BH-motion for

(f,W, α)= (P, C̄,∞). We normalize hs so that each fs is again monic centered. In case

that P has a connected Julia set, a theorem of Branner-Hubbard ([BH], Propostion 8.3)

shows that fs ≡P. We will reprove this result below in amore general setting.

The basic properties of a BH-motion are:

Theorem 2.5 (BH-motion of dynamics). Let (f,W, α) be an attracting dynamics

with k(f)= k and λ(f)= λ and let s �→ (σs, hs, (fs,Ws, αs), φs, Us) be a BH-motion

of (f,W, α). Then:
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1. For any z∈ �C, the assignment s �→ σs(z) is independent of the choices of (φ, U) in

the long string information.

2. The two maps of two complex variables (s, z) �→ fs(z) and (s, z) �→φs(z) are com-

plex analytic in f(s, z), s∈L, z∈Wsg and f(s, z), s∈L, z∈Usg respectively.
3. For any s∈L the triple (fs,Ws, αs) is again an attracting dynamics, whose long

string of information takes the form:

(fs,Ws, αs, k, λ|λ|s−1, hs( eB(α)), hs(B(α)), φs, Us):

If λ∈D? then s �→λs is holomorphic and depends on λ only.

If λ= 0 then λs ≡ 0 and φs is a Böttcher coordinate for (fs, αs), defined and univalent

on Us. Moreover write fk(z)−α= a(z−α)d + higher order terms, with a 6¼ 0 and

d > 1 the local degree at α, then fk
s (z)−αs = a(s)(z−αs)

d + higher order terms,

with a(s) non vanishing and holomorphic in s.

4. If φ extends holomorphically to some domainU0⊂ eB(α) then ls � φ � h−1
s is a holo-

morphic extension of φs toU
0
s =hs(U

0)⊂ eB(αs).

5. The maps (s, z) �→hs(z)

• form a holomorphic motion of �C over L with base point s= 1;

• are dynamical conjugacies as indicated in the following diagram:

(f) (λz, zm) (z+L,mz)

W ⊃ eB(α)⊃U −→φ φ(U)⊂C  �exp C, (i, 0, 1)
|↓hs |↓ls |↓els linear

Ws⊃ eB(αs)⊃Us −→
φs:= lsφh−1

s

φs(Us)⊂C  �
exp

C, (i, 0, s)

(fs) (λsz, z
m) (z+Ls,mz)

(1)

• are group actions. More precisely, (fs)s0 = fs0?s, hs0?s, f =hs0, fs
� hs, f and

φs0?s, f = (φs, f )s0, fs
, (subject to suitable normalizations). And for any fixed s∈L,

the map

s0 �→ (σs0?s, hs0?s, (fs0?s,Ws0?s, αs0?s), φs0?s, Us0?s)

is a BH-motion of fs.

6. (injectivity) If (fs0 ,Wfs0
, αfs0

) and (gs0,Wgs0
, αgs0

) are Möbius conjugate by M

(see Definition 2.6 below) for some s0 ∈L and some pair of attracting dynamics

(f,Wf , αf ) and (g,Wg, αg). Then (fs,Wfs, αfs ) and (gs,Wgs , αgs) areMöbius con-

jugate for all s by a holomorphically varying family Ms of Möbius transformations

withMs0 =M.

The proof of this theorem is postponed to the next subsection.

Definition 2.6. Two attracting dynamics (f,Wf , αf ) and (g,Wg, αg) are Möbius

conjugate, if there is a Möbius transformation M, with M(αf )=αg, M(Wf)=Wg

andM � f = g �M.
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Remark. The map s �→ fs may not extend continuously to the boundary iR of L. See

[BH1], [Wi], [KN] or [Ta] for details.

2.3. Proof of Theorem 2.5. The non trivial part of Theorem 2.5 is the analytic

dependence on s of fs(z) and φs(z). It is a consequence of a theorem first stated by

Lyubich, which we restate and prove below. It requires however a little setup.

Let U,V ⊂ �C be open subsets and f : U−→V be a holomorphic map. Let � be

a complex analytic manifold and suppose σ : �×V−→Bel (V) is an analytically vary-

ing family of bounded measurable Beltrami forms supported on V . Let� : �× �C−→�C
be a corresponding analytically varying family of integrating quasi-conformal homeo-

morphisms as supplied by the measurable Riemann mapping theorem with parameters.

That is for each fixed z∈ �C: λ �→�λ(z) is holomorphic and for each λ the map �λ =
�(λ, · ) is a quasi-conformal homeomorphism with ��λ(σ0)= σλ on V and ��λ(σ0)=
σ0 onV

c. Let similarly� : �× �C−→ �C be an analytically varying family of integrating

quasi-conformal homeomorphisms �λ =�(λ, · ) for the pulled-back structuresbσλ = f �(σλ), with�
�
λ(σ0)= bσλ onU and��λ(σ0)= σ0 onU

c. See diagram (2).

(U, bσλ) −→�λ
(Uλ, σ0)

f |↓ |↓fλ
(V, σλ) −→�λ

(Vλ, σ0)

(2)

Define for each λ∈� : Uλ =�λ(U) and Vλ =�λ(V) and open subsets U,V⊆
�× �C by U = f(λ, z)|z∈Uλg and V= f(λ, z)|z∈Vλg. Finally define a continuous

map (homeomorphism if f is bi holomorphic) F :U−→V by
F(λ, z)= (λ, fλ(z)) := (λ,�λ � f � �−1

λ (z)):

Note that although �−1
λ (z) is still quasi-conformal in z and continuous in (λ, z), it is

in general nomore analytic in λ. However, we have, as a miracle,

Theorem 2.7 (Lyubich). The above map F is complex analytic or equivalently

(λ, z) �→ fλ(z) is complex analytic.

Proof. The map (λ, z) �→ fλ(z) : U−→�C is continuous, because the two maps

(λ, z) �→ (λ,�λ(z)) : �×U−→U and (λ, z) �→ (λ,�λ(z)) : �×V−→V
are homeomorphisms. Moreover fλ is holomorphic for each fixed λ0 as fλ pulls back

the standard Beltrami form σ0 to itself,

f �λ (σ0)= (�λ � f � �−1
λ )
�
(σ0)= (�−1

λ )
� � f � ���λ(σ0)= (�−1

λ )
�
(f �(σλ))= σ0:

Thus we need only check that for each fixed z the map λ �→ fλ(z) is holomorphic in

each of the coordinate functions of a complex analytic local chart on �. Equivalently
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we need to prove that fλ(z) has a complex partial derivative at each point (λ0, z0)∈U
with respect to each such coordinate function. Hence the theorem is an immediate

consequence of the following one variable version. �

Proposition 2.8. In the notation above suppose �,U, V ⊂C are open subsets and

U,V⊆�×C. For (λ0, z0)∈U writew0 =�−1
λ0
(z0)∈U then

∂fλ

∂λ
(z0)

���
λ=λ0

:= lim
λ!λ0

fλ(z0)−fλ0(z0)

λ−λ0
= ∂�λ

∂λ
(f(w0))

���
λ=λ0

−f 0λ0(z0) ·
∂�λ

∂λ
(w0)

���
λ=λ0

:

The same proof shows that if λ is a real parameter and �λ(w0) and �λ(f(w0)) are

real partially differentiable as functions of λ at λ0, then fλ(z0) is partially real differen-

tiable at λ0 with the same formula for the partial derivative. See the following diagram:

w0 −→�λ0
z0

f |↓ |↓fλ0
f(w0) −→�λ0

fλ0(z0)

Proof. At first (λ, z) �→ fλ(z) is continuous on (λ, z) and analytic on z. By the Cauchy

integral formula, f 0λ(z) and f
00
λ (z) depend continuously on (λ, z). In particular, for

u(λ, z) := fλ(z)− fλ(z0)− f 0λ(z0)(z− z0),

there is some �>0 such that |u(λ,z)|≤�|z−z0|2 for (λ,z) in a neighborhood of (λ0,z0).
As the maps λ �→�λ(z0) and λ �→�λ(f(w0)) areC-differentiable at λ0, we can write

∂�λ
∂λ

(w0)|λ0 =A, ∂�λ
∂λ

(f(w0))|λ0 =B and �λ(w0)− z0 =A(λ− λ0)+ o(|λ− λ0|).
From the relation fλ � �λ =�λ � f we obtain

B  �
λ→λ0

�λ(f(w0))−�λ0(f(w0))

λ− λ0
= fλ(�λ(w0))− fλ0(�λ0(w0))

λ− λ0

= fλ(�λ(w0))− fλ0(z0)

λ− λ0

= fλ(�λ(w0))− fλ(z0)

λ− λ0
+ fλ(z0)− fλ0(z0)

λ− λ0

= f 0λ(z0)(�λ(w0)− z0)+ u(λ,�λ(w0))

λ− λ0

+ fλ(z0)− fλ0(z0)

λ− λ0

= f 0λ(z0)A(λ−λ0)+ o(|λ− λ0|)
λ−λ0

+ fλ(z0)− fλ0(z0)

λ− λ0
:
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It follows that

lim
λ!0

fλ(z0)− fλ0(z0)

λ− λ0
=B− f 0λ0(z0) ·A:

�

Proof of Theorem 2.5.

1. Let (φi, Ui), i= 1, 2 be two choices of the linearizer (or Böttcher coordinate). Then on

a neighborhood U⊂U1 ∩U2 of α, there is a constant a 6¼ 0 such that φ1 = a ·φ2.

But (a · )�(l�s σ0)= l�s σ0, by 6. of Lemma 2.2. Thus onU, (ls � φ1)
�σ0 = (ls � φ2)

�σ0.

It follows from the f -invariance of σs that σs(z) is independent of the choice

of (φ,U).

2. Complex analyticity of the maps (s, z) �→ fs(z) and (s, z) �→φs(z) follow immedi-

ately from Theorem 2.7 applied to the following two commutative diagrams:

−→hs
f |↓ |↓fs ,

−→hs

−→hs
φ|↓ |↓φs

−→hs
:

3. As hs is a homeomorphism and fs(z)= hs � f � h−1
s it follows that αs = hs(α) is

a k-periodic point. Moreover

φs � fk
s �φ−1

s = ls �φ �h−1
s �hs �fk �h−1

s �hs �φ−1 � l−1
s = ls �φ �fk �φ−1 � l−1

s :

If λ 6¼ 0 then φ � fk �φ−1(z)=λz and

φs � fk
s �φ−1

s (z)= ls �λ · � l−1
s (z)=λsz=λ|λ|s−1z:

If λ=0, we have fk(z)−α=a(z−α)d+higher order terms for some a 6¼ 0 and

φ �fk �φ−1(d)=zd then

φs �fk
s �φ−1

s (z)= ls � zd � l−1
s (z)=zd:

Moreover fk
s (z)−αs=a(s)(z−αs)

d+higher order terms with a(s)= (φ0(αs))
d−1

depending holomorphically on s.

The facts that eB(αs)= hs( eB(α)) and B(αs)= hs(B(α)) are immediate from the

definition.

4. The extension of φs is immediate from the definitions.

5. The map (s, z) �→hs is a holomorphic motion by the measurable Riemann map-

ping theorem with parameters. Each hs is automatically a dynamical conjugacy by
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the commutative diagram. To prove the group action properties, just look at the

following diagram:

f, W ⊃ eB(αf )⊃U −→φ=φf

φf (U)⊂C,

|↓hs, f |↓ls
(s, f)= fs, Ws ⊃ eB(αs)⊃Us −→φs:= lsφh

−1
s

φs(Us)⊂C

|↓hs0, fs |↓ls0

g= (s0, fs), (Ws)s0 ⊃ eB(αg)⊃ (Us)s0 −→
φg:= ls0φsh

−1
s0 , fs

φg((Us)s0)⊂C:

As ls0 � ls = ls0?s, the map hs0, fs � hs, f integrates the complex structure pulled back by

ls0?s � φf . So, up to normalization, hs0, fs � hs, f = hs0?s, f and (fs)s0 = fs0?s. Similarly

φg = ls0 � φs � h−1
s0, fs = ls0 � ls � φ � h−1

s � h−1
s0, fs = ls0?s � φ � h−1

s0?s:

6. Injectivity. If s0 = 1 so that g=M � f �M−1. Then M�(σs, g)= σs, f so that

Ms = hs, g �M � h−1
s, f is a Möbius transformation, depends holomorphically on

s∈L and conjugates (fs,Wfs , αfs ) and (gs,Wgs, αgs ). For the general case note

that by the group action property for any s∈L the inverse map h−1
s, f : �C−→�C inte-

grates the fs invariant almost complex structure σs−1, fs , i.e., (h
−1
s, f )

�
(σ0)= σs−1, fs .

And simillarly for g. If (fs0 ,Wfs0
, αfs0

) and (gs0,Wgs0
, αgs0

) are Möbius conjugate

by some M. Then M�(σs−1
0
, gs0

)= σs−1
0
, fs0

and hence M1 = h−1
s0, g
�M � hs0, f is

a Möbius conjugacy between (f ,Wf , αf ) and (g,Wg, αg). So the first part applies

and yieldsMs0 =M.

�

3. Centers, stabilizers and proper attracting dynamics. In this section we study

the mapping properties of s �→ fs in a BH-motion. We will show that it is either locally

injective (as in Example 1, page 5) or constant (rigid, as in Example 2, Page 5). For this

we will need some notations:

C
f �

(σs,f , σ0)
hs,f−→ C

fs�
(σ0, σs−1,fs

)

⏐
�M1

⏐
�Ms

C
g�

(σs,g, σ0)
hs,g−→ C

gs�
(σ0, σs−1,gs

)

⏐
�φg

⏐
�φgs

C(ls
*(σ0),σ0) C(σ0, ls

*−1(σ0))

.
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Definition 3.1. In a BH-motion of an attracting dynamics (f,W, α), we denote by

Stab(f)⊂L, the stabilizer, to be the set of s for which (fs,Ws, αs) is Möbius conju-

gate to (f,W, α).

Definition 3.2. We say that an attracting dynamics (f,W, α) is proper, if on every con-

nected component� of eB(α) the restriction f : �−→f(�) is a proper map (for example

a rational mapwith an attracting cycle and with the choiceW = �C is always proper).

We shall use the term central orbit synonymously with the grand orbit of α :

G:O:(α)= fz|9n∈N : fn(z)=αg.
A proper attracting dynamics (f , α) is a center if all critical points in eB(α) are cen-

tral, i.e., belongs to the central orbit, in particular α is f -superattracting. In other

words, f is not a center if either λ(f) 6¼ 0 or λ(f)= 0, but at least one critical point ineB(α) is not a preimage of α.

Theorem 3.3 (Injective or rigid). Let (f,W, α) be a proper attracting dynamics with

k(f)= k, λ(f)= λ.

• Assume that (f,α) is not a center. Then Stab(f) is a discrete subgroup of W :=
(1+iR, ? ) and themap s �→fs is injective on the semi strips f<(s)>0,|=(s−s0)|<δg
for some δ>0 and any s0∈L. Moreover Stab(fs)=s−1 ?Stab(f)?s.
• Assume now (f, α) IS a center. Then Stab(f)≡ Stab(fs)=L and fs≡ f for all

s∈L (after suitable normalization of hs).

Remark that Branner and Hubbard’s original result ([BH]’s Proposition 8.3, see

also [Wi]’s Proposition 5.5) corresponds to the case that f is a polynomial and (f ,∞)

is a center, which means in this case the absence of escaping critical points, or equiva-

lently the connectedness of the Julia set.

The first step in our proof is the following:

Proposition 3.4. For any attracting dynamics (f, α) (with k(f)= k, λ(f)= λ), the

stabilizer Stab(f) is a subgroup of (L, ? ) and is independent of the normalizations of
hs. If λ∈D

� then Stab(f) is a discrete subgroup of W. If λ= 0 and if Stab(f) is not

discrete, then there is a sequence s0n −→
6¼

1 such that fs0n ≡ f , after suitable normaliza-

tion of hs. Consequently fs ≡ f under this normalization.

Proof. Assume s1, s2 ∈ Stab(f). We shall prove that s−1
1 ? s2 ∈ Stab(f), which

implies that (Stab(f), ? ) is a group.
By Theorem 2.5 5. the maps s �→ fs?s1 , s �→ fs?s2 are BH-motions of fs1 and fs2

respectively.

For i=1,2 letMi be Möbius transformations withMi(α)=αsi and f=M−1
i �fsi �Mi.

Then fs1=N−1 �fs2 �N, where N=M2 �M−1
1 . By Theorem 2.5 6. the dynamics fs?s1

and fs?s2 are Möbius conjugate for all s∈L. Setting s=s−1
1 we get that f and fs−1

1
?s2

are

Möbius conjugate, i.e., s−1
1 ?s2∈Stab(f).
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Therefore Stab(f) is a subgroup. Now different normalizations of hs lead toMöbius

conjugated fs, and therefore the same Stab(f).

Assume now λ∈D
�. A necessary condition for s∈ Stab(f) is that λs =λ, i.e.,

s∈ f1+ i 2πn
log|λ| |n∈Zgwhich is a discrete subgroup ofW.

Assume now λ= 0. We will make a sequence of Möbius conjugations to reduce f to

a suitable normal form.

We start by remarking that there is a Möbius transformation G withG(α)= 0 such

that in a neighborhood of the origin

G−1 � fk �G(z)= zd(1+D(z))= 1 · zd +p · zd+ 1 +O(zd+ 2),

where d is the local degree of fk at α.

Next we choose a further Möbius transformation M fixing 0 so that (G �M)−1�
fk �G �M(z) has a local expansion in the following normal form

zd(1+D(z2))= 1 · zd + 0 · zd+ 1 +O(zd+ 2): (3)

By looking at the local expansions one can check easily that suchM exists, and there

are precisely d− 1 of them, in the form

M(z)=N(ρz), ρd− 1 = 1, N(z)= z
p

d
z+ 1

: (4)

It follows easily that there are exactly d− 1 choices of the composed Möbius map

G �M to reduce f to its normal form.

Now for each s we may and shall post-compose hs by Möbius maps Gs �Ms to

reduce fs to its normal form. Again there are exactly d− 1 choices for each given s.

By Theorem 2.5 2. the map s �→ fs is analytic. So Gs �Ms can be chosen to be

s-analytic.

Therefore there are s-analytic normalizations of hs so that all fs have the above

normal form.We may and shall thus suppose that all fs have already the above normal

form.

Assume that Stab(f) is not discrete. Then there is a sequence sn ∈ Stab(f) with

sn −→6¼ s0 ∈L. Then there is a sequence of Möbius transformationsMn withMn(0)= 0

and M−1
n � f �Mn = fsn . As both f and fsn have the normal form (3), by (4) we con-

clude thatMn(z)= ρnzwith ρ
d−1
n = 1.

If there is a subsequence (np) for which ρnp = 1, then f1 = fsnp . But the right hand

side converges to fs0 . So fsnp = f1 = fs0 .

Otherwise there is a subsequence with ρnp = ρ for some fixed ρwith ρd−1 = 1. Thus

Mnp(z)=M(z)= ρz andM−1 � f �M= fsnp . Again the right hand side converges to

fs0 . So fsnp =M−1 � f �M= fs0 .

In both cases we get f = (fs0)(s0)−1 = f(s0)−1?snp
. Setting s0n = (s0)−1 ? snp , we get the

proposition, except the final consequence.
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But due to Theorem 2.5 2. the map s �→ fs(z) is analytic for each fixed z. By the iso-

lated zero theorem we conclude that fs(z)≡ f(z). �

Using Riemann-Hurwitz formula, it is quite easy to prove that (f, α) is a center if

and only if any connected component� of eB(α) is simply connected and has a unique

point in the central orbit.

Proof of Theorem 3.3, non-center part. If λ∈D? we know already that Stab(f)⊂
f1+ i 2πn

log|λ| |n∈Zgwhich is a discrete subgroup ofW.

For λ= 0 we have to work a little harder. Let φ : U−→V be a Böttcher coordinate

for fk near α.

Case 1. There is at least one non central critical point in the immediate basin B(α).

There is a maximal radius 0<r< 1 and an open subset U0 ⊂B(α) such that ∂U0 con-

tains at least one and at most finitely many critical points cj and φ extends as a biholo-

morphic map φ : U0−→D(r). The radius r is a conformal invariant. For the Böttcher

coordinate φs of fs the maximal radius r(s)= r<(s). Hence if <(s) 6¼ 1 then f1 and fs
can not be Möbius conjugate, yielding Stab(f)⊂W := fs,<(s)= 1g.

Assume that Stab(f) is not discrete. Then by Proposition 3.4 we have fs ≡ f after

suitable normalization of hs. But rðsÞ ¼ r<ðsÞ is not constant, which is a contradiction.

Case 2. The point α is the sole critical point of fk inB(α). Then φ extends to a biholo-

morphic map φ : B(α)−→D and by assumption there is at least one connected compo-

nent � of eB(α) containing a critical point not in the central orbit. Let n be the minimal

iterate for which fn(�)=B(α) and let r be the maximal modulus of the critical values

of φ � fn on �. Then again r is a conformal invariant, and the corresponding value for

fs is r(s)= r<(s). Reasoning as above we may conclude that Stab(f) is again a discrete

subgroup ofW.

Finally we show that s �→ fs is injective on the semi strips. Let δ> 0 be minimal so

that 1+ δi∈ Stab(f). Then Stab(f)= f1+ inδ, n∈Zg and

fs1 = fs2 =⇒ s−1
2 ? s1 ∈ Stab(f)=⇒ 9n∈Z, s1 = s2 ? (1+ inδ)

=⇒=(s1 − s2)∈ δZ:

�

Rather than proving now the center part, we prove at first a slightly more general

result, unrelated to BH-motions:

Definition 3.5. We say that two attracting dynamics (f ,W,α) and (f0,W0,α0) are hyb-

ridly equivalent, if there is a q.c. homeomorphism h : �C−→�C, h(α)=α0, h(W)=W0

which is conformal a.e. on eB(α)c, and which is a conjugacy h � f = f0 � h on a

neighborhood of eB(α)c. We also call h a hybrid conjugacy.
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Proposition 3.6 (rigidity). Let (f1,W1, α1) and (f2,W2, α2) be two proper attracting

dynamics which are centers and which are hybridly equivalent to each other by a quasi-

conformal map h (in particular k(f1)= k(f2) := k). Then they are Möbius conjugate

(see Definition 2.6), by aMöbius transformationM, which coincides with h on eB(α)c.

Proof. Let ρi : B(αi)−→D denote Riemann maps (Böttcher coordinates) such that

ρi � fk
i = (ρi)

p+ 1, where p+ 1= deg(fk : B(α)→B(α)). The maps are unique

modulo multiplication by a pth-root of unity. Let h : �C→ �C be a hybrid conjugacy.

Then the quasi-conformal homeomorphism η := ρ2 � h � ρ−1
1 : D−→D extends by

reflection to a global quasi-conformal homeomorphism and conjugates z �→ zp+ 1 to

itself on a neighborhood of S1. It follows that its restriction to S1 equals to a rigid rota-

tion of order p, that is ωz with ωp = 1 (see Lemma 3.8 below and its trailing remark).

Hence given a choice of ρ1 we can choose ρ2 such that the restriction of η to S1 is the

identity. Define φ= ρ−2 1 � ρ1 : B(α1)−→B(α2). We shall also express this fact that

η(z)= z on S1 by saying that φ and h are identical on the ideal boundary or h−1 � φ is

the identity on the ideal boundary. See the following diagram.

� −→f
n
1

B(α1) −→ρ1 D

h|↓|↓φ� h|↓|↓φ η|↓|↓id
h(�) −→

fn
2

B(α2) −→
ρ2

D

(5)

Since η is quasi-conformal and equal to the identity on S
1, there exists a constant

C> 0 depending only on the maximal dilatation of η (and thus implicitly on h) such

that 8z∈D: dD(z, η(z))≤C or equivalently 8z∈B(α1): dB(α2)(h(z), φ(z))≤C. This

is a classic compactness result for q.c. mappings. For completeness we reprove it in

Lemma 3.9 below.

For � any connected component of eB(αi) let n= n(�)= minfm|fm
i (�)=B(αi)g

and p(�)= deg(fn
i : �→B(αi)). Then p(�)=p(hð�)) and n(�)= n(h(�)) and

φ � fn
1 lifts by fn

2 to an isomorphism φ� : �−→h(�). This lift is uniquely determined

up to post composition by a deck-transformation for fn
2 . Also h and φ� differs on the

ideal boundary by a deck-transformation for the action of fn
2 on the ideal boundary. We

let φ� be the unique choice of lift for which h and φ� are identical on the ideal boundary

of �. Then by the same argument as above we have 8z∈�: dh(�)(h(z), φ�(z))≤C,

with the sameC, since h � φ−1
� isK-qc with the sameK as above.

Define H : �C−→�C by H = h on eB(α1)
c and byH =φ� on each connected compo-

nent� of eB(α1).

In order to prove thatH is continuous, choose two distinct points β, γ outside eB(α1).

Let wn ∈�n, where the �n are (not necessarily distinct) connected components of

58 C. L. Petersen and Tan Lei



eB(α1) andwn→w∈∂eB(α1). (The pointwmay be one of β,γ, but is never α1∈ eB(α1)).

Then

d�C\h(fα1,β,γ,wg)(h(wn),H(wn))≤dh(�n)(h(wn),φ�n
(wn))≤C<∞:

By a classical inequality (see for exampleMilnor [Mi]) we haveH(wn)→h(w) asn→∞.

ThusH is a homeomorphism, which coincides with h outside eB(α1).

But then by Rickman’s lemma ([Ri], see also [DH2], Lemma 2) H is also quasi-

conformal, because h is globally quasi-conformal and the patches φ� are also quasi-

conformal, in fact conformal. MoreoverH is 1-quasi-conformal, because the maps φ�

are conformal and h is conformal a.e. on eB(α1)
c. Finally H is conformal and thus

a Möbius transformation byWeyl’ s lemma. �

Remark. Note that the key point here is the existence of bi-holomorphic conjugacies

φ, φ� equal to h on the ideal boundaries, as indicated in the diagram (5). We may thus

replace the assumption of being centers by this requirement and obtain a more general

rigidity result. We will need this fact twice in Section 4.

Definition 3.7. A degree d≥ 2 orientation preserving covering map f: S1−→S
1 is

called weakly expanding iff 8x, y∈ S
1 and for each of the two complementary subarcs

I1 = [x, y] and I2 = [y, x] of fx, yg in S1 there exists an n∈N such that fn(Ii)= S
1 or

equivalently fn is not injective on any of the two arcs.

The following Lemma is a classical result included for completeness.

Lemma 3.8. For any pair of degree d≥2 weakly expanding coveringmaps fi : S
1−→S

1

and any choice of fixed points αi∈S1, fi(αi)=αi for i=1,2. There exists a unique ori-

entation preserving homeomorphism h :S1−→S
1 with h(α1)=α2 and h�f1=f2 �h.

Proof. Existence: Let h0 : S
1−→S

1 be any orientation preserving homeomorphism

with h0(α1)=α2, e.g. h0(z)= α1
α2
z. Define recursively hn : S

1−→S
1 to be the unique

lift of hn−1 � f1 to f2, with hn(α1)=α2. (Equivalently define hn to be the unique lift of

h0 � fn
1 to fn

2 .) Then each hn is order preserving and for every m≥ n : hm(f
−n
1 (α1))=

f−n
2 (α2). As each fi is weakly expanding, both families fhngn and fh−1

n gn are equicon-
tinuous and hence pre-compact. Let h : S1−→S

1 be any limit map. Then h is a homeo-

morphism and h � f1 = f2 � h on the subset, ∪nf
−n
1 (α1), which is dense because f1 is

weakly expanding. Hence h � f1 = f2 � h on S1 as desired.

Uniqueness: If bh : S1−→S
1 is any orientation preserving conjugacy with bh(α1)=α2,

then bh= h on the dense subset∪nf
−n
1 (α1) and hence everywhere in S

1. �

As an immediate consequence of this Lemma the automorphism group of z �→ zd

for d≥ 2 (i.e., the set of orientation preserving homeomorphisms which commutes
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with zd) equals the set of rigid rotations fz �→ ρz|ρd−1 = 1g, since fρ|ρd−1 = 1g
equals the set of fixed points in S1 of zd. �

Lemma 3.9. There exists C=C(K)> 0 such that for any K-qc homeomorphism,

h : D−→D with h= id on S
1 : 8z∈D : dD(z, h(z))≤C:

Proof. Define

KK = fh : D−→D|h is K−qc and h= id on S
1g:

Then KK is compact, because any h∈KK extends by Schwarz-reflection in S
1 to

a global K-qc map, which fixes three distinct points say 1, i,−1. Since the map

h �→ dD(0, h(0)) is continuous on the compact set KK we can define C=C(K) as its

maximal value.

Let h∈KK and z0 ∈D be arbitrary and let M(z)= z+ z0
1+ z0z

, so that M(0)= z0. Then

M−1 � h �M ∈KK and sinceM is a hyperbolic isometry we have

dD(z0, h(z0))= dD(0,M−1 � h �M(0))≤C:

�

End of the proof of Theorem 3.3, the center part. This can be deduced easily as

follows: We normalize hs so that it fixes α and two points of eB(α)c. For any s the maps

f1, fs and hs satisfy the hypothesis of Proposition 3.6 and the Möbius conjugacy Ms

fixes three points on the sphere. So fs ≡ f and Stab(f)=L. �

Remark. The proof of Proposition 3.6 can also be done explicitly using the formula ofels.
4. Applications.

4.1. Cubic slices. The first of our two examples is the two parameter family of

cubic polynomials

Pλ, a(z) := λz+ ffiffiffi
a
p

z2 + z3, λ, a∈C: (6)

Here the two different determinations of
ffiffiffi
a
p

yields maps which are conjugate by

the map z �→−z and hence are holomorphically equivalent. Moreover any cubic poly-

nomial admitting 0 as a fixed point is linearly conjugate to Pλ, a for some unique para-

meters λ, a. LeteH= f(λ, a)∈D×C | both critical points belong to eBλ, a(0)g
eHc = f(λ, a)∈D×C | only one simple critical point belongs to eBλ, a(0)g

Pλ = f(λ0, a)|λ0= λg ’ C, eHλ = eH ∩ Pλ, in particular

eHc
e−1 = fa∈C | only one simple critical point belongs to eBe−1, a(0)g:
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We study the effect of the BH-motion on both the parameter space and the dynamical

plane, and determine completely the stabilizers.

Theorem 4.1. There exists a holomorphic motionH : (s, a, z) �→ (v(s, a), h(s, a, z)),

L×C
2 →C

2 overL based at s0 = 1 such that for λ0 = e−1 = e−s0:

1. For each fixed a, the map s �→h(s, a, · ) is a BH-motion of the attracting dynamics
(Pe−1, a,

�C, 0), in particular hs, a � Pe−1, a =Pe−s, v(s, a) � hs, a.
2. For each fixed (s, a) the quasi-conformal conjugacy z �→h(s, a, z) is conformal on

the exterior of eBe−1, a(0).

3. The holomorphic motion (s, a) �→ v(s, a) restricted to L× eHc
e−1 is 2πi-periodic in

the s variable. In particular Stab(Pe−1, a)= 1+ 2πiZ. Furthermore the holomorphic

motionH restricted to f(s, a, z), s∈L, a∈ eHc
e−1, z∈ eBe−1, a(0)

cg is also 2πi-periodic
in the s variable (but has a more complicated monodromy structure elsewhere).

By the λ-lemma for holomorphic motions, the maps (s, z) �→h(s, a, z) for a∈C

fixed and (s, a) �→ v(s, a) are continuous as functions of two variables. However in

general the map h(s, a, z) is discontinuous with respect to a.

The periodicity leads naturally to the following operations:

Define bv : D? × eHc
e−1−→C by bv(e−s, a)= v(s, a); define bh : D? × eHc

e−1 ×eBe−1, a(0)
c−→C by bh(e−s, a, z)=h(s, a, z), and finally define

bH : f(λ, a, z), λ∈D
?, a∈ eHc

e−1 , z∈ eBe−1, a(0)
cg−→�C

2

by bH(λ, a, z)= (bv(λ, a), bh(λ, a, z)). Then both bv( · , · ) and bH( · , a, · ) are holomorphic

motions overD� with base point λ0 = e−1.We call them the quotient motions.

With a little extra work we obtain:

Theorem 4.2. The quotient holomorphic motions bv( · , · ) and bH( · , a, · ) both extend
to holomorphic motions overD with base point 0.

Proof of Theorem 4.1. For a∈C fixed and a fixed choice of
ffiffiffi
a
p

, we consider a BH-

motion for the attracting dynamics (f ,W,α) :=(Pe−1,a,
�C,0). We normalize the integrat-

ing maps hs=hs,a so that hs,a(0)=0, hs,a(∞)=∞ and hs,a is tangent to the identity at

∞. This implies that the new maps fs are again 2 cubic polynomials in the form (6).

Further, by Theorem 2.5 3. the newmultipliers λ(fs) equal to e
−1|e−1|s−1=e−s. Therefore

fs=Pe−s,v(s,a) for some v(s,a)∈C. Set h(s,a,z) :=hs,a(z) and

H(s,a,z) :=(v(s,a),h(s,a,z)):

We check at first thatH :L×C
2→C

2 is a holomorphicmotion:

• Injectivity on (a, z): For any fixed s∈L, assumeH(s, a, z)=H(s, a0, z0). In particu-
lar v(s, a)= v(s, a0) and so Pe−s, v(s, a)=Pe−s, v(s, a0). By Theorem 2.5 6. we conclude
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thatPe−1, a and Pe−1, a0 are linearly conjugate and hence a= a0. Consequently h(s, a, z)=
h(s, a, z0). But h(s, a, · )= hs, a( · ) is a homeomorphism of C, so we conclude

that z= z0.
• Analyticity in s: The map h(s, a, z) is analytic in s for any fixed a, z∈C, by the

measurable Riemann mapping theorem with parameters. Due to Theorem 2.5 2. for

a∈C fixed, the map

s �→Pe−s, v(s, a)(z)= λsz+ ev(s, a)z2+ z3

= hs, a � (z �→ e−1z+ ffiffiffi
a
p

z2+ z3) � h−1
s, a(z),

where v(s, a)= ev(s, a)2 is analytic in s for every fixed z. It follows ev(s, a) and hence

v(s, a) depends complex analytically on s.

• Identity at the base point s= 1. In this case h1, a(z)≡ z and consequently

Pe−1, v(1, a) := h1, a � Pe−1, a � h−1
1, a=Pe−1, a. So v(1, a)= a andH(1, a, z)= (a, z).

This proves that H is indeed a holomorphic motion over L. We proceed to prove

the remaining part of Theorem 4.1.

(1) By construction.

(2) is obvious.

(3) Fix now any a∈ eHc
e−1 , and set B(0)=Be−1, a(0) and

eB(0)= eBe−1, a(0). Recall

that by definition of eHc
e−1 , the entire attracted basin eB(0) of 0 for Pe−1, a contains

a unique critical point c0 = c0(a). This critical point is in the immediate basin B(0)

and has local degree 2.

Let s∈ Stab(Pe−1, a). Thus Pe−s, v(a, s) is Möbius conjugate to Pe−1, a. A necessary

condition on s is that e−s = e−1. In other words Stab(Pe−1, a)⊂ 1+ 2πiZ.

Claim. We have v(1+ 2πi, a)= v(1, a)≡ a, i.e., f1+ 2πi =Pe−1, v(1+ 2πi, a) equals to

f = f1 :=Pe−1, a. Furthermore h1+ 2πi, a(z)= h1, a(z)≡ z for all z∈ eB(0)c. Consequently
Stab(Pe−1, a)= 1+ 2πiZ.

Proof of Claim.
Let φ : B(0)−→C be the linearizer with φ(c0)= 1 and let ψ : D−→U be the local

inverse carrying 0 to 0. Define bh :=ψ � l1+2πi � φ : U−→U so that bh(f(c0))= f(c0),

and extend bh by iterated lifting to a quasi conformal homeomorphismbh : B(0)−→B(0), which integrates σ1+ 2πi and which conjugates f to itself. By

further iterated lifting we can uniquely extend bh to a q.c. homemorphismbh : eB(0)−→eB(0)which preserves each connected component of eB(0).
We now prove that bh equals to the identity on the ideal boundary of B(0). Let

η : B(0)−→D denote a Riemann map fixing 0 and define R= η � f � η−1. Then R is

a quadratic Blaschke product fixing the origin. Define eh= η � bh � η−1 and extend eh to

a global q.c. homeomorphism eh : �C−→�C by reflection in the unit circle. Then
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eh � R=R � eh and in particular this holds on the unit circle which is invariant by both

R and eh. However since the degree of R is 2 there is a unique self homeomorphism of

S
1, which commutes with R. It is the identity. Thus eh equals to the identity on S

1. It

follows that bh equals to the identity on the ideal boundary ofB(0).

Similarly bh equals to the identity on the ideal boundary of every connected compo-

nent of eB(0). As in the proof of Proposition 3.6 (see also the Remark following its

proof), we conclude that the extension

bh= bh on eB(0)
id on eB(0)c:

�

is a global quasi-conformal homeomorphism, conjugating f to itself. As bh integrates

the almost complex structure σ1+ 2πi, fixes the origin and is tangent to the identity at

∞, it follows that bh= h1+ 2πi, f = f1+ 2πi and h1+ 2πi equals to the identity on eB(0)c.
This ends the proof of the Claim.

Now we may prove that s �→Pe−s, v(s, a) is 2πi-periodic, or equivalently s �→ v(s, a)

is 2πi-periodic. We have

v(s+ 2πi, a)= v(s ? (1+ 2πi), a)= v(s, v(1+ 2πi, a))= v(s, a) (7)

where the first equality is due to the (simple) equality s+ 2πi= s ? (1+ 2πi), the second

is due to the group action property (fs0)s = fs?s0 in Theorem 2.5 5. and the third is due to

the claim above.

Assume now z∈ eB(0)c, we want to prove that s �→h(s, a, z) is also 2πi-periodic. In

particular the maps h1+ n · 2πi, a(z), n∈Z are the identity on eB(0)c. Again
h(s+ 2πi, a, z)=h(s ? (1+ 2πi), a, z)

=h(s, v(1+ 2πi, a), h(1+ 2πi, a, z))= h(s, a, z),

where the second equality is due to the group action property hs?s0, f = hs, fs0 � hs0, f in

Theorem 2.5 5. and the third is due to the claim above.

In the proof of Theorem 4.2 the hard work is really to prove that bH extends to a holo-

morphic motion to λ= 0. Because then one can change the base point from e−1 to 0 as

follows: for any holomorphic motion K : �×E−→χ with base point λ0 ∈� define

Eλ0
:=E and more generally Eλ :=Kλ(E) for λ∈�. Then K0 : �×Eλ1

−→χ given

byK0(λ, z)=K(λ,K−1
λ1
(z)) is a holomorphic motion with the same fibers and the same

set of graphs fK(�, z)|z∈Eλ0g= fK0(�, z)|z∈Eλ1g, but with base point λ1.
We start by proving

Lemma 4.3. Both maps bv : D? × eHc
e−1−→C and bh : D? × eHc

e−1 × eBe−1, a(0)
c−→C

have unique extensions to λ= 0 such that λ �→ bv(λ, a) and λ �→ bh(λ, a, z) are holo-

morphic for every fixed a∈ eHc
e−1 and every fixed z∈ eBe−1, a(0)

c.

For P a monic polynomial of degree d denote by gP : C−→[0,∞[ the Böttcher

potential at infinity. That is g= gP is the unique subharmonic function, which satisfies
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i) g(P(z))= d · g(z), ii) g(z)≡ 0 on C\BP(∞) and iii) g(z)−log|z|= o(1) at ∞.

Denote by gλ, a the map gPλ, a .

Proof of Lemma 4.3. The conjugacy hs, a is conformal on the attracted basin of

infinity Be−1, a(∞) for f =Pe−1, a and hence preserves the Böttcher potential, i.e.,

ge−s, v(s, a)(h(s, a, z))= ge−1, a(z). Hence for any z∈ eBe−1, a(0)
c the map λ �→ bha(λ, z)

is bounded. To see this note that the Böttcher coordinate at∞ for Pλ, a0 is tangent to the
identity at∞ for any λ, a0 ∈C, and apply the compactness of normalized univalent maps.

Similarly bv(λ, a) is bounded because bv(λ, a) ’ 3c1(λ, a)/2 for small λ, where

c1(λ, a)= bha(λ, c1) denotes the critical point of Pλ, v̂(λ;a) not in bhλ;a( eBe−1, a(0)) and

c1 denotes the critical point of Pe−1, a not in
eBe−1, a(0). By the theorem of removable sin-

gularities both s �→ bv( · , a) and s �→ bh( · , a, z) extends holomorphically to λ= 0. �

To complete the proof of Theorem 4.2 we need to check that the extended maps

a �→ bv(0, a) and z �→ bha(0, z) are injective on eHc
e−1 , respectively on eBe−1, a(0)

c for

a∈ eHc
e−1 . For this we prove at first the following

Theorem 4.4. For any a∈ eHc
e−1 and any λ∈D the map Pλ;v̂(λ;a) is hybridly equivalent

to P0;v̂(0;a). More precisely there exist hybrid conjugacies Hλ, a : C−→C between

Pλ;v̂(λ;a) and P0;v̂(0;a), which are asymptotic to the identity at ∞, such that, for each

fixed a, and as λ→ 0, the dilatations ||�∂Hλ, a/∂Hλ, a||∞ converges to zero uniformly,

andHλ, a converges locally uniformly to the identity.

Proof. In the following we fix an arbitrary a∈ eHc
e−1 and suppress a in the rest of the

proof, e.g. write Pλ for Pλ,v̂(λ, a) etc. It is easy to see (see below) that there is a center

attracting dynamics (see Definition 3.2) which is hybridly equivalent to Pe−1 . Once

properly normalized, this center is a cubic polynomial of the form P0, b, with

b∈C\f0g as it is a cubic polynomial with a superattracting fixed point of order 2.

Moreover as bhλ is a hybrid conjugacy between Pe−1 and Pλ, the map P0, b is a common

center for all Pλ, λ∈D, by uniqueness of centers (Proposition 3.6) . Thus to prove thatbv(0, a)= b we need only to show that, as λ→ 0, the coefficients of Pλ converge to

those of P0, b, or equivalently, the non-captured Pλ-critical point c1(λ)∈ bBλ, v̂(λ, a)(0)
c

converges to the P0, b-critical point c1(b)∈ eB0, b(0)
c (as the captured Pλ-critical point

c0(λ)∈ bBλ, v̂(λ, a)(0) converges to 0 and the critical points determine P0) .

To this end let φλ : Bλ(0)−→D be the Riemann map with φλ(0)= 0 and

Rλ :=φ−1
λ � Pλ � φλ = z z+ λ

1+ λ�z. Note thatD(|λ|) contains the critical point ofRλ inD as

well as both preimages of 0. Define V 0λ :=φ−1
λ (D (

ffiffiffiffiffiffi|λ|p
)) and Vλ := P−1

λ (V 0λ)∩Bλ(0)

so that V 0λ ⊂ ⊂Vλ and define a newmapcPλ : C−→C by

cPλ =
Pλ on C\Vλ

φ−1
λ � (z �→ z2) � φλ on V 0λ

degree 2 quasi-regular interpolation on A :=Vλ\V 0λ:

8<
:
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Note that on the boundary of the annulus A the mapcPλ is a priori defined as real analytic

covering maps of degree 2. It easily follows that there exists a, say C1 extension also

denotedcPλ,cPλ : A−→A
0
:=φ−1

λ ðfzjjλj≤ jz| ≤
ffiffiffiffiffiffi|λ|p g), which is also a degree 2 cover-

ing.We need a littlemore, namelywe need that this extension can be chosen so that its com-

plex dilatation converges to 0 as |λ|→ 0. Using the Riemann map φλ we can transport the

problem toD, solve it and transport the solution back. That it can be solved (forRλ inD) is

a consequence of Lemma 4.5 below. The mapcPλ is evidently quasi regular. And any point

of z passes at most once through the zoneA, wherecPλ is not conformal.With the quasi reg-

ular extension onA given by Lemma 4.5 throughφλ letµ denote themeasurablecPλ-invari-

ant Beltrami form, which equals the standard 0 Beltrami form onV 0λ and on eBe−1, a(0)
c. Let

also Hλ : C−→C denote the integrating map for µ, given by the measurable Riemann

mapping theorem, and normalized byHλ(0)= 0 andHλ being tangent to the identity at∞.

Then P0, b =Hλ �cPλ �H−1
λ and the dilatation ofHλ is bounded by that ofµ onA, which

is bounded by 16 · 2 · ffiffiffiffiffiffi|λ|p
/log

ffiffiffiffiffiffi|λ|p
, as shown in Lemma 4.5. This bound of distortion

tends to 0 as λ→ 0.With the chosen normalization it follows thatHλ converges uniformly

to the identity on compact sets ofC. In particular the Pλ-critical point c1(λ)∈ eBλ,v̂(λ, a)(0)
c

converges to theP0, b-critical point c1(b)∈ eB0, b(0)
c.We conclude thenP0, b =P0. �

Lemma 4.5. For each fixed d > 1 there exists 0<r0 ¼ r0ðdÞ< 1 with the following

property: Let R : D−→D be any degree d Blaschke product fixing 0 and 1 for which

the critical values and the zeros are contained in D(r) for some r< r0. DefinebV 0=D(
ffiffi
r
p

) and bV =R−1( bV 0) (we have bV ⊃ bV 0 by Schwarz Lemma). Then there exists
a degree d quasi regular branched covering F : D−→D with F(z)= zd on bV 0 and
F(z)=R(z) onD\ bV such that

�∂F

∂F

����
����≤ 16d

ffiffi
r
p

|log ffiffi
r
p | : (8)

Proof. Let A0= fz|r< |z|< 1g, A=R−1(A0) and A00= fz|r1/d < |z|< 1g. Let � :

A00−→A denote the lift of zd to R which fixes 1, i.e., R(�(z))= zd. Set

C= fz|r1/2d < |z|< 1g. Then it suffices to construct a quasi-conformal mapG, which

is the identity on bV 0 and equals � onC, because then

F(z) := (G−1(z))d

would be the required map. Write r= exp (dm) (with m< 0) and let eA, eA00, eC, eV 0 be
the preimages by exp (z) of the corresponding un-tilded (and hatted for V ) sets in D�.
In particular

eA00= fx+ iy|x∈ ]m, 0[g, eC=
n
x+ iy|x∈ ]

m

2
, 0[
o
, eV 0=nx+ iy|x< dm

2

o
:

Denote by e� : eA00−→ eA the lift of � � exp (z) to exp (z) which fixes 0. Thene�(z+ 2π)= e�(z)+ 2π and we shall construct a q.c. homeomorphism eG : H−−→H−
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which equals e� on eC and the identity on eV 0, which satisfies eG(z+ 2π)= eG(z)+ 2π as

well as (8). Then

F(z) := exp(d · eG−1(logz)) (9)

is the required map. To construct eG we need only construct its values on the vertical

strip fx+ iy|x∈ [ dm
2
, m

2
]g so that it verifies (8) and such that eG is continuous. The

extension to this strip is the standard affine extension, i.e., it maps each horizontal seg-

ment affinely to the segment whose endpoints are determined by the values of eG
already defined. More precisely, set e�(u)=u+ω(u). For x∈ [a, b] := [ dm

2
, m

2
] and

y∈R, we have

x+ iy= b− x

b− a
(a+ iy)+ x− a

b− a
(b+ iy):

Set

eG(x+ iy)= b− x

b− a
(a+ iy)+ x− a

b− a
e�(b+ iy)= x+ iy+ x− a

b− a
ω(b+ iy):

The reader may check easily that eG is a homeomorphism provided |ω0(b+ iy)|< 1
4
for

every y∈R.
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To give more precise estimates we write �(z)=z(1+g(z)) and �−1(z)= z(1+h(z)).

Then

z=�−1(�(z))=z(1+g(z))(1+h(�(z)),

|log(1+g(z))|= |log(1+h(�(z))|: (10)

Assume now a1, . . . ,ad are the zeros of the Blaschke productR, we have

zd(1+h(z))d=R(z)=
Yd
j=1

1− �aj
1−aj

z−aj

1− �ajz
,

so (1+h(z))d=
Yd
j=1

1− �aj
1−aj

1−aj/z

1− �ajz
:

and

|log(1+h(z))|≤ 1

d

Xd
j=1

log 1− aj

z

� �����
����+ |log(1−�ajz)|+ |log(1−�aj)|+ |log(1−aj)|

� �
:

As |ai|≤r and |z| ≥ ffiffi
r
p

, and |log(1+v)|≤2|v| for |v|≤ 1
2
, there is r0>0 so that if r<r0,

|log(1+h(z))|≤2(
ffiffi
r
p +3r)≤8

ffiffi
r
p

:

Therefore

8u∈ eA00, |ω(u)|= |log(1+g(eu))|=ð10Þ|log(1+h(�(eu)))|≤8
ffiffi
r
p

: (11)

Now we use the Cauchy integral to estimate ω0(b+ iy). Set ρ= −m
2
=− logr

2d
. Note that

D(b+ iy,ρ)⊂ eA00. So
|ω0(b+ iy)|≤ 8

ffiffi
r
p
ρ

−→r→0 0: (12)

We may thus adjust r0 so that for r<r0, |ω0(b+ iy)|≤ 1
4
and therefore eG is a homeo-

morphism.We can readily estimate the Beltrami coefficient of eG : for x∈]a,b[,
∂ eG
∂x

(x+ iy)=1+ω(b+iy)

b−a
,

1

i

∂ eG
∂y

(x+ iy)=1+ x−a

b−a
ω0(b+ iy):

∂ eG
∂z

(x+ iy)= 1

2

∂ eG
∂x

(x+ iy)+ 1

i

∂ eG
∂y

(x+ iy)

 !
=1+ω(b+ iy)+(x−a)ω0(b+ iy)

2(b−a)

∂ eG
∂�z

(x+ iy)= 1

2

∂ eG
∂x

(x+ iy)− 1

i

∂ eG
∂y

(x+ iy)

 !
=ω(b+iy)−(x−a)ω0(b+iy)

2(b−a)
:
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Wemay therefore adjust again r0 so that if r<r0, |∂ ~G∂z (x+ iy)| ≥ 1/2 for all x∈]a,b[. Note
that b−a=(d−1)ρ. So

�∂F

∂F

����
����F≤ sup

x∈]a,b[

�∂ eG
∂ eG
�����

�����≤2
∂ eG
∂�z

�����
�����≤ jω(b+ iy)|

(d−1)ρ
+ |ω0(b+iy)|

≤ 8
ffiffi
r
p
ρ

+ 8
ffiffi
r
p
ρ

= 16d
ffiffi
r
p

|log( ffiffi
r
p

)| :

See [Sh] for a similar estimate. �

Proof of Theorem 4.2. Let us first show that the map a �→ bv(0, a) is injective oneHc
e−1 . It follows from Theorem 4.4 that if bv(0, a)= bv(0, a0), for some a, a0, then Pe−1, a

and Pe−1, a0 are hybridly conjugate. The dynamics of Pe−1, a and Pe−1, a0 are conformally

conjugate on the immediate attracted basins of 0, by a unique biholomorphic map fixing

the origin, because both basins are quadratic and the multipliers at the origin are identical.

Hence essentially repeating the proof of Proposition 3.6 (see also the Remark following

its proof) one proves that this hybrid equivalence coincides with a Möbius conjugacy oneBe−1, a(0)
c. Details are left to the reader. It follows that a= a0.

To prove that each bh0, a is injective, we prove that it has a quasi conformal extension

to all of C. As in the proof of Theorem 4.4 fix an arbitrary a∈ eHc
e−1 and let Hλ, λ∈D

be the hybrid conjugacies whose existence is assured by Theorem 4.4. Fix λ∈D and

define h= bh−1

λ �H −1
λ �He−1 , so that each h is a hybrid equivalence from Pe−1 to

itself, which is tangent to the identity at ∞. Repeating once more the proof of

Proposition 3.6 we find that h coincides with the identity on eBe−1(0)c. Hence the two

maps bhλ and H −1
λ �He−1 coincides on eBe−1(0)c. Since H−1

λ converges locally uni-

formly to the identity, it follows that bhλ converges locally uniformly to the quasi con-

formal homeomorphism H−1
e : C−→C on eBe−1(0)c, from which the injectivity ofbh0 =He−1 on eBe−1(0)c follows.

Finally,

bH(0, a, z)= bH(0, a0, z0) =⇒ bv(0, a)= bv(0, a0) & bh(0, a, z)= bh(0, a0, z0)
=⇒ a= a0 & bh(0, a, z)= bh(0, a0, z0)
=⇒ a= a0 & bh(0, a, z)= bh(0, a, z0)
=⇒ a= a0 & z= z0:

So bH is injective. �

4.2. Lavaurs motion. The following example is different from the first and most

other applications of the BH-motion. It is a motion of a two generator dynamical sys-

tem (P, gσ) consisting of a center attracting dynamics (P, �C,∞) with P(z)= z2 + 1
4

(which is invariant under the BH-motion, by Proposition 3.6) and a so called parabolic
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enrichment or Lavaurs map gσ coming from the complementary parabolic basin B(0).

Let φ : B(∞)−→�C\D denote the Böttcher coordinate at ∞ and let ψ denote its

inverse. Let � : B(0)−→C denote an attracting Fatou coordinate and � : C−→C

denote a repelling Fatou parameter, i.e., � � P(z)= 1+�(z) and P ��(z)=
�(z+ 1) where defined. We shall normalize � and� by �(0)= 0 and�(0)=φ−1(e).

Define the Lavaurs map gσ : B(0)−→C of phase σ ∈C by gσ(z)=� � Tσ � �, where
Tσ(z)= z+ σ and let �= fσ ∈C | gσ(0)∈B(∞)g= �−1(B(∞)) 3 0. The Julia set

J(P, gσ) of the Lavaurs enriched dynamical system is the closure of

∪n,m≥ 0P
−n(g−m

σ (JP)).

Theorem 4.6. There exists a holomorphic motion h : �× �C−→�C, such that hσ � P=
P � hσ and hσ � g0 = gσ � hσ .

The map hσ fixes JP point-wise, but moves the points of the enrichment. However the

the enriched Julia set is 1 periodic as a compact set, because gσ+ 1 =P � gσ = gσ � P and

hence the two enriched dynamical systems (P, gσ) and (P, gσ+ 1) have the same

enriched Julia set.

Proof. Denote byψ : �C\D−→B(∞) the inverse of φ, the Böttcher parameter at∞. We

consider a BH-motion of the enriched dynamical system (P, g0) based at the super attract-

ing fixed point ∞. More precisely let µs denote the unique Beltrami form which equals

(ls �φ)�(µ0) on Bð∞Þ, where µ0=0 is the zero or standard Beltrami form and which is

invariant under the enriched dynamical system (P,g0), i.e.,P
�(µs)=µs and g

�
0(µs)=µs.

Note thatµs is also supported inB(1/2), because g0 maps part ofB(1/2) intoB(∞).

Let hs : �C−→�C denote the solution of the Beltrami equation �∂h=µs∂h normalized

by hs(0)= 0, hs(1/2)= 1/2 and hs(∞)=∞. Then f = hs � P � h−1
s is a centered

quadratic polynomial with a parabolic fixed point of multiplier 1 at 1/2. There is only

one such polynomial, it is P. So hs conjugates P to itself.

Define bµs =��(µs) on C, then T
�
1 (bµs)= bµs. Let η : �C−→�C denote the solution of

the Beltrami equation �∂f = bµs∂f normalized by ηs(0)= 0, ηs(1)= 1 and ηs(∞)=∞.

We have ηs(z+ 1)= ηs(z)+ 1, because bµs is 1-periodic.

For each s the map ηs � � � h−1
s is holomorphic, conjugates P to translation by 1 and

fixes 0. Hence it equals� by uniqueness of normalized Fatou coordinates. Arguing sim-

ilarly we find that hs �� � η−1
s =� � Tσ(s) for some complex number σ(s)∈�. We

have hs �� � η−1
s (0)= hs(ψ(e))=ψ(es) by the normalization of �. Thus σ(s) can be
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chosen to depend continuously on s. Furthermore hs � g0 = gσ � hs. See the following
diagram.

The restriction � : �−→B(∞) is a universal covering, (see e.g. [P]) with

�(0)=ψ(e). And ψ � exp : H−→B(∞) is also a universal covering, but with

ψ � exp (1)=ψ(e). Hence there exists a unique lift bσ : H−→� of ψ � exp to �
with bσ(1)= 0. This lift is an isomorphism, since both coverings are universal, and it

satisfies bσ(2s)= bσ(s)+ 1. However since � � Tbσ(s) =� � Tσ(s) and both functions σ

and bσ are continuous, we have σ= bσ. As σ is an isomorphism fromH to� we may use

σ as a parameter for the holomorphic motion, replacing the parameter spaceH by� and

the base point 1 by 0. �
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Examples of Feigenbaum Julia sets
with small Hausdorff dimension

Artur Avila and Mikhail Lyubich

To Bodil Branner on her 60th birthday

Abstract. We give examples of infinitely renormalizable quadratic polynomials Fc : z �→ z2 + c with
stationary combinatorics whose Julia sets have Hausdorff dimension arbitrary close to 1. The combinatorics
of the renormalization involved is close to the Chebyshev one. The argument is based upon a new tool,
a ‘‘Recursive Quadratic Estimate’’ for the Poincaré series of an infinitely renormalizable map.

1. Introduction. One of the most remarkable objects in complex dynamics are

the fixed points of the Douady-Hubbard renormalization operator. Such objects have

a distinguished place in the dictionary between rational maps and Kleinian groups

(see [Mc2]). Existence of the renormalization fixed points established in the works

of Sullivan [S2] and McMullen [Mc2] (under certain assumptions) implies many beau-

tiful features (self-similarity, universality, hairyness, . . . ) of Feigenbaum Julia sets

(see §2.2 for the definition). However, even with this thorough information, some

basic questions concerning measure and dimension of these Julia sets have remained

unsettled.

One of the key questions (asked, for instance, in [Mc2]) regarding the geometry of

Feigenbaum Julia sets has been the following: Is theHausdorff dimension of a Feigenbaum

Julia set always equal to 2? In [AL] we supply a fairly large class of Feigenbaum

Julia sets with HD(J)< 2, thus giving a negative answer to the above question

(though it is still unknown whether there exist Feigenbaum Julia sets with Hausdorff

dimension 2). In this paper we show that in fact the dimension of a Feigenbaum Julia

set can be arbitrarily close to 1:

Theorem 1.1. There exists a sequence of Feigenbaum quadratic polynomial Fp ≡Fcp :

z �→ z2 + cp with cp ∈R, cp →−2, such thatHD(J(Fp))→ 1 asp→∞.

Hausdorff dimension is closely related to another geometric characteristic of the

Julia set, the critical exponent δcr (see §2.3). In fact, for a Feigenbaum map Fc,

HD(J(Fc))= δcr(J(Fc)),
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provided area (J(Fc))= 0 [AL], and the same is true for the associated renormalization

fixed point fc. In fact, it follows from Bishop’s work [B] that for any c, HD(J(Fc))≤
δcr(J(Fc)), provided area (J(Fc))= 0. This allows us to reduce Theorem 1.1 to the

following two results.

Theorem 1.2. Let fp ≡ fcp be the fixed point of the renormalization operator of period

p with combinatorics closest to the Chebyshev one. Then δcr(fp)→ 1 as p→∞.

The proof of this theorem is based upon a ‘‘Recursive Quadratic Estimate’’ for the Poin-

caré series which provides a new efficient tool for getting bounds on the critical exponent.

Theorem 1.3. For large p, areaJ(fp)= 0.

Remark. (1) The class of Feigenbaum maps with HD(J(f))< 2 supplied in [AL] is

qualitatively the same as the class treated in Yarrington’s thesis [Y] (see also §9 of

[AL]) for which area(J)= 0 (which in turn, is qualitatively the same as the class of

infinitely renormalizable maps for which a priori bounds were established in [L2]).

Though Theorem 1.3 is not formally covered by [AL, Y], it is proved by a similar

method, which becomes more direct in our situation. Similarly, to prove Theorem 1.2

we adjust the method of [AL] to the Chebyshev combinatorics, which makes it (in this

combinatorial case) simpler and more powerful.

(2) In Theorem 1.2, we restrict ourselves to a very particular sequence of combinator-

ics converging to the Chebyshev one, though the result should still hold for somewhat

more general combinatorics. Obviously, some restrictions on the combinatorics are nec-

essary: There are renormalization fixed points fp, with combinatorics arbitrarily close

to the Chebyshev one, and such that HD(J(f)) is not close to 1. This holds even for real

combinatorics, and can be seen, e.g., by considering parabolic bifurcations.

2. Basic concepts.

2.1. Notations. Dr(z)≡ fw∈C, |w− z|<rg, Dr ≡Dr(0). A domain is a con-

nected open subset of C. A topological disk is a simply connected domain. U�V

means thatU is compactly contained in V .

Notation a � b means that C−1 <a/b<C with a constant C> 0 independent of

particular a and b under consideration; a≈ bmeans that a is close to b.

We usually denote the p-fold iterate of a map f by fp, but occasionally use a more

forceful notation f �p.
Let ω(x)≡ωf(x)= ∩ m≥ 0ffk(x), k≥mg denote the ω-limit set of x.
For a quadratic-like map f : U ! V (see below) with the critical point at 0, let

O(f)≡ ffk(0), k> 0g denote its postcritical set.

2.2. Quadratic-like maps and renormalization. A quadratic-like map is a holo-

morphic double covering map f : U→V where U,V ⊂C are topological disks and

U�V . Such a map has a unique critical point which we will assume to be 0. Let

72 Artur Avila andMikhail Lyubich



K(f)≡ ∩∞
k= 0f

−k(U) denote the filled Julia set of f and let J(f)≡ ∂K(f) denote its

Julia set.

Two quadratic-like germs f and g are said to be hybrid equivalent if there exists

a quasiconformal map h : C→C satisfying h(f(x))= g(h(x)) for x near J(f) such

that �∂h|J(f)= 0. Any quadratic-like map f : U ! V with connected Julia set is

hybrid equivalent to a unique quadratic polynomial F : z �→ z2 + c called the straight-

ening of f [DH]. Moreover, the dilatation Dil(h) of the (appropriately chosen) conju-

gacy h depends only on mod(V\U), and Dil(h)→ 1 as mod(V\U)→∞.

The Julia set J(f) of a quadratic-like map is either connected or Cantor. If J(f) is

connected, there exists a unique repelling or parabolic fixed point β= β(f)∈ J(f)

such that J(f)\fβ(f)g is connected. The other fixed point is denoted by α=α(f).

We will only consider quadratic-like maps with connected Julia set.

A quadratic-like map which is considered only up to choice of domains is called

a quadratic-like germ. More precisely, one says that two quadratic-like maps with

connected Julia sets represent the same germ if they have a common Julia set and coin-

cide in a neighborhood of it. We shall consider quadratic-like germs up to affine con-

jugacy. For a germ f , we let mod(f)= sup mod(V\U), where the suppremum is

taken over all possible choices of domainsU and V .

A quadratic-like map f : U ! V is called renormalizablewith period p> 1 if there

exist topological disksU0�V 0 containing the critical point such that

1. g≡ fp : U0 ! V 0 is a quadratic-like map with connected Julia set J(f 0) called

a pre-renormalization of f ;

2. For every 1≤ k≤p− 1, either fk(J(g))∩ J(g)= ; or fk(J(g))∩ J(g)= fβ(g)g.
The renormalization operator R is defined on the space of germs by letting Rf = g. The

minimal p=p(f)> 1 for which f is renormalizable is called the renormalization period

of f . In what follows, the operatorRwill always correspond the this minimal period.

We will be concerned with infinitely renormalizable quadratic-like maps f (so that

all the renormalizations Rmf , m≥ 0, are well defined). If the periods of all the renor-

malizations Rmf are bounded, we say that f has a bounded type. If mod(Rmf)≥
ε> 0, m≥ 0, we say that f has a priori bounds. An infinitely renormalizable map of

bounded type with a priori bounds will be also called a Feigenbaum map. The notion

of a Feigenbaum map is invariant under hybrid equivalence.

A quadratic-like map f : U→V is said to be a renormalization fixed point if f is

renormalizable and Rf = f . In other words, fp(x)= λf(λ−1x) near J(g) for some

λ∈D\f0g, where p is the renormalization period of f and g is a pre-renormalization

of f . Such maps are automatically Feigenbaum.

2.3. Poincaré series. Let f : U→V be a quadratic-like map.

Sullivan’s Poincaré series [S1] is defined as follows:

� δ(z)=
X∞
k=0

X
fk(w)=z

|Dfk(w)|−δ, z∈V\O(f), δ> 0:
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It follows from the Koebe Distortion Theorem that � δ(z)≤C(z, z0)δ � δ(z
0) for any

z, z0 ∈V\O(f). In particular, � δ is finite or infinite independently of z.

The function δ �→ � δ is obviously convex. By definition, the critical exponent,

δcr(f)∈ [0,∞], is the unique value of δ that separates convergent � δ from divergent

ones. The critical exponent depends only on the germ of f nearK(f).

It is easy to see that � 2 is always finite (area argument) and, since J(f) is assumed

to be connected, � 1 =∞ (length argument), see §2.9 of [AL]. Thus we actually have

δcr(f)∈ [1, 2]. In fact, δcr > 1, unless J(f) is a real analytic curve.

2.3.1. Poincaré series for subfamilies of orbits. An orbit of length k≥ 0 is

a sequence (x0, . . . , xk), where xk ∈V and f(xi)= xi+1 for 0≤ i < k. An orbit of zero

length is called trivial.

Given a familyF of orbits (x0, . . . , xk), we define a functionC→ [0,∞]

� δ(F )(z)=
X∞
k= 0

X
(x0,..., xk= z)∈F

|Dfk(x0)|−δ

(to keep notation shorter, we do not explicitly mention f ). Let �
[j]
δ denote the trunca-

tion of � δ at level j,

�
[j]
δ (F )(z)=

Xj

k=0

X
(x0,..., xk=z)∈F

|Dfk(x0)|−δ,

with convention that � [j] = 0 for j < 0. Note that � [0](F ) is equal to 1 or 0 depend-
ing on whetherF contains the trivial orbit or not.

2.3.2. Arrow notation. Let us introduce a convenient notation for certain families

of orbits. Let D,E⊂V , S⊂U. By D E, we will understand the family of orbits

(x0, . . . , xk) with x0 ∈E and xk ∈D. The family of orbits (x0, . . . , xk) with x0 ∈E,

xk ∈D and x1, . . . , xk−1 ∈ S will be denotedD 
S
E. A ‘‘plus sign’’ over the arrow will

indicate that only non-trivial orbits are considered. The juxtaposition of arrows will

denote composition in the natural way. For instance,

D +
S
D 

S
E,

denotes the family of orbits (x0, . . . , xk), with x0 ∈E, xk ∈D, such that xi ∈D for

some 0≤ i < k, and x1, . . . , xi−1, xi+1, . . . , xk−1 ∈ S.
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3. Quadratic recursive estimate. We will now introduce a version of the Quadratic

Recursive Estimate which is sufficient for purposes of this paper (see [AL] for a finer

version). We shall restrict ourselves to the case of renormalization fixed points. The

argument is based on a combinatorial breakdown of orbits which exploits the scaling

self-similarity of the dynamics.

Let f : U→V be a fixed point of renormalization of period p, fp(x)= λf(λ−1x)

near 0. Let U0= λU, V 0= λV , and let g≡ fp : U0→V 0. Let A=V\U, A0=V 0\U0.
We assume that V 0⊂U, g is the first return from U0 to V 0, and that O(f) does not
intersect �A0.

Lemma 3.1. Let sj(δ)= supz∈A0 �
[j]
δ (A0  U)(z). Then

sj+1(δ)≤Pδ(sj(δ)),

where x �→Pδ(x) is a quadratic polynomial with positive coefficients which can be

expressed explicitly in terms of the Poincaré series � δ(F ) over families F of orbits that

do not accumulate on 0.

If Pδ has a positive fixed point s then

sup
z∈A0

� δ(A
0  U)(z)= lim sj ≤ s,

so that δcr(f)≤ δ.

Proof. In what follows, the sup is always taken over z, the terminal point of the orbit

in question. We will also omit the truncation parameter (j or j+ 1) in the notation.

We can decomposeA U into two groups:A←−
U\V 0

U\V 0 andA←−
U\V 0

A0  U. This

gives the inequality

sup� δ(A U)≤ sup� δ(A←−
U\V 0

U\V 0)
+ sup� δ(A←−

U\V 0
A0) sup� δ(A

0  U): (3:1)

In turn, we can decomposeA0 + U into two groups:

1. A0←−
U\A0 U\A0, which can be further decomposed into

A0←−
U\V 0 U\V 0, A0←−

U\A0 U
0, and A0←−

U\A0 U
0←−
U\V 0 U

0\V 0;

2. A0←−
U\A0
+ A0  U, which can be further decomposed into

A0←−
U\V 0
+ A0  U and A0←−

U\A0 U
0←−
U\V 0 A

0  U:
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This gives the following inequality

sup� δ(A
0  U)≤ 1+ sup� δ(A

0←−
U\V 0

U\V 0)
+ sup� δ(A

0←−
U\A0

U0)(1+ sup� δ(U
0←−
U\V 0

U\V 0))
+ sup� δ(A

0←−
U\V 0
+ A0) sup� δ(A

0  U)

+ sup� δ(A
0←−
U\A0

U0) sup� δ(U
0←−
U\V 0

A0)

sup� δ(A
0  U), (3:2)

where the first term, 1, accounts for the trivial orbits.

Notice that since x �→ fpx is the first return map from U0 to V 0, if (x0, . . . , xk)
belongs to A U then (λx0, . . . , f

kp(λx0)) belongs to A0←−
U\A0

U0. This correspon-

dence is readily seen to be a bijection between A U and A0←−
U\A0

U0 preserving the

weights of the Poincaré series. Hence

� δ(A U)(x)= � δ(A
0←−
U\A0

U0)(λx)

and

sup� δ(A
0←−
U\A0

U0)= sup� δ(A U): (3:3)

Plugging (3.1) into (3.3), and then plugging the resulting expression for

sup� δ(A
0←−
U\A0

U0) into the 2nd and 4th lines of (3.2), we obtain

sup� δ(A
0  U)≤ α+ β sup� δ(A

0  U)+ γ sup� δ(A
0  U)2,

where

α= 1+ sup� δ(A
0←−
U\V 0

U\V 0)+ sup� δ(A←−
U\V 0

U\V 0)
(1+ sup� δ(U

0←−
U\V 0

U\V 0)), (3:4)

β= sup�δ(A
0←−
U\V 0
+ A0Þ+ sup�δ(A←−

U\V 0
A0)(1+ sup�δ(U

0←−
U\V 0

U\V 0))
+ sup�δðA←−

U\V 0
U\V 0) sup�δ(U

0←−
U\V 0

A0), (3:5)

and

γ= sup�δ(A←−
U\V 0

A0) sup�δ(U
0←−
U\V 0

A0): (3:6)

This is the desired quadratic recurrence estimate for sup�δðA0  UÞ. The above three
formulas give an explicit expression of the coefficients α, β and γ of Pδ in terms of

Poincaré series over families of orbits that do not accumulate on 0.
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For the last statement, notice that sj ≤Pjðs−1Þ=Pjð0Þ≤ s for all j. Thus, for

every z∈A0 we have � δðzÞ≤ sup� δðA0  UÞ= limj→∞ sj ≤ s, which shows that

δcrðf Þ≤ δ. �

4. Renormalization with combinatorics closest to Chebyshev. In this section we

will show that the critical exponent of maps with combinatorics ‘‘close to Chebyshev’’

can be arbitrarily close to 1. Our bounds on the critical exponent will be based on

direct estimates of the coefficients of the quadratic recursive polynomial correspond-

ing to a nearly Chebyshev map.

4.1. Basic properties. Let ɥ(x)= 2− x2 be the Chebyshev polynomial. Let fp be

the fixed point of the renormalization operator of period p, with (real) combinatorics

closest to Chebyshev: fp is combinatorially characterized among fixed points of

renormalization of period p by being (up to affine conjugacy) a real-symmetric quadratic-

like germ such that fp(0)> 0 and fi
p(0)< 0, 1< i<p. The existence of fp is a particular

case of a result of Sullivan [MS].

We normalize fp so that its orientation preserving fixed point is−2. Let−1<λp < 0

be the scaling factor of fp. Then we have near zero:

gp := f ◦p
p (x)= λpfp(λ

−1
p x):

Notice that [�2, 2] ⊂ J(fp) and fp : [−2; 2]! [−2; 2] is a unimodal map. Let αp > 0

stand for he orientation reversing fixed point of fp:

A basic fact is that all of the fp belong to some fixed Epstein class, that is, there

exists ε> 0 such that fp : [−2, 2]→ [−2, 2] extends to a real-symmetric double cov-

ering onto the slit plane C\(R\(−2− ε, 2+ ε)). (The natural topology in such an

Epstein class makes it a compact space.) This is a consequence of the real a priori

bounds, see [MS]. This yields a number of nice properties of the maps fp. The ones

that are relevant for us are summarized in the following lemma:

Lemma 4.1. Let p≥ 3, T 0= (−αp, αp), V
0= fz : |z|<αpg, and let U0 be the compo-

nent of f−p
p (V0) containing 0. LetU= λ−1

U
0 andV= λ−1

V
0. Then

(1) fp extends to a double covering onto the slit planeC\(R\T);
(2) fp → ɥ uniformly in [−2, 2] (in particular fp(0)→ 2 and αp → 1);

(3) the maps gp : U0→V
0 and fp : U→V are quadratic-like for p sufficiently large;

(4) mod(V\U)=mod(V0\U0)→∞;

(5) λp → 0.

Proof. Let Sk ⊂ [−2, 2] be the component of (fp|[−2, 2])−(p−k)(T 0) containing

fk
p(0), k= 0, 1, . . . , p. Since the intervals [−2,−αp] and [αp, 2] are monotonically

mapped by fp onto [−2, αp], the maps fp : Sk ! Sk+1 are diffeomorphisms for

k= 1, 2, . . . , p− 1. This implies the first assertion by rescaling.
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The second assertion follows from the compactness of the Epstein class and the first

assertion.

Moreover, |S1|−1/p ≈ dist(S1, fp(0))
−1/p ≈ 4, where ‘‘4’’ is the multiplier of the ori-

entation preserving fixed point−2 of ɥ. Since fp belongs to the Epstein class, the com-

ponent of f−(p−1)
p (V0) containing fp(0) is contained in the round disk with diameter S1.

Hence (diam U
0)−1/p ≈ 2, which implies assertions (3) and (4) for gp. The correspond-

ing assertions for fp are obtained by rescaling.

Since

λp = diam J(gp)

diam J(fp)
≤ 1

4
diamU

0,

assertion (5) follows, too. �

4.2. Estimates for the coefficients. We will now use the information provided by

Lemma 4.1 to give direct estimates on the coefficients of the quadratic recursive estimate.

The following lemma gives control of expansion along the orbits that stay away from 0:

Lemma 4.2. For every x∈C\f−2, 2g, there exists K=K(x) with the following

properties:

(1) If ɥm(y)= x,m≥ 1, then |D ɥm(y)|≥K2m;

(2) For any ε> 0 and p≥p0(ε), if x∈ 1
2
V and fm

p (y)= x, m≥ 1, with fk
p(y)∈
 Dε,

0≤ k≤m− 1, then |Dfm
p (y)|≥K(2− ε)m.

Moreover, K depends only on the distance from x to f−2, 2g and goes to infinity as x
goes to infinity.

Proof. Consider the map T : C\D→C, T(z)=−(z+ z−1) semi-conjugating z �→ z2

to ɥ; T(z2)= ɥ(T (z)). If x= T(x0), y= T(y0) and ɥm(y)= x with m≥ 1, then

Dɥm(y)=DT(x0)DT(y0)−12mx0y
0−1. Since |y0|= |x0|1/2m ≤ ffiffiffiffiffiffiffi|x0|p

, we have:

|Dɥm(y)|≥ |DT(x0)|
|DT(y0)| |x

0|1/22m: (4:1)

Since |DT(y0)| ≤ 2 for all y0 ∈C\D and |DT(x0)| is bounded away from zero for x out-

side a neighborhood of f−2, 2g, (4.1) implies (1).

Since the dynamics of ɥ outside a neighborhood of 0 is hyperbolic and hence

Hölder stable, the second statement follows easily from Lemma 4.1. �

For 0<ρ< 1, let V 0=V 0ρ =Dρ and U0=U0ρ, p = f−p
p (V 0)|0. It follows from

Lemma 4.1 that for p>p0(ρ), the map gp = f �pp : U0→V 0 is a quadratic-like pre-

renormalization of fp : U ! V , where U=Uρ,p = λ−1
p U0 and V =Vρ,p = λ−1

p V 0. In
what follows, ρ and p will be usually suppressed in the notation.
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The following two lemmas give control of expansion along the orbits that originate

near 0.

Lemma 4.3. For every 0<ρ≤ 1/10, 0<�≤ 1/10, andp>p0(�, ρ), we have

|f(y)− 2| ≤ |y|2−� (4:2)

for any y∈D
e−�−2 \U0.

Proof. Since the map fp−1 : [f(0), 2]! [fp(0),−2] has bounded distortion,

|f(0)− 2| � |Dfp−1(f(0))|−1:

Let W =W(p, ρ) be the connected component of f−(p−1)(V 0) containing f(0).

Similarly, since the map fp−1 : W ! Dρ has bounded distortion,

dist(f(0), ∂W) � ρ|Dfp−1(f(0))|−1:

Hence for some η> 0,

dist(f(0), ∂W)≥ ηρ|f(0)− 2|:
It follows that for y∈
 U0 we have: 2|y|2 ≥ ηρ|f(0)− 2|. On the other hand, since

|f(0)− 2|→ 0 as p→∞, we have: ηρ> |f(0)− 2|�/4 for p>p0(�, ρ). Hence

2|y|2 ≥ |f(0)− 2|1+�/4. It implies by an elementary calculation that

|y|2−� ≥ 2|y|2 + (2|y|2)(1+�/4)−1 ≥ |f(y)− f(0)|+ |f(0)− 2|≥ |f(y)− 2|,
provided 0<�≤ 1/10 and |y|<e−�−2

: �

Lemma 4.4. For every ε> 0, 0<ρ<ρ0(ε), and for any period p≥p0(ε, ρ), the fol-

lowing property holds. Assume that y∈A0 and letm≥ 2 be the minimal moment such that

|fm(y)+ 2|> 1/10. Then

|Dfm(y)|≥ (2− ε)m:

Proof. A simple consideration of the local dynamics near−2 shows that

|Dfm−1(f(y))| � |f(y)− 2|−1: (4:3)

Hencem≤K− log|fp(y)−2|/logηp, where ηp= |Df(−2)|. Since ηp→4 as p→∞,

we have

(2−ε)m≤ (2−ε)
K−log|f(y)−2|

logηp ≤2K|f(y)−2|−1+�
2

for 0<�<�(ε) and p>p0(ε).

Set ρ= e−�−2
. By Lemma 4.3, if p>p0(ρ) then y∈V 0\U0 implies (4.2). On the

other hand, (4.3) and (4.2) yields:

|Dfm(y)|= |Df(y)| |Dfm−1(f(y))|>K−1|y| |f(y)− 2|−1 ≥K−1|f(y)− 2| 1
2−�−1:
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Thus, we just have to check

K−1|f(y)− 2| 1
2−�−1 ≥ 2K|f(y)− 2|−1+�

2 ,

that is,

|f(y)− 2|�(1−�)
4−2� ≤ 1

K2K
,

which follows from (4.2) and |y|<ρ= e−�−2
, provided � is small enough. �

Note that we have obtained the same lower bound (log2− ε) for the Lyapunov

exponents of orbits that stay away from 0 and for those that originate quite near 0. It is

because the multiplier of the postcritical fixed point−2 is big (22 − ε).

Lemma 4.5. For every ε> 0, 0<ρ<ρ0(ε), andp>p0(ε, ρ), we have

(1) If (x0, ...,xk)∈(A←−
U\V 0

U\U0) then |Dfk(x0)|≥K(2−ε)k, whereK=K(p,ρ)→∞
asp→∞;

(2) If (x0, . . . , xk)∈ (V 0←−
U\V 0

U\U0) then |Dfk(x0)|≥K(2− ε)k for some absoluteK.

Proof. Let us deal with the first statement. Notice that since mod(V\U) is large

when p is large, for fixed ρ we also have limp→∞ mod(V\U)=∞. Since

mod(U\J(f))≥ mod(V\U), we see that the distance M(p, ρ) between ∂U and 0

satisfies limp→∞ M(p, ρ)=∞. Since xk ∈A, we have |xk|≥M(p, ρ). If x0 ∈
 V 0 then
Lemma 4.2 shows that |Dfk(x0)|≥K(p, ρ)(2− ε)k, where limp→∞ K(p, ρ)=∞.

If x0 ∈A0, we let 2≤ k0 ≤ k be minimal with |fk0(x0)+ 2|> 1/10. Then by

Lemma 4.2, |Dfk−k0(f k0(x0))|≥K(p, ρ)(2− ε)k−k0 , where limp→∞ K(p, ρ)=∞,

and by Lemma 4.4, |Dfk0(x0)|≥ (2− ε)k0 , so |Dfk(x0)|≥K(p, ρ)(2− ε)k, and the

first statement follows.;

The second statement is analogous. �

Lemma 4.6. Let δ> 1. Then

lim
p→∞ sup� δ(A←−

U\V 0 U\U0)= 0, 0<ρ<ρ0(δ),

lim
ρ→ 0

lim sup
p→∞

sup� δ(V
0←−
U\V 0
+ A0)= 0,

lim sup
p→∞

sup� δ(V
0←−
U\V 0

U\V 0)≤K≡K(δ), 0<ρ<ρ0(δ):

Proof. By the first statement of Lemma 4.5, for every x∈Awe have

� δ(A←−
U\V 0

U\U0)(x)≡ � δ(F )(x)≤
X
k≥1

X
(x0,..., xk=x)∈F

|Dfk(x0)|−δ

≤
X
k≥1

2kK−δ(2− ε)− δk =K−δ
X
k≥1

2

(2−ε)δ

� �k

,
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where K=K(p, ρ), ε= ε(p, ρ) satisfy limp→∞ K(p, ρ)=∞, limρ→0limp→∞
ε(p, ρ)= 0. The first estimate follows.

Let m=m(p, ρ) be the minimal return time from A0 to V 0. Then limρ→ 0

lim infp→∞ m(p, ρ)=∞. By the second statement of Lemma 4.5, for every x∈V 0,
we have

� δ(V
0←−
U\V 0
+ A0)(x)≡� δ(F )(x)≤

X
k≥m

X
(x0,..., xk=x)∈F

|Dfk(x0)|−δ

≤
X
k≥m

2kK−δ(2− ε)−δk =K−δ
X
k≥m

2

(2− ε)δ

� �k

,

where K is an absolute constant and ε= ε(p, ρ) satisfies limρ→0 limp→∞ ε(p, ρ)= 0.

This gives the second estimate.

By the second statement of Lemma 4.5, for every x∈V 0 we have

� δ(V
0←−
U\V 0

U\V 0)(x)≡ � δ(F )(x)≤
X
k≥1

X
(x0,..., xk=x)∈F

|Dfk(x0)|−δ

≤
X
k≥1

2kK−δ(2− ε)−δk =K−δ
X
k≥1

2

(2−ε)δ

� �k

,

whereK is an absolute constant and ε= ε(p, ρ) satisfies limρ→ 0 limp→∞ ε(p, ρ)= 0.

This gives the last estimate. �

Proof of Theorem 1.2. Since any quadratic-like map with connected Julia set satisfies

δcr≥ 1, we only have to show that for every δ> 1 and for every p sufficiently large,

δcr(f)≤ δ, where f = fp, ρ is some quadratic-like representative of fp.

Fix some δ> 1. By Lemma 4.6, we can choose ρ> 0 so that

lim sup
p→∞

sup� δ(V
0←−
U\V 0
+ A0)≤ 1

4
:

LetPδ be the quadratic polynomial defined in Lemma 3.1. Notice obvious inequalities

maxf� δ(A
0←−
U\V 0

U\V 0), � δ(U
0←−
U\V 0

U\V 0)g≤ � δ(V
0←−
U\V 0

U\V 0),

maxf� δ(A←−
U\V 0

U\V 0), � δ(A←−
U\V 0

A0)g≤ � δ(A←−
U\V 0

U\U0),

maxf� δ(A
0←−
U\V 0
+ A0), � δ(U

0←−
U\V 0

A0)g≤ � δ(V
0←−
U\V 0
+ A0):
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By Lemma 4.6, when p grows, the constant coefficient (3.4) of Pδ stays bounded, the

linear coefficient (3.5) becomes smaller than 1/3, and the quadratic term (3.6) goes to 0.

In particular, for p large Pδ takes [0, 2Pδ(0)] into itself, and hence it has a fixed point.

By Lemma 3.1, δcr(f)≤ δ as desired. �

Corollary 4.7. Let Fp : z �→ z2 + cp be the straightening of fp. Then

lim
p→∞ δcr(Fp)= 1: (4:4)

Proof. By Lemma 4.1, the germ fp has a quadratic-like representative fp : Up ! Vp

with a big modulus: mod(Vp\Up)→∞ as p→∞. Hence for p large, there is a quasi-

conformal conjugacy between fp and Fp with a small dilatation. This easily implies

(see for instance Lemma 3.15 of [AL]) that fp and Fp have close critical exponents:

lim δcr(fp)− δcr(Fp)= 0. Together with Theorem 1.2, this implies that lim δcr(Fp)=
lim δcr(fp)= 1. �

5. Lebesgue measure of the Julia set. Below f = fp : U→V will be the fixed

point of nearly Chebyshev renormalization of period p, and f 0= fp : U0 ! V 0 will
be its pre-renormalization as constructed in Lemma 4.1. Thus, f 0(z)= λf(λ−1z), where

λ=λp ∈ (−1, 0) is the scaling factor of f . We let as above A=V\U, A0=V 0\U0.
Furthermore, we letUk =λkU, Vk = λkV , andAk =Vk\Uk.

We will need the following combinatorial lemma.

Lemma 5.1. Let

uk = sup� δ(V
k ←−
U\Vk

+ Ak),

vkj = sup�
[j]
δ (Ak ←−−

U\Vk+1

+ Ak),

vk = lim
j→∞ vkj = sup� δ(A

k ←−−
U\Vk+1

+ Ak),

Then

uk+1 ≤ sup� δ(V
0←−
U\V 0
+ A0)+ uk(1+ vk) sup� δ(A←−

U\V 0
A0)

(1+ sup� δ(V
0←−
U\V 0

U\V 0)), (5:1)

vkj+1 ≤ (1+ vkj)u
k(1+ sup� δ(A←−

U\V 0
U\V 0)): (5:2)
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Proof. Let Bk =U\(Ak ∪Vk+1). Let us prove the first estimate.

We can decompose Vk+1 ←−−
U\Vk+1

+ Ak+1 into two groups:

Vk+1 ←−+
Bk

Ak+1,

which takes into account the orbits that do not land at the annulusAk, and

Vk+1 ←−
Bk

Ak ←−−
U\Vk+1

Ak ←−
Bk

Ak+1,

which accounts for the orbits landing at Ak and marks the first and the last landings.

Thus

uk+1 = sup� δ(V
k+1 ←−−

U\Vk+1

+ Ak+1)≤ sup� δ(V
k+1 ←−+

Bk
Ak+1)

+ ( sup� δ(V
k+1 ←−

Bk
Ak) · sup� δ(A

k ←−−
U\Vk+1

Ak) ·
sup� δ(A

k ←−
Bk

Ak+1)): (5:3)

Notice that

� δ(V
k+1 ←−+

Bk
Ak+1)(x)= � δ(V

0←−
U\V 0
+ A0)(λ−k(x)Þ, (5:4)

� δ(A
k ←−

Bk
Ak+1)(x)= � δ(A←−

U\V 0
A0)(λ−kx), (5:5)

and

sup� δ(A
k ←−−
U\Vk+1

Ak)= 1+ sup� δ(A
k ←−−
U\Vk+1

+ Ak)= 1+ vk; (5:6)

the 1 accounting for trivial orbits. Plugging (5.4)–(5.6) into (5.3) we get

uk+1≤ sup�δ(V
0←−
U\V 0
+ A0)+(1+vk)sup�δ(A←−

U\V 0
A0)sup�δ(V

k+1←−
Bk

Ak): (5:7)

We can decompose Vk+1←−
Bk

Ak into two groups,

Vk+1←−
U\Vk

Ak, and Vk+1←−
Bk

Uk\Vk+1←−
U\Vk

Ak:

Thus

sup�δ(V
k+1←−

Bk
Ak)≤ sup�δ(V

k+1←−
U\Vk

Ak)

+ sup�δ(V
k+1←−

Bk
Uk\Vk+1)

sup�δ(U
k\Vk+1←−

U\Vk
Ak): (5:8)
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Notice that

�δ(V
k+1←−

Bk
Uk\Vk+1)(x)=�δ(V

0←−
U\V 0

U\V 0)(λ−kx), (5:9)

maxfsup�δ(V
k+1←−

U\Vk
Ak),sup�δ(U

k\Vk+1←−
U\Vk

Ak), sup�δ(A
k←−
U\Vk

+ Ak)g

= sup�δ(V
k←−
U\Vk

+ +Ak)= uk: (5:10)

Plugging (5.9) and (5.10) into (5.8), and plugging the resulting expression for

sup�δ(V
k+1←−

Bk
Ak) into (5.7) gives (5.1).

Let us prove the second estimate.Wewill omit the truncation parameter (j or j+ 1).

We can rewriteAk ←−−
U\Vk+1

+ Ak asAk ←−+
Bk

Ak ←−−
U\Vk+1

Ak. Thus

sup� δ(A
k ←−−
U\Vk+1

+ Ak)≤ sup� δ(A
k ←−+

Bk
Ak) sup� δ(A

k ←−−
U\Vk+1

Ak): (5:11)

Plugging (5.6) into (5.11) we get

vk ≤ (1+ vk) sup� δ(A
k ←−+

Bk
Ak): (5:12)

We can splitAk ←−+
Bk

Ak into two groups:Ak ←−
U\Vk

+ Ak andAk ←−
Bk

Uk\Vk+1 ←−
U\Vk

Ak.

Thus

sup� δ(A
k ←−+

Bk
Ak)≤ sup� δ(A

k ←−
U\Vk

+ Ak)+ sup� δ(A
k ←−

Bk
Uk\Vk+1)

(5:13)
Notice that

� δ(A
k ←−

Bk
Uk\Vk+1)(x)= � δ(A←−

U\V 0
U\V 0)(λ−kx), (5:14)

Plugging (5.14) and (5.10) into (5.13) we get

sup� δ(A
k ←−+

Bk
Ak)≤ uk + uk sup� δ(A←−

U\V 0
U\V 0): (5:15)

Plugging (5.15) into (5.12) gives (5.2). �
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Proof of Theorem 1.3. By Lemma 4.6, there exists K≡K(2)> 0 such that if one

takes ρ sufficiently small, then for all p sufficiently large we have

sup� 2(V
0←−
U\V 0
+ A0)<

1

100
, (5:16)

sup� 2(A←−
U\V 0

A0)<
1

5K+5
, (5:17)

sup� 2(V
0←−
U\V 0

U\V 0)< 2K; (5:18)

sup� 2(A←−
U\V 0

U\V 0)< 1

100
: (5:19)

Let us show by induction that for every k≥ 0 we have

uk ≤ 1

10
, (5:20)

where uk is as in Lemma 5.1. Notice that u0 = 0, so (5.20) holds for k= 0. Assuming

that (5.20) holds for some k, notice that (5.2) and (5.19) imply

vkj+1 ≤
1

5
(1+ vkj),

for j≥−1. Since vk−1 = 0, this implies by induction that vkj ≤ 1
4
for every j≥−1, so

vk = limj→∞ vkj ≤ 1
4
. By (5.1) and (5.16)–(5.18), we have

uk+1 ≤ 1

100
+ 1

10

5

4

1

5K+5
(2K+ 1)≤ 1

10
:

By induction, (5.20) holds for all k≥ 0.

Let

Xk =
[
r≥1

f−rVk:

Then

area(Xk ∩Ak)=
Z
Ak

1Xkdx=
Z
Vk

� 2(V
k ←−
U\Vk

+ Ak)dx≤
Z
Vk

ukdx≤ 1

10
area(Vk):

Notice thatXk ∩Vk =Uk ∪ (Xk ∩Ak). Thus,

area(Xk ∩Vk)

areaVk
≤ 1

10
+ areaUk

areaVk
≤ 1

5
, (5:21)

where we have used that area Uk ≤ 1
10
areaVk, which holds since mod(Vk\Uk)=mod A

is big for largep (by Lemma 4.1).
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The conclusion of the argument is standard. Let

X= fx∈ J(f), 0∈ω(x)g:
Notice that X is fully invariant: X= f−1(X)= f(X). By [L1], for almost every

x∈ J(f), ω(x)⊂ω(0). Since ω(0) is a minimal set containing 0, we conclude that

areaX= areaJ(f). Let us show that areaX= 0.

Assume that this is not the case. By the Lebesgue Density Points Theorem, there

exists a density point x∈X. Let rk ≥ 0 be minimal such that frk(x)∈Vk. We may

assume that x is not a preimage of 0, so that rk →∞. LetWk be the connected compo-

nent of f−rk (Vk) containing x. Then frk : Wk →Vk admits a univalent extension onto

V
k ≡ λkV, and since mod(Vk\Vk) is big, it has distortion bounded by 2. It also follows

thatWk contains a round disk of radius 1
10
diam (Wk). Since rk →∞ andWk ⊂ f−rk (V),

lim supWk ⊂K(f). Since K(f) has empty interior, we conclude that diam (Wk)→ 0.

Notice that

area(Vk\X)

areaVk
≤ 10

area(Wk\Xk)

areaWk
≤ 1000

area(Ddiam (Wk)(x)\X)

area(Ddiam (Wk)(x))
,

and since x is a density point ofX, we have

area(Vk\X)

area(Vk)
→ 0: (5:22)

Obviously,X⊂Xk, so (5.22) and (5.21) give the desired contradiction. �
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Parabolic explosion and the size
of Siegel disks in the quadratic family

Arnaud Chéritat

Abstract. For an irrational number θ, let r(θ) be the conformal radius at z= 0 of the polynomial
z �→ ei2πθz+ z2. Let Y be Yoccoz’s arithmetic Brjuno function. The linearization theorem of Yoccoz
implies that there exists a real constantC1 such that for all θ irrational with Y(θ)<+∞,

C1 <Y(θ)+ log(r(θ)):

Yoccoz also proved a similar but weaker inequality on the other side, which in particular implies non linear-
izability of the polynomial when Y(θ)=+∞. The author found a new and independent proof of non linear-
izability. One of the tools of this new proof is the control on parabolic explosion. In a joint work with X.
Buff, we pushed this further and were able to prove the existence of a real constantC2 such that for all θ with
r(θ)> 0,

Y(θ)+ log(r(θ))<C2,

enhancing Yoccoz’s second inequality.

1.1. Notations. Let

Pθ(z)= ei2πθz+ z2

The point z= 0 is fixed with multiplier ei2πθ. For θ ∈R, it is an indifferent fixed point,

and it is the only non repelling cycle. If z= 0 is linearizable,

• we note�(θ) the Siegel disk of P,

• we note r(θ) its conformal radius w.r.t. z= 0.

The conformal radius can be defined as φ0(0) where φ : D→�(θ) is the unique con-

formal map sending 0 to 0 with real positive derivative. If z= 0 is not linearizable, we

define�(θ)=∅ and r(θ)= 0.

The Yoccoz function (that he calls the Brjuno function)

Y : R→ ]0, +∞]

is defined on rationals by

Y(p/q)=+∞:
For θ ∈R irrational,

Y(θ)=
X+∞

n= 0

θ0 � � � θn−1log
1

θn
,



where θn is defined inductively by θ0 = frac(θ)= θ− bθc∈ ]0, 1[ and θn+1 = frac(1/θn)

(this is the Gauss algorithm).

The Brjuno sum of a rational number is defined by

B(p/q)=+∞:

The Brjuno sum of an irrational θ belongs to ]0,+∞], and is defined by

B(θ)=
X+∞

n= 0

log qn+1

qn

where pn/qn are the convergents of the continued fraction expansion of θ.

The set of Brjuno numbers is defined as

B= fθ ∈R | B(θ)<+∞g:
The Yoccoz function and the Brjuno sum are equivalent in the following sense:

B(θ)=+∞() Y(θ)=+∞

|B(θ)− Y(θ)| is bounded on B

2. Short and incomplete historical background. Let f be a holomorphic germ at 0,

fixing 0 with multiplier ei2πθ.

Theorem (Siegel, 1942). If θ is Diophantine, then f is linearizable.

Theorem (Brjuno, 1965). If θ ∈B, then f is linearizable.

Theorem (Yoccoz, 1988). (9C> 0) (8θ∈B), if f : D→C is univalent and fixes 0 with

multiplier ei2πθ, then

B(0, e−Y(θ)−C)⊂�(f):

Since the restriction of Pθ to B(0, 1/2) is injective, the previous theorem implies

log r(θ)≥−Y(θ)−C− log 2, i.e.,

−C− log 2≤ log r(θ)+ Y(θ):

Theorem (Yoccoz, germs). (9C0 > 0) (8θ ∈R), there exists an f : D→C univalent

and fixing 0 with multiplier ei2πθ, with

log r(f)≤−Y(θ)+C0

if Y(θ) is finite, and f not linearizable if Y(θ)=+∞.

With a quasiconformal surgery procedure, and ideas of Ill’Yashenko, Yoccoz then

transforms these functions f : D→C into quadratic maps.
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Theorem (Yoccoz, quadratic). (8ε> 0), (9C(ε)∈R) (8θ ∈R),

1. if Y(θ)=+∞, Pθ is not linearizable,

2. if Y(θ) is finite,

log r(θ)≤−(1− ε)Y(θ)+C(ε):

As a Corollary,

−C≤ log r(θ)+ Y(θ)≤ εY(θ)+C(ε):

It was conjectured that one can get rid of the ε.

Conjecture. The function θ ∈B �→ log(r(θ))+Y(θ) is bounded.

In 1988, Stefano Marmi made computer experiments, showing that this function

seems to be the restriction to B of a continuous function onR. Later, there is the

Conjecture (Marmi, Moussa, Yoccoz). The function θ ∈B �→ log(r(θ))+Y(θ) is

1/2-Hölder.

3. Our contribution.

Theorem 1 ([BC2]). The function θ ∈B �→ log(r(θ))+ Y(θ) is bounded from above.

The lower bound following from Yoccoz 88, this proves the first conjecture.

2

1

0
0.5 1

Figure 1: The function θ �→ log(r(θ))+ Y(θ)
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The proof relies on three ingredients

1. the control on parabolic explosion (C. 1999)

2. estimating how cycles block each other via the conformal radius (C. 2001)

3. the relative Schwarz lemma (Buff, 2003)

With the first two point, the author was able to reprove point 1 of the Yoccoz

quadratic theorem (see [C2]).

3.1. Parabolic explosion. For all irreducible p/q (meaning q> 0), we have

P
q
p/q(z)= z+Czq+1 +O(zq+2),

and the fact that the polynomials Pθ have only one critical point implies that C== 0.

Therefore, P
q
p/q has q+ 1 fixed points at z= 0. When we perturb p/q into θ (complex

values of θ allowed), these points explode into a cycle of Pθ of length q (to which we

must add the common fixed point z= 0). According to the implicit function theorem,

the periodic points move holomorphically w.r.t. the parameter, as long as their multi-

plier is different from 1, which is equivalent to asking that they do not collide with

another periodic point of dividing period. This happens at θ=p/q. The monodromy

around this value in fact permutes the points of the cycle. The following elementary

proposition gives a clearer view of what happens.

Let

Sq = fθ ∈C |Pq
θ ðzÞ � z has a no multiple rootg:

Rp/q = maxfR> 0 |B(p/q, Rq)− fp/qg⊂Sqg
Note thatRp/q ≤ 1.

Proposition 1 ([C1]). 9χ=χp/q : B(0, Rp/q)→C, holomorphic, such that

• χ(0)= 0

• 8δ∈Def(χ) with δ== 0, χ(δ) is a parabolic point of Pθ of period q, with

θ= p

q
+ δq:

The q different values of δ associated to a same θ ∈B(p/q, R
q
p/q)− fp/qgmap by χ to

a whole cycle of Pθ, of length q.

Thus, taking the parameter δ instead of θ cancels the monodromy.

Controlling the parabolic explosion means controlling the functions χp/q. From this

point of view, the following lemma is fundamental:

Lemma 1 (Douady, [C1]). (9K> 0) 8p/q irreducible,

R
q
p/q ≥

K

q3
:
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This is a corollary of the Yoccoz inequality on the limbs of the Mandelbrot set,

combinatorics of degree 2 polynomials, and Pythagoras’ theorem. In our applications,

the exact exponent of the power inK=q3 is not important. It is conjectured that the best

possible isK/q2.

With just that, one can already prove independently from Yoccoz 88 (see [C1]) that

log qn+1

qn
=−→ 0 =⇒ Pθ is not linearizable:

The proof works like this: let pn/qn be the convergents of the continued fraction

expansion of θ. Wewant to apply the Schwarz lemma to χpn/qn
. First, note that Douady’s

lemma implies

Rpn/qn −→
n→+∞ 1:

Then, for all n∈N, let δn be any of the qn complex numbers such that

θ=pn/qn + δqnn :

Elementary properties of the convergents imply

log |δn|=− log qn+1

qn
+ o(1)

as n−→+∞. Therefore,

lim sup
|δn|

Rpn/qn

< 1:

The functions χp/q all take value in some same ball B(0,M0) (the values are peri-

odic points of Pθ with Im(θ)≤ 1). Therefore they form a normal family. Any limit of

χpn/qn
is defined onD, is analytic, maps 0 to 0, and D in the Julia set. If r(θ)= 0, J has

empty interior and the limit is constant = 0. If r(θ)> 0, the limit maps in the Siegel

disk. Now, if Pθ had a Siegel disk, then for n big enough, the Schwarz lemma would

imply that χpn/qn
(δn) is a periodic point of Pθ that lies in the Siegel disk (and is not

equal to 0, since δn == 0), which is impossible.

Along the same lines, still assuming
log qn+1

qn
� 0, one can then prove that Pθ has

small cycles (meaning that every neighborhood of 0 contains a whole cycle of Pθ,

apart from z= 0).

3.2. Blocking. The previous argument works for irrationals whose Brjuno sum-

mand does not tend to 0. To extend the proof to numbers whose Brjuno sum diverges

but with a summand tending to 0, we need a way to make the sum of the log |δn|
appear in the bound: recall that log |δn|=− 1

qn
log qn+1 + o(1), whence divergence of

the Brjuno sum implies divergence of the sum of log |δn|. So
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Question: why do the log |δn| accumulate?

Answer: because the previously exploded cycles (those from p0/q0, . . . , pn/qn)

block the explosion of the next one.

Indeed, by assumption on Rp/q, the periodic point χp/q(δ) does not collide with

a cycle of period<q.

To make this work, the author used three main ideas:

α. Measure the hindrance of present cycles via rn, the conformal radius at 0 of the

following set: C minus the cycles of Pθ coming from p0/q0, . . . , pn/qn. To

ensure non linearizability, it is enough to prove that rn−→0 as n−→+∞. The

loss of conformal radius will be measured via −(log rn+1 − log rn)> 0, and

compared to−log |δn|.
From rn to rn+1, there is a new cycle. It comes from the explosion of the parabolic

point of Ppn+1/qn+1
. We said that the points of this cycle can not collide with a cycle of

lower period. Therefore, the explosion takes place in the complement of the previ-

ously exploded cycles. Unfortunately, that set is not still: during the explosion, the

parameter varies, and thus the previous cycles move. More precisely, let p=pn+1 and

q= qn+1; when δ varies, θ0 =p/q+ δq varies too, so the cycles that the function χp/q

avoids, also move.

β. To reduce to a still target set, we take a holomorphically varying universal cover

(mapping 0 to 0 with derivative 1) ofCminus the previous cycles. That is, to each

θ0 we associate a simply connected open set Uθ0 and a analytic universal cover

ξθ : Uθ →C minus the previous cycles, which is a universal cover. The set Uθ0 is

taken to be the round diskB(0, rn)when θ
0 = 0. Since the movement of θ0 is much

slower than the movement of δ, the varying universal cover remains close to the

disk B(0, rn), during the explosion of p/q. In particular, it remains contained in

a disk of radius slightly bigger than rn.

This moving universal cover is constructed by using holomorphicmotions, Slodkowski’s

theorem andAhlfors-Bers straightening of Beltrami forms.

Since the function δ �→χp/q(δ) that follows the explosion in terms of the q-th root δ of

θ−p/q avoids the previous cycles and is defined on a simply connected set (a disk), it is

possible to look a the explosion in the new coordinates given by the varying universal

cover. This yields well defined a branch of δ �→ ξ−1
δq +p/q � χp/q ðδÞ for δ∈B(0, Rp/q).

The logarithmic loss of conformal radius −(log rn+1 − log rn)> 0 is equal to the

logarithmic loss of conformal radius of B(0, rn) when we remove the image by this

branch of all the q-th roots of θ−p/q.

Now the branch takes value in a disk of radius r0n slightly bigger than rn. So we will
bound the logarithmic loss −(log rn+1 − log rn) from below by log(rn/r

0
n) plus the

logarithmic loss of conformal radius of this bigger disk, when we remove from it the

image of a holomorphic function from B(0, Rp/q) to the bigger disk mapping 0 to 0,

taken at the q-th roots of θ−p/q.
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γ. The latter loss is shown to be comparable to the loss of the toy model. The toy

model is the following: we considerB(0, Rp/q) and remove from it the q-th roots

of θ−p/q.

In this step, comparable means the author was able to show: the loss is less than the

toy model’s loss divided by a universal constant.

Now, for the toy model, this loss is easily shown to be of the form

log
1

|δn| − rest

where the rest is small.

Indeed, B(0, Rp/q) is close to D, and the distance of the q-th roots of θ−p/q to the

boundary of D is equal to 1− |δn|, which is small. The distance between two consecu-

tive roots is much smaller. So these points act like a barrier, and the conformal radius

is almost equal to |δn|.
This was enough to obtain a new and independent proof of non-linearizability when

the Brjuno sum diverges.

3.3. The relative Schwarz lemma. When bounding the logarithmic loss −(log rn+1 −
log rn) from below by 1

qn
log qn+1, we had several error terms. We compared 1

qn
log qn+1 to

log |δn|. We compared log rn to log r
0
n. We compared the toy model’s loss to log |δn|. But

in these three cases, the error term is bounded from above by a universal sequence, whose

sum converges. The only point which prevented from obtaining theorem 1 was step γ: that

some log-loss is comparable to the log-loss for the toymodel in the sense that the quotient is

bounded from above; there is a bounded multiplicative error term; since the log-loss of the

toymodelmay be big, the additive error termmay be also big.

X. Buff enhanced step γ by proving that the loss for an arbitrary f is at least the loss

of the toymodel. So in fact, there is no error term in the upper bound of step γ. (It is even

better than having a universal and summable error term.) The other error terms remain.

This yielded Theorem 1. To be precise, we proved in [BC2] the following inequality:

log ρn +
Xn
k= 0

log qn+1

qn
<C

where C is a universal constant and ρn is the following variant of rn: it is the conformal

radius at 0 of the complement inC of the external ray of argument 0 and all the cycles of

period ≤ qn (except 0).

So now, let us go into this relative Schwarz lemma. For a Riemann surface X, we

note ρX its hyperbolic metrics: this is a conformal metrics with curvature equal to −1

everywhere. If it exists, it is unique andX is said to be hyperbolic.
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Relative Schwarz lemma (Buff, 2003). Let X, Y be hyperbolic Riemann surfaces, and

f : X→Y an analytic map. Let Y 0 ⊂Y be open. LetX0 = f−1(Y 0). Then,

f �ρY
ρX

≤ f �ρY 0

ρX0
:

The proof uses Ahlfors’ ultrahyperbolic metrics (this is McMullen who suggested

us to try them). It can be found in [BC2].

The inequality of the relative Schwarz lemma can be read in two ways. First, f
�ρY
ρX

,

which is a function over X, measures the expansion of f in terms of hyperbolic metrics.

Since analytic maps always contract the hyperbolic metrics (this follows from the classical

Schwarz inequality), this number is ≤ 1. So the lemma states that f is less contracting from

X0 to Y 0 than fromX to Y . This is where the relative Schwarz lemma’s name comes from.

Second, let us rewrite the lemma as

ρX0

ρX
≤ f �ρY 0

f �ρY
= ρY 0

ρY
� f :

These two functions, defined on X0, are now ≥ 1 (as also follows from the classical

Schwarz inequality). The relative Schwarz lemma states that the hyperbolic metrics of

subsets varies less for preimages.

The second point of view can be restated in terms of conformal radius: ifX⊂C, let

ρX(z)= ρ(z)|dz|. The conformal radius of X at z is equal to rad(X, z)= 1/ρ(z). Then

the relative Schwarz lemma reads

rad(Y 0, f(z))
rad(Y, f(z))

≤ rad(X0, z)
rad(X, z)

:

In the application to the proof of theorem 1, we take X=B(0, Rp;q), Y =B(0, r0n),
Y 0 = Y\f(Z)whereZ is the set of q-th roots of θ−p/q, and f ðδÞ= ξ− 1

δqþp=q � χp=qðδÞ.
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[BC2] X. Buff, A. Chéritat, Upper bound for the size of Quadratic Siegel disks, Inventiones

Mathematicae 156, n�1, 1–24 (2004).
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Sierpinski Carpets and Gaskets as
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0. Introduction. In recent years, it has been shown that the family of rational maps

arising from singular perturbations of the simple polynomials z �→ zn have some

interesting properties from a dynamical systems as well as a topological perspective.

In this paper we survey some of these results. In addition, we provide proofs of these

results in several special and illustrative cases. While the cases we describe here are

by no means the most general, they do serve to illustrate the types of techniques that

can be used in the general cases.

By a singular perturbation of zn, we mean a map of the form z �→ zn + λ/zm where

λ is a complex parameter. Of primary interest is the Julia set of these maps. From an

analytic viewpoint, the Julia set is the set of points at which the family of iterates of

the map fails to be a normal family in the sense of Montel. From a dynamics point of

view, the Julia set is the set of points on which the map is chaotic.

As is well known, the Julia set of zn for n≥ 2 is just the unit circle. When we add the

term λ/zm for λ∈C, λ 6¼ 0, several things happen. First of all, the degree of the rational

map suddenly increases from n to n+m. Secondly, the superattracting fixed point at the

origin becomes a pole, while∞ remains a superattracting fixed point. As a consequence,

an open set around the origin now lies in the basin of attraction of ∞. In between this

neighborhood of 0 and the basin at∞, the Julia set undergoes a significant transformation.

For example, if 1/n+ 1/m < 1, McMullen [13] has shown that, when |λ| is small,

the Julia set explodes from a single circle to a Cantor set of simple closed curves sur-

rounding the origin. See Figure 1. When n and m do not satisfy the McMullen condi-

tion, the situation is quite different. In [2] it is shown that, in the cases n=m= 2 or

n= 2, m= 1, there are infinitely many open sets of λ-values in any neighborhood of

* Boston University, Boston, MA 02215, USA
** Tufts University, Medford, MA, 02155 USA
*** University of Frankfurt



λ= 0 for which the Julia set is a Sierpinski curve. See Figure 2. A Sierpinski curve is

an extremely rich topological space since this object is known to contain a homeo-

morphic copy of any one-dimensional, planar continuum, no matter how complicated

this continuum is. It is also known that any two Sierpinski curves are homeomorphic [20].

However, from a dynamical systems point of view, it turns out that there are infinitely

many dynamically distinct Sierpinski curve Julia sets in the sense that, if the parameters

are drawn from disjoint open sets in the λ–plane, the corresponding maps are not topo-

logically conjugate on their Julia sets.

When n= 2, m= 2 or n= 2, m= 1, there are many other interesting types of Julia

sets in these families. For example, it is known [8] that there are infinitely many Julia

sets in these families that have properties similar to a Sierpinski gasket. See Figure 3.

These sets are topologically very different from the Sierpinski curves and it can

be shown that, except for certain symmetric cases, these types of Julia sets are never

homeomorphic.

In addition, in these two cases, there is a fundamental dichotomy for these rational

maps that is similar in spirit to that for quadratic polynomials. This dichotomy states that

if the critical points for thesemaps lie in the immediate basin of∞, then the correspond-

ing Julia set is a Cantor set, whereas if the critical points do not lie in this immediate

basin, the Julia set is a connected set. The difference between the rational map case and

the quadratic polynomial case is that the critical points for the rational maps may escape

to ∞ without lying in the immediate basin of ∞, which is not possible for quadratic

Figure 1: The Julia set for z4 + 0:04/z4 is a Cantor set of circles.
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polynomials. As we show below, it is this situation that creates the Sierpinski curve Julia

sets.

With this variety of different types of Julia sets in these families, it is little wonder

that the parameter plane for these families is a rich topological object. Among other

things, these parameter planes include infinitely many copies of ‘‘baby’’ Mandelbrot

sets as well as other topologically interesting sets such as Cantor necklaces [3], [4].

See Figure 4.

Figure 2: The Julia sets for (a) z2 − 0:06/z2, and (b) z2 + (−0:004+ 0:364i)/z are

Sierpinski curves.

Figure 3: The Julia set for z2 + λ/zwhere λ≈−0:5925 is a Sierpinski gasket.
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In this paper we restrict attention to the family of rational maps given by

Fλ(z)= z2 + λ

z2
,

although occasionally we will discuss the family

~Fλ(z)= z2 + λ

z
:

Most of the results below hold for both families, though the proofs in the cases of Fλ

and ~Fλ are often quite different due to the presence of quite different symmetries in

these two different families.

The authors wish to thank Pascale Roesch who made many fine suggestions con-

cerning the original version of this paper.

Dedication. We are pleased to dedicate this paper to Bodil Branner, who is one of

the finest mathematicians we have ever met. No, add to that: one of the finest people

we have ever met.

1. Preliminaries. In this section we describe some of the basic properties of the

family Fλ(z)= z2 + λ/z2. Observe that Fλ(−z)=Fλ(z) and Fλ(iz)=−Fλ(z) so that

F2
λ(iz)=F2

λ(z) for all z∈C. Also note that 0 is the only pole for each function in this

family. The points (−λ)1/4 are prepoles for Fλ since they are mapped directly to 0.

The four critical points for Fλ occur at λ1/4. Note that Fλ(λ
1/4)=± 2λ1/2 and

F2
λ(λ

1/4)= 1/4+ 4λ, so each of the four critical points lies on the same forward orbit

after two iterations. We call the union of these orbits the critical orbit of Fλ.

Let J = J(Fλ) denote the Julia set of Fλ. J(Fλ) is the set of points at which the

family of iterates of Fλ fails to be a normal family in the sense of Montel. Equivalently,

J(Fλ) is the closure of the set of repelling periodic points ofFλ (see [15]).

Figure 4: The parameter plane for z2 + λ/z2.
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The point at∞ is a superattracting fixed point for Fλ. LetBλ be the immediate basin

of attraction of ∞ and denote by βλ the boundary of Bλ. The map Fλ has degree 2 at

∞ and so Fλ is conjugate to z �→ z2 on Bλ if there is no critical point in Bλ. Otherwise,

this conjugacy is defined only in a neighborhood of ∞. The basin Bλ is a (forward)

invariant set for Fλ in the sense that, if z∈Bλ, then F
n
λ (z)∈Bλ for all n≥ 0. The same

is true for βλ.

We denote byK=K(Fλ) the set of points whose orbit under Fλ is bounded. In anal-

ogy with the situation for complex polynomials, we call K the filled Julia set of Fλ.

K is given by C− ∪F −n
λ (Bλ). Both J and K are completely invariant subsets in the

sense that if z∈ J (resp.K), then Fn
λ (z)∈ J (resp.K) for all n∈Z. The Julia set J(Fλ)

is the boundary of K(Fλ); the proof is completely analogous to that for polynomials

(see [15]).

Proposition (Four-fold Symmetry). The setsBλ,βλ, J(Fλ), andK(Fλ) are all invariant

under z �→ iz.

Proof. We prove this for Bλ; the other cases are similar. Let U= fz∈Bλ | iz∈Bλg.
U is an open subset of Bλ. If U 6¼ Bλ, there exists z0 ∈ ∂U ∩Bλ, where ∂U denotes the

boundary of U. Hence z0 ∈Bλ but iz0 ∈βλ. It follows that F
n
λ (iz0)∈ βλ for all n. But

since F2
λ(z0)=F2

λ(iz0), it follows that z0∈� Bλ as well. This contradiction establishes

the result. �

There is a second symmetry present for this family. Consider the mapHλ(z)=
ffiffiffi
λ

p
/z.

Note that we have two such maps depending upon which square root of λ we choose.

Hλ is an involution and we have Fλ(Hλ(z))=Fλ(z). As a consequence, Hλ preserves

both J and K. The involution Hλ also preserves the circle Sλ of radius |λ|1/4 and inter-
changes the interior and exterior of this circle. We call Sλ the critical circle. Note that Sλ
contains all four critical points as well as the four prepoles, and each of the involutions

Hλ fixes a pair of the critical points of Fλ that are located symmetrically about the

origin.

Write λ= ρ exp(iψ) and z= ρ1/4 exp(iθ)∈ Sλ. Then we compute

Fλ(z)= ρ1/2(exp(2iθ)+ exp(i(ψ− 2θ)))

= ρ1/2((cos(2θ)+ cos(ψ− 2θ))+ i(sin(2θ)+ sin(ψ− 2θ))):

Ifwe setx= cos(2θ)+ cos(ψ− 2θ) andy= sin(2θ)+ sin(ψ− 2θ), then a computation

shows that

d

dθ

y

x

� �
= 0:

Hence the image of the critical circle under Fλ is a line segment passing through the

origin. Fλ maps Sλ onto this line in four-to-one fashion, except at the two endpoints,

which are the critical values± 2
ffiffiffi
λ

p
.
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Note also that Hλ interchanges the circles centered at the origin and having radii

|λ|1/4r and |λ|1/4/r. Moreover, Fλ maps each of these two circles onto an ellipse that

surrounds the image of the critical circle.

2. The Fundamental Dichotomy. We briefly recall the situation for the family of

quadratic polynomials Qc(z)= z2 + c. Each map Qc has a single critical point at

0 and so, like Fλ, Qc has a single critical orbit. The fate of this orbit leads to the well

known fundamental dichotomy for quadratic polynomials:

1. IfQn
c(0) ! ∞, then J(Qc) is a Cantor set;

2. but ifQn
c(0) 6! ∞, then J(Qc) is a connected set.

The set of parameter values for which the quadratic Julia sets are connected is the well

known Mandelbrot set. Our goal in this section is to prove a similar result in the case

of Fλ. We remark that there is a more general form of this result called the escape

trichotomy that holds in the more genral case of maps of the form zn + λ/zm. We refer

to [6] for details.

Before stating this result, note that, unlike the quadratic case, there are two distinct

ways that the critical orbit of Fλ may tend to∞. One possibility is that one (and hence

all) of the critical points lie in the immediate basin Bλ. The second possibility is that

the critical points do not lie in Bλ but eventually map into Bλ. For quadratic polyno-

mials this second possibility does not occur.

Theorem.

1. If one and hence all of the critical points ofFλ lie inBλ, then J(Fλ) is a Cantor set.

2. If the finite critical points of Fλ do not lie in Bλ, then both J(Fλ) and K(Fλ) are

compact and connected. In particular, if the finite critical points do not lie in Bλ

but are mapped to Bλ by Fn
λ for some n≥ 1, then J(Fλ) and K(Fλ) are compact,

connected, and locally connected sets.

Proof. The proof that J(Fλ) is a Cantor set when all critical points lie in Bλ is stan-

dard. See, for example, [15]. So suppose that no finite critical point lies in Bλ. Then

wemay extend the conjugacy betweenFλ and z
2 to all ofBλ and soBλ is a simply con-

nected open set inC and we have Fλ |Bλ is two-to-one.

Since 0 is a pole of order two, there is an open, simply connected set Tλ containing

0 and having the property that Fλ maps Tλ in two-to-one fashion onto Bλ. This follows

since each of the two involutionsHλ interchange Bλ and Tλ. One checks easily that Tλ
possesses four-fold symmetry. Note that Bλ and Tλ are necessarily disjoint open sets.

Note also that none of the critical points reside in Tλ. This follows since, if λ
1/4 ∈ Tλ,

then −(λ1/4)∈ Tλ as well, and hence Fλ would be four-to-one on Tλ.

It is also true that none of the critical values lie in Tλ. We will assume this fact for

now and provide a proof in the next section.
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Now let K0 =C−Bλ. K0 is compact and connected with boundary βλ. Let

K1 =K0 −F −1
λ (Bλ)=K0 − Tλ. Since Bλ and Tλ are disjoint,K1 is compact and con-

nected. Now consider F −1
λ (Tλ). By our assumption above, none of the critical points

of Fλ lies in F −1
λ (Tλ). Hence each component of F −1

λ (Tλ) is mapped in one-to-one

fashion onto Tλ. Therefore, there are four disjoint components in this set, and each

component is open, simply connected, and disjoint from both Tλ andBλ.

We remark here that, if the critical points were to lie in F −1
λ (Tλ), then F −1

λ (Tλ)

would be an annulus, not a collection of disks. This is the situation we will rule out

later.

Thus we have thatK2 =K1 −F −1
λ (Tλ) is a compact, connected set. Nowwe continue

removing preimages of Tλ. Let K3 =K2 −F −2
λ (Tλ). If the orbit of the critical points of

Fλ do not escape to ∞, then each component of F −2
λ (Tλ) is mapped one-to-one onto

a component ofF −1
λ (Tλ) and soF

−2
λ (Tλ) consists of 16 simply connected open sets, each

of which is disjoint from the previously removed open sets. Hence K3 is compact and

connected. Continuing in this fashion, assuming that the critical points do not escape, the

components of F −n
λ (Tλ) (n≥ 2) are mapped one-to-one onto components of F −n+1

λ (Tλ)

and so F −n
λ (Tλ) consists of 4

n−1 simply connected open sets, each of which is disjoint

from the previously removed open sets. Hence, inductively,Kn =Kn−1 −F −n+1
λ (Tλ) is

compact and connected for all n. Therefore K(Fλ)= ∩Kn is compact and connected.

Since J is the boundary ofK, J is also compact and connected.

If, on the other hand, one of the critical points lies in F −2
λ (Tλ), we claim that all of

the preimages of Tλ under F2
λ are still open, simply connected, and disjoint, and that

four of them are mapped two-to-one onto their images while the rest are mapped in

one-to-one fashion.

To see this, suppose that one of the critical points, say cλ, lies in a component V of

F −2
λ (Tλ) that is mapped by Fλ onto a component of F −1

λ (Tλ). Call the image compo-

nent W. Then a second critical point, −cλ, is also mapped into W. Consequently, the

set −V containing −cλ is also mapped onto W. Now either V and −V are disjoint,

simply connected, and mapped two-to-one ontoW, or else they form the same compo-

nent of the preimage ofW . In the latter case, there can be no other critical points in this

component, for ± icλ are mapped to −W, which is disjoint from W. Hence Fλ is

a degree four mapping onto a disk with exactly two critical points. This cannot

happen by the Riemann-Hurwitz formula. Therefore the former case holds, and± cλ

lie in disjoint components of F −2
λ (Tλ). Similarly,± icλ lie in disjoint components of

this set.

Thus, F −2
λ (Tλ) consists of a collection of non-intersecting, simply connected open sets

lying in K2. Hence K3 is compact and connected. We now continue in the same fashion

to show inductively thatKn is compact and connected. ThereforeK(Fλ)= ∩Kn is com-

pact and connected, as is its boundary, J(Fλ). This shows that J and K are compact and

connected if the critical orbit escapes to ∞ but the critical points do not lie in Bλ. Also,

since no critical points accumulate on J , the map is hyperbolic and so it is known [15] that

J is locally connected.
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We emphasize once again that the critical points for Fλ may not lie in Bλ yet the

critical orbits may eventually enter Bλ. As shown in the above proof, this implies that

the critical orbit passes through Tλ, the disjoint preimage of Bλ that contains the origin.

We call Tλ the trap door, since any orbit that enters Tλ immediately ‘‘falls through’’ it

and enters the basin at ∞. In this case we have a connected Julia set. In fact, we shall

show in the next section that J(Fλ) is a Sierpinski curve in the special case where this

occurs and |λ| is sufficiently small.

We denote the set of parameter values for which J(Fλ) is connected by M; M is

called the connectedness locus for this family.

Proposition. The connectedness locus lies on or inside the circle of radius 3/16+ffiffiffi
2

p
/8≈ 0:364 centered at 0 in the parameter plane.

Proof. The critical values are given by ± 2
ffiffiffi
λ

p
. Consider the circle of radius 2| ffiffiffi

λ
p |

centered at 0. If z lies on this circle, we have

|Fλ(z)|≥ 4|λ|− 1

4
:

Note that

4|λ|− 1

4
> 2| ffiffiffi

λ
p |

provided that

16|λ|2 − 6|λ|+ 1

16
> 0,

and this occurs if |λ|> 3/16+ ffiffiffi
2

p
/8. Hence Fλ maps the circle of radius 2| ffiffiffi

λ
p |

strictly outside itself for these λ-values.

Now the involution Hλ takes this circle to the circle of radius 1/2 centered at the

origin, and we have 2| ffiffiffi
λ

p |> 1/2 since |λ|> 3/16+ ffiffiffi
2

p
/8. It follows that Fλ maps the

exterior of |z|= 2| ffiffiffi
λ

p | into itself in two-to-one fashion, so it follows that this entire

region must lie in Bλ. Hence the critical values lie in Bλ in this case. From the proof of

the fundamental dichotomy, the critical points cannot lie in the trap door and so they

too must reside inBλ. Therefore λ does not belong toM. �

Note that these estimates for the size of M are the best possible, for if λ= λ∗ =
−3/16− ffiffiffi

2
p

/8, then we have

F2
λ(cλ)=− 1+ ffiffiffi

2
p

2

F3
λ(cλ)=

1+ ffiffiffi
2

p

2

=F4
λ(cλ):
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Hence the critical orbit lands on a fixed point for this particular λ-value. InM, λ∗ lies
at the leftmost tip of the connectedness locus along the negative real axis. We shall

deal with this particular λ-value and other related values in Section 4.

In analogy with the situation for quadratic functions, we also have the following

escape criterion, though one can give significantly better estimates for this using the

previous result.

Proposition. Suppose |λ| ≤ 2 and |z|≥ 2. Then |Fn
λ (z)|>(1:5)n|z|, and therefore

z∈Bλ.

Proof. We have

|Fλ(z)|≥ |z|2 − |λ|
|z|2 ≥ |z|2 − 1

2
≥ 1:5|z|:

Inductively, we have

|Fn
λ (z)|>(1:5)n|z|

and the result follows.

3. Sierpinski Curve Julia Sets. In this section we describe the case where the criti-

cal points of Fλ have orbits that tend to∞, but the critical points themselves do not lie

in the immediate basin of∞. The main result here is:

Theorem. Suppose the critical orbit of Fλ tends to ∞, but the critical points do not

lie in the immediate basin of∞. Then J(Fλ) is a Sierpinski curve.

A Sierpinski curve is an interesting topological space that is, by definition,

homeomorphic to the well known Sierpinski carpet fractal [12]. The Sierpinski

carpet is a set that is obtained by starting with a square in the plane and dividing it

into nine congruent subsquares, each of which has sides of length 1/3 the size of the

original square. Then the open middle square is removed, leaving eight subsquares

in the original square. Then this process is repeated: remove the open middle third

from each remaining square. This leaves 64 subsquares, each of which is 1/9 the size

of the original. Continuing, in the limit, the space that is obtained is the Sierpinski

carpet. See [3].

It is straightforward to show that the Sierpinski carpet is a compact, connected,

locally connected, nowhere dense subset of the plane. Moreover, each of the comple-

mentary domains (the removed open squares) is bounded by a simple closed curve that

is disjoint from the boundary of every other complementary domain. It is known [20]

that these properties characterize a Sierpinski curve: any planar set that is compact,

connected, locally connected, nowhere dense, and has the property that any two com-

plementary domains are bounded by pairwise disjoint simple closed curves is homeo-

morphic to the Sierpinski carpet. Hence any two Sierpinski curve Julia sets drawn
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from the family Fλ are homeomorphic. The interesting topology arises from the fact

that a Sierpinski curve contains a homeomorphic copy of any one-dimensional plane

continuum [17].

As an illustration of the proof of the theorem, we provide the details in the special

case where |λ| < 33/44 ≈ 0:1. For a proof for arbitrary λ, we refer to [7].

Proposition. Suppose that |λ| < 33/44. Then the boundary of Bλ is a simple closed

curve.

Proof. Suppose z lies on the circle of radius 3/4 centered at the origin. Then

|Fλ(z)| ≤ |z|2 + |λ|
|z|2 <

9

16
+ 3

16
= 3/4

since |λ| < 33/44. Hence Fλ maps the circle of radius 3/4 in two-to-one fashion onto

an ellipse lying inside this circle. Also note that all critical points of Fλ lie inside this

circle.

Let Aλ denote the annular region between the circle of radius 3/4 and its preimage

that lies outside this circle. Note that Fλ has degree two on Aλ as well as in the entire

exterior region r≥ 3/4 since all critical points lie in r < 3/4. LetUλ denote the disk in

the complement ofAλ that contains the origin.

We now use quasiconformal surgery to modify Fλ to a new map Eλ which agrees

with Fλ in the region outside Aλ but which is conjugate to z �→ z2 in the interior of Uλ

with a fixed point at the origin. To obtain Eλ, we first replace Fλ in Uλ with the map

z �→ z2 on |z| < 3/4. Then we extendEλ toAλ so that the new map is continuous and

1. mapsAλ two-to-one ontoUλ −Eλ(Uλ);

2. agrees withEλ on the inner boundary ofAλ;

3. and agrees with Fλ on the outer boundary ofAλ.

The map Eλ is continuous and has degree 2 with two superattracting fixed points, one

at 0 and one at∞. We define a new complex structure on C that is preserved by Eλ in

the usual manner. HenceEλ is quasiconformally conjugate to z2 on all ofC. Therefore

the boundary of the basin of attraction of∞ for Eλ is a simple closed curve. Since Eλ

agrees with Fλ in the exterior portion ofAλ containing∞, the same is true for Fλ. This

proves that βλ is a simple closed curve when |λ| < 33/44. �

In particular, when |λ| < 33/44, since all of the critical points lie inside the circle of

radius 3/4 centered at the origin, the only way the critical orbits can escape to ∞ in

this case is by passing through the trap door. Therefore we have:

Corollary. The region |λ| < 33/44 lies in the interior of the connectedness locus.

Before moving on, we use the above technique to fill in the hole we left in the previous

section:
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Proposition. If the finite critical points are not in Bλ (so Bλ 6¼ Tλ), then the critical

values of Fλ do not lie in Tλ.

Proof. Let ± vλ denote the critical values of Fλ. Recall that Fλ(vλ)=Fλ(−vλ).

Suppose for the sake of contradiction that the critical values of Fλ lie in the trap door.

Let γ be a simple closed curve in Bλ that separates both ∞ and Fλ(vλ) from the

boundary of Bλ. Let � be the closed disk in the Riemann sphere that is bounded by

γ and contains both∞ and Fλ(vλ). Let � denote the preimage of � in Tλ. � contains

0 and± vλ in its interior.

Consider F −1
λ (�). We claim that F −1

λ (�) is an annulus that is disjoint from Tλ and

also surrounds Tλ. We first observe that F −1
λ (�) must be a connected set. If this were

not the case, then this set would consist of at most two components, since each preimage

of � necessarily contains at least two of the four critical points. So suppose F −1
λ (�)

consists of two disjoint components, C+ and C−. If the critical point cλ belongs to C+,
then −cλ belongs toC− since both of these points are mapped to the same critical value.

Then the critical point icλ belongs to one of these sets, sayC+, so −icλ ∈C−.
Now apply the involutionHλ to C+. Recall that there are two such involutions, and

each fixes a pair of critical points. We choose the one that fixes cλ and −cλ. Since

Fλ(Hλ(z))=Fλ(z), we have Hλ(C+)=C+ and Hλ(C−)=C−. But Hλ(icλ)= −icλ

and so we cannot have Hλ(C+)=C+. This contradiction shows that F −1
λ (�) cannot

consist of two disjoint components.

So let C=F −1
λ (�). Since C contains 4 critical points and is mapped with degree 4

onto a simply connected region, the Riemann-Hurwitz formula implies that C must be

an annulus. As in the previous Proposition, wemay replace Fλ by a newmap that agrees

with Fλ outside C and is globally conjugate to z �→ z2. As before, this proves that the

boundary ofBλ is a simple closed curve. So too is its preimage, the boundary of Tλ.

Now the region between Bλ and Tλ is an annulus A that is bounded by these two

simple closed curves. Let Q denote the preimage of Tλ lying in A. As above, Q is an

annulus. A is then the union of three subannuli, Ain, Q, and Aout, where Ain is the

inner annulus between Tλ and Q, and Aout is the outer annulus between Q and Bλ.

Fλ maps both Ain and Aout two-to-one onto A. Therefore the modulus of Ain and Aout

is one-half the modulus of A. But the modulus of the third annulus Q is positive, and

the modulus ofA is the sum of the moduli ofAin,Aout, andQ. This yields a contradic-

tion. Hence the critical values cannot lie in Tλ as claimed. �

We now use this result to prove:

Theorem. Suppose |λ| < 33/44 and that the critical points of Fλ tend to ∞ but do

not lie in the the immediate basinBλ of∞. Then J(Fλ)=K(Fλ) is a Sierpinski curve.

Proof. It suffices to show that J(Fλ) is compact, connected, locally connected,

nowhere dense, and has the property that any two complementary domains are

bounded by simple closed curves that are disjoint. The fact that both J and K are

compact, connected, and locally connected was shown in the previous section. Since

Sierpinski Carpets and Gaskets as Julia sets of Rational Maps 107



all of the critical orbits tend to ∞, it follows that J =K and hence, using standard

properties of the Julia set, J is nowhere dense.

It therefore suffices to show that all of the complementary domains are bounded by

disjoint simple closed curves. By the earlier Proposition, Bλ is bounded by a simple

closed curve βλ lying strictly outside the circle of radius 3/4. Using the involution

Hλ, the boundary of the trap door is given by Hλ(βλ), and so this region is bounded

by a simple closed curve disjoint from βλ.

As in the previous section, the preimage of Tλ consists of four simply connected

open sets whose boundaries are simple closed curves that are mapped onto the bound-

ary of Tλ, which we denote by τλ. The boundaries of these components are disjoint

from βλ, since this curve is invariant under Fλ. They are disjoint from τλ since the

boundary of the trap door is mapped to βλ whereas the boundary of the components

are mapped to τλ, and we know that τλ ∩ βλ = ;. Finally, the boundary of each compo-

nent is disjoint from any other such boundary for a point in the intersection would nec-

essarily be a critical point. If this were the case, then the critical orbit would

eventually map to βλ, contradicting our assumption that the critical orbit tends to ∞.

Hence the first preimages of Tλ are all bounded by simple closed curves that are dis-

joint from each other as well as the boundaries of Bλ and Tλ. Continuing in this fash-

ion, we see that the preimages F −n
λ (Tλ) are similarly bounded by simple closed

curves that are disjoint from all earlier preimages of βλ. This gives the result. �

While these Sierpinski curve Julia sets are all homeomorphic, it is known that there

are infinitely many open sets of parameter values Oj having the property that, if λ1
and λ2 belong to distinct Oj’s, then Fλ1

and Fλ2
are not topologically conjugate on

their respective Julia sets. See [2]. The basic reason for this lack of topological conju-

gacy is the fact that, in different Oj’s, the number of iterations for the critical orbit to

enter Bλ is different.

4. Sierpinski Gasket Julia sets. In this section we turn our attention to a different

type of Julia set that occurs for certain members of the family Fλ. We assume in this

section that the critical points of Fλ all lie on the boundary of the immediate basin of

∞ and that the critical orbit is preperiodic. We call such mapsMisiurewicz-Sierpinski

maps, or MS maps, for short.

Since all of the critical points are preperiodic, the Julia set of an MSmap is the com-

plement of the union of all preimages ofBλ, just as in the Sierpinski curve case. Hence

we may construct this set inductively as in the proof of the fundamental dichotomy.

Let K0 denote C−Bλ. It is known that the boundary of K0 is a simple closed curve

(for a proof, see [6]). LetK1 =K0 − Tλ and for k≥ 1 set

Kk+1 =Kk −F −k
λ (Tλ):

Then

J(Fλ)=
\∞
k=0

Kk:
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This construction yields a very different type of Julia set in the case of MS maps.

To see this, note first that, using the involutionHλ, the critical points lie in the bound-

ary τλ of the trap door as well as in βλ. It can be shown [6] that, in fact, the critical

points are the only points lying in the intersection of βλ and τλ. Thus, when we remove

the trap door from K0 to form K1, we are essentially removing an open generalized

square, a region bounded by a simple closed curve with four corners that are the four

critical points. The four corners divide the boundary of the square into four curves that

we call edges. In particular, if we remove the four critical points from K1, then the

resulting set consists of four disjoint sets I00, . . . , I
0
3. We assume that I00 contains the

fixed point pλ that lies in βλ and that the other I
0
j are indexed in the counterclockwise

direction. Let Ij denote the closure of I
0
j, so that Ij is just I

0
j with two critical points

added. Then, by four-fold symmetry, Fλ maps Ij in one-to-one fashion ontoK0.

Since there are no critical points in any of the preimages of the trap door, Kk+1 is

obtained by removing 4k generalized squares from Kk. Each of these removed squares

is mapped homeomorphically onto the trap door by Fk
λ and hence each has exactly four

corners lying in the boundary of Kk. By definition, these corners are the preimages of

the critical points.

This process is reminiscent of the deterministic process used to construct the Sierpinski

gasket (sometimes called the Sierpinski triangle). To construct this set, we start with a

triangle and remove a middle triangle so that three congruent triangles remain, each of

whichmeets the other two triangles at a unique point.We then continue this process, remov-

ing 3k triangles at the kth stage. In the limit we obtain the Sierpinski gasket. In analogy with

this construction, and despite the fact that the removed sets are generalized squares rather

than triangles we call the Julia set of anMSmap a generalized Sierpinski gasket.

If we consider the degree three family

~Fλ(z)= z2 + λ

z
,

then there are analogous MS parameters for which J( ~Fλ) is a generalized Sierpinski

gasket where ‘‘triangles’’ are removed instead of squares. For example, when

λ≈−0:5925, the Julia set of ~Fλ is actually homeomorphic to the Sierpinski triangle. See

Figure 3.

We have the following result. See [8] for the complete proof.

Theorem. Suppose Fλ and Fµ are two MS maps with λ 6¼ µ and the imaginary parts

of both λ andµ are positive. Then J(Fλ) is not homeomorphic to J(Fλ).

We make the assumption in this theorem that the imaginary parts of the parameters

are positive because the Julia sets of Fλ and Fλ are easily seen to be homeomorphic.

The Julia sets of two MS maps in the family Fλ are displayed in Figure 5. In the first

example, the parameter value ν=−3/16− ffiffiffi
2

p
/8≈−0:36428 lies at the leftmost tip

of the connectedness locus. The critical points can be clearly identified as the four

corners of the trap door and are mapped after three iterations onto the repelling fixed

point pν that lies in βν. The second example corresponds to µ≈−0:01965+ 0:2754i
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for which the critical points are mapped to pµ after four iterations. Rather than present

the full details of the proof of the above theorem, we will illustrate the principal ideas

using these two examples.

Note first that, in both of these images, every preimage of the boundary of the trap

door seems to have two corners lying in the boundary of a previous preimage. This

configuration holds true for every MSmap as we show next.

Proposition. Let τkλ be the union of all of the components of F −k
λ (τλ) and let A be

a particular component in τkλ with k≥ 1. Then exactly two of the corner points of A lie

in a particular edge of a single component of τk−1
λ .

Proof. The case k= 1 is seen as follows. Recall that J(Fλ) is contained in the union

of four closed sets I0, . . . , I3 that meet only at the critical points and that are mapped

by Fλ in one-to-one fashion onto C−Bλ. Hence Fλ maps each Ij ∩ J(Fλ) for

j= 0, . . . , 3 in one-to-one fashion onto all of J(Fλ), with Fλ(Ij ∩ βλ) mapped onto

one of the two halves of βλ lying between two critical values (which, by assumption,

are not equal to any of the critical points). Hence Fλ(Ij ∩ βλ) contains exactly two crit-

ical points. Similarly, Fλ(Ij ∩ τλ)maps onto the other half of βλ and so also meets two

critical points. The preimages of these four critical points are precisely the corners of

the component of τ1λ that lies in Ij. Thus we see that each component of τ1λ meets the

boundary of one of the Ij’s in two points lying in βλ and two points lying in τλ. In par-

ticular, two of the corners lie in the edge of τλ that meets Ij.

Now consider a component in τkλ with k> 1. Fk
λ maps each component in τkλ onto τλ

and therefore Fk−1
λ maps the components in τkλ onto one of the four components of τ1λ.

Since each of these four components meets a particular edge of τλ in exactly two

Figure 5: J(Fλ) for λ≈−0:36428 and λ≈−0:01965+ 0:2754i.
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corner points, it follows that each component of τkλ meets an edge of one of the compo-

nents of τk−1
λ in exactly two corner points as claimed.

Figure 6 provides a caricature of βλ, τλ and τ1λ which is valid for any MS λ-value.

We seek a topological criterion that allows us to conclude that the Julia sets of twoMS

maps are not homeomorphic. The following result provides a topological character-

ization of the critical points that is helpful in this regard (see [8] for the proof).

Proposition. Suppose Fλ is an MS map. The four corners of the trap door is the only

set of four points in the Julia set whose removal disconnects J(Fλ) into exactly four

components. Any other set of four points removed from J(Fλ) will yield at most three

components.

Suppose now that λ andµ are bothMS parameters. If there exists a homeomorphism

h : J(Fλ) ! J(Fµ), then it follows from the Proposition that:

1. h maps the corners of τλ to the corners of τµ, and

2. the corners of each component of F −k
λ (τλ) are mapped to the corners of a unique

component of F −k
µ (τµ).

As we will show below, the configuration of the corners with respect to the curve

βλ provides enough information to determine when two Julia sets are homeomorphic.

This configuration, on the other hand, is completely determined by the orbit of the

critical points.

Figure 6: A topological representation of the boundaries βλ, τλ, the four components

of τ1λ and the critical points. These curves satisfy the above configuration for every

MSmap.
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To specify such an orbit, we define the itinerary S(z) of a point z∈ J(Fλ) in the

natural way by recording how its orbit meanders through the regions I0, . . . , I3. That
is, S(z)= (s0s1s2 . . . ) where each sk is an integer j between 0 and 3 that specifies

which Ij the point Fk
λ(z) lies in. So that itineraries are unique, we modify the Ij

slightly by removing one of the critical points from each Ij (so this set is no longer

closed). In particular, let c0 be the critical point of Fλ that lies in the fourth quadrant

and in I0. Then let c1 = ic0, c2 =−c0, and c3 =−ic0. We specify that only the critical

point cj now lies in Ij. Using these Ij’s, the fixed point pλ lies in I0 so its itinerary is

given by S(pλ)= 0. Its preimage qλ ∈βλ lies in I2; hence S(qλ)= 20. Since the critical

point cj lies in Ij only, we have a well determined itinerary for each cj. For example if

λ= ν≈−0:36428, then one computes easily that the itinerary of the critical point

c1 is given by S(c1)= 1120. Using the symmetries of the map Fλ, it is easy to see that

S(c0)= 0320, S(c2)= 2320 and S(c3)= 3120. When λ=µ≈−0:01965+ 0:2754i,

S(c1)= 11120 and thus S(c2)= 23120, S(c3)= 31120 and S(c0)= 03120.

For each MS λ–value we define the k–skeleton of the Julia set, denoted by J(Fλ, k),

as the union of βλ, τλ and τ
j
λ for j= 1, . . . , k. The k–skeleton not only provides the con-

figuration of the first k preimages of τλ along βλ, but if we define J= limk→∞ J(Fλ, k),

then the closure of J is equal to the Julia set, J(Fλ).

We may construct a homeomorphism ’=’λ that maps βλ to the unit circle S
1 and

‘‘straightens’’ any other curve in J(Fλ, k) to a smooth curve, except at the images of

the corners. Let

M(Fλ, k)= S1 ∪’(τλ)∪’(τ1λ)∪ . . . ∪’(τkλ):

The setM(Fλ, k) represents a topological model in the plane of the k–skeleton of the

Julia set. Since Fλ acts like z→ z2 when restricted to βλ, the model inherits the dynam-

ics of the angle doubling mapD(θ)= 2θmod 2π in S1. Thus, to any point z∈ βλ we can

naturally associate an angle θ(z)∈ [0, 2π] given by the angle of ’λ(z) in S1. We may

assume thatM(Fλ, k) satisfies the same symmetry relations as J(Fλ) and that the four

half-open regions Ij are mapped to corresponding regions inM(Fλ, k).

To illustrate the construction of the model, consider our first example ν≈−0:36428.

In this case, the critical point c1 has itinerary (1120). Hence θ(c1)=π/4 and, by sym-

metry, θ(c2)= 3π/4, θ(c3)= 5π/4 and θ(c0)= 7π/4. Since every model inherits the

configuration of the Julia set for MS maps, each component of ’(τ1ν) has two corners

lying on an edge of ’(τν) and the two remaining corners must lie on S1 =’(βν). We let

x0 =’(F −1
ν (c0)) and x1 =’(F −1

ν (c1)), so that x0 and x1 are the two corners that lie in

I0 ∩ S1. Similarly, we let x2 and x3 be the corresponding corners in I0 ∩’(τν). So we

have θ(x0)=D−1(7π/4)= 7π/8 and θ(x1)=D−1(π/4)=π/8. A rotation by a multi-

ple of π/2 provides the angles of the corners lying on Ij ∩ S1. For example, if w0 and

w1 are the corresponding corners of ’(τ1ν) lying in I1 ∩ S1, then θ(w0)= 3π/8 and

θ(w1)= 5π/8. Figure A shows in fact the angles along S1 inM(Fν, 1).

To construct M(Fν, 2), we will determine first the configuration of the corners of

a single component in ’(τ2ν)⊂ I0. Let U be the component of τ2ν that is contained in
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the ‘‘triangle’’ Tν defined by x1,’(c1) and x2. Label the corners of U by y0, y1, y2 and

y3 and assume y2 and y3 lie in the edge [x2, x1]⊂ τ1ν . To compute the location of the

remaining two corners, we first note the arc [x1,’(c1)]⊂ S1 is mapped under D to an

arc γ in I1 ∩ S1. Clearly θ(γ)= [π/4, π/2] and thus, the corner w0 lies in γ. Pulling

back γ into I0 byDwe obtain the corner y0 ∈ [x1,’(c1)].
A similar argument can be applied to the arc α= [’(c1), x2] to obtain the location

of y1. Since D is not defined in this arc, consider first ’−1(α)= [c1, F
−1
ν (c2)] in

I0 ∩ J(Fν). This arc is mapped by Fν to [Fν(c1), c2]⊂ I1 ∩ βν. Then, the homeo-

morphism ’ sends Fν(’
−1(α)) onto [D(’(c1)),’(c2)]⊂ I1 ∩ S1. This arc has angles

[π/2, 3π/4] and thus, the corner w1 lies in it. Pulling back this point by the proper

composition of maps yields the point y1 ∈α.

A similar process can be carried out to obtain M(Fµ, 2) for our second example

where µ≈−0:01965+ 0:2754i. See [8] for the details. Figure 7 shows the models for

the two MS maps discussed above. Both models display the configuration of the

corner points with respect to the angles of corners along S1.

To show the Julia sets of Fν and Fµ are not homeomorphic, we proceed by contra-

diction. Assume there exists a homeomorphism h : J(Fν)→ J(Fµ). Recall that

a homeomorphism must send critical points to critical points and corners of compo-

nents in τkν to corners of components in τkµ. Without loss of generality, assume that

hmaps c1(ν) to c1(µ) and I0(ν) onto I0(µ).

Restricting h to the 2-skeletons of the Julia sets, we can define a new homeo-

morphism eh defined by the following diagram

J(Fν, 2)−→’ν M(Fν, 2)

h|↓ |↓eh
J(Fµ, 2)−→’ν M(Fµ, 2):

Figure 7: The modelM(Fν, 2) for ν≈−0:36428 is displayed to the left andM(Fµ,2)

with µ≈−0:01965+ 0:2754i is displayed to the right. Note that θ(c1(ν))=π/4 and

θ(c1(µ))=π/16.
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Let Tν denote the triangle inM(ν, 2) with vertices x1(ν),’ν(c1(ν)) and x2(ν). This

triangle contains a unique component U(ν)⊂ τ1ν that defines a configuration of its cor-

ners along the edges of Tν. Define Tµ analogously (see Figure 8). Since there exists an

edge in Tµ that contains no corners of U(µ), eh cannot possibly send the configuration

given byU(ν) to the configuration ofU(µ), and we have reached a contradiction.

The procedure to prove that any two MS maps have topologically distinct Julia sets

is similar in spirit to this construction, although in the general case one needs to pro-

ceed to the k-skeleton to show this where kmay be large.

5. The Connectedness Locus. Recall that the connectedness locusM for the family

Fλ is the set of all λ-values for which J(Fλ) is connected. In this section, we mimic the

Douady-Hubbard proof [11] to show that C−M is conformally equivalent to the open

unit diskD . See also [18].

As we have already noted, the point at infinity is a superattracting fixed point.

Consequently, the map Fλ is locally, analytically conjugate to the map z �→ z2 in

a neighborhood of∞. In our case, there exists an analytic homeomorphism φλ defined

in a neighborhood of∞ such that

1. φλ(∞)=∞
2. φ0

λ(∞)= 1

3. φλ � Fλ(z)= φλ(z)ð Þ2:
This homeomorphism is often called the Böttcher coordinate of Fλ. For |z| ≥

maxf|λ|, 2g, one can use the triangle inequality to show that |Fλ(z)|> 3
2
|z|, and in

this case φλ is given by the infinite product representation

φλðzÞ= z
Y∞
k= 0

1+ λ

zk4

� �1=2k+1

where zk =Fk
λ(z).

LetO− (0) denote the backwards orbit of the pole. That is,

O−ð0Þ=
[∞
k=0

F−k
λ ð0Þ:

h
~

x1(v)x2(v)

ϕ
v
(c1(v)) ϕ

µ
(c1(µ))

x2(µ) x1(µ)

Figure 8: The map ehmust preserve the configurations of the corners along the edges

of Tν and Tµ.
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Associated to φλ is the nonnegative rate-of-escape function

Gλ : C−O−ð0Þ→R

given by

GλðzÞ= lim
k→∞

1

2k
log+ jzkj,

where log+ is the maximum of log and 0. This function has the following properties:

1. LetAλ be the entire basin of∞. ThenG−1
λ (0)=C−Aλ.

2. Gλ(zk+1)= 2Gλ(zk).

3. Gλ(iz)=Gλ(z).

4. Gλ(Hλ(z))=Gλ(z).

5. Gλ is harmonic onAλ −O− (0).

6. Gλ(z)= log|z|+ bounded terms as |z|→∞.

7. Gλ(z)= log|φλ(z)| if φλ(z) is defined.

The nonzero level sets ofGλ are called the equipotential curves forAλ.

We know that the immediate basin Bλ of∞ assumes one of two topological types:

1. If the critical points are not in Bλ, then Bλ is simply connected, and the domain of

φλ can be extended to all of Bλ. Therefore, Fλ : Bλ →Bλ is a two-to-one branched

cover with the branch point at∞.

2. If the finite critical points are inBλ, then the Julia set ofFλ is a Cantor set, andBλ is

the Fatou set.

In case 1, the involutionHλ determines the remaining inverse image Tλ of Bλ. That

is, if Tλ =Hλ(Bλ), then Fλ : Tλ →Bλ is also a two-to-one branched cover of Bλ with

branch point at 0, and

F−1
λ ðBλÞ=Bλ ∪ Tλ:

The distinction above results in a nice division of parameter space for the family

Fλ(z) into two disjoint subsets. We now focus on those values of λ for which case 2

holds, i.e., those λ for which the Julia set is topologically conjugate to the one-sided

shift on four symbols. Consequently, we call this subsetC−M of parameter space the

shift locus. Given λ∈C−M, let Lλ denote the component of fz |Gλ(z)>Gλ(λ
1/4)g

that contains∞. Then φλ extends naturally to all ofLλ. Wemimic the Douady-Hubbard

uniformization of the complement of the Mandelbrot set by defining the map � :

C−M→C−D as

�ðλÞ=φλ

1

4
+ 4λ

� �
:

There are three things that need to be verified to show that� determines a conformal

equivalence betweenC−M andC−D:
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1. The map� is holomorphic.

2. It extends to a holomorphic map fromC−M∪ f∞g toC−D:
3. The extension is a proper map of degree one.

First,� is holomorphic because 1
4
+ 4λ lies in Lλ for all λ∈C−M and φλ(z)

varies analytically in both z and λ.

For step 2, we use the infinite product representation of φλ. For |λ|> 9
16
, we have

φλ

1

4
+ 4λ

� �
= 1

4
+ 4λ

� � Y∞
k= 0

1+ λ

λ4k

� �1=2k+1

where λk =Fk
λ(

1
4
+ 4λ). From this expression, we see that

�(λ)

λ
→ 4

as λ→∞, and we can extend � to a holomorphic map from C−M∪ f∞g toC−D

by setting�(∞)=∞.

The map � is proper if |�(λ)|→ 1 as λ→ ∂M. To show this, we compute

Gλ(
1
4
+ 4λ) as λ→ ∂M using two lemmas.

Lemma. The boundary ∂M of the connectedness locus is contained in the annulus

33

44
≤ jλj≤ 3+2

ffiffiffi
2

p

16
:

The first inequality was proved in Section 3 and the second in Section 2.

Lemma. Let λk =Fk
λ(

1
4
+ 4λ) for k= 0, 1, 2, . . . : Then ∂M is a subset of

fλjjλkj≤ 2 for all k= 0; 1; 2; . . .g:

Proof. From the results of Section 2 we know that if |λ|> 2, then λ∈C−M, so we

may assume that |λ| ≤ 2:
Suppose |λk|> 2 for some k. Then the escape criterion from Section 2 guarantees

that λk ∈Bλ. Either λ∈C−M, or λ∈M with λj ∈ Tλ. In the first case we have

λ∈� ∂M. In the latter case, an open neighborhood of λ also has λj ∈ Tλ and therefore

λ is in the interior ofM: �

For each λ∈C−M, letmλ correspond to the last iterate such that |λmλ
| ≤ 2. Note

that the previous lemma implies that mλ →∞ as λ→ ∂M. For a fixed λ∈C−M,

we drop the subscript onmλ, and we estimateGλ(
1
4
+ 4λ) by consideringffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jλm + n
2n
p

j
for n= 1, 2, . . . . Note thatffiffiffiffiffiffiffiffiffiffiffiffiffi

jλm+nj
2n
q

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+nj

jλm+n−1j2
2n

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+n−1j
jλm+n−2j2

2n−1

s
. . .

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+1j
jλmj2

s
jλmj:
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Assuming |λ|< 1, we estimate all but the last two factors byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+kj

jλm+k−1j2
2k

s
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ 1

|λm+k−1j4
:

2k

s

If k> 1, we know that |λm+k−1|> 2, and we apply Bernoulli’s inequalityffiffiffiffiffiffiffiffiffiffiffi
1+ xk

p ≤ 1+ x/k to obtain ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+kj

jλm+k−1j2
2k

s
1+ 1

16 · 2k
� �

:

The term ffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+1j
jλmj2

s

requires special attention because |λm| ≤ 2. For this part of the argument, it is conve-

nient to work within the disk |λ+ 1
16
| ≤ 1

2
. Fix a λwithin this disk. LetA0 be the annulus

bounded by the circle of radius 2 centered at the origin and the ellipse that is its image

under Fλ.

Since the critical values of Fλ cannot be in A0, A0 has two preimages. One pre-

image A1 has the circle of radius 2 centered at the origin as one boundary component,

and the other preimage ofA0 isH(A1). Note thatA1 lies outside the unit disk.

Similarly, the critical values of Fλ cannot be in A1, and therefore A1 has two pre-

images. One preimage A2 has a boundary in common with A1 and the other preimage

isH(A2).

Proceeding in this manner, we can produce annuliAn such that

1. Fλ mapsAn ontoAn−1 in a two-to-one fashion, and

2. one boundary component of An is also a boundary component of An−1 as long as

the critical values of Fλ do not lie inAn−1.

If the critical values do not lie inAn for some n, then the Julia set ofFλ is connected and

fzjjzj ≥ 2g∪
[∞
n=1

An

exhaust the immediate basin of infinity. Consequently, λm ∈A1 and λm+1 ∈A0 for

λ∈C−M. Therefore, we have ffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+1j
jλm2j

s
≤

ffiffiffiffiffiffiffi
265

p

8
:

Combining these two estimates with the fact that |λm| < 2, we obtain
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+ nj2n

p ≤
ffiffiffiffiffiffiffi
265

p

4

Yn
k=2

1+ 1

16 · 2k
� �

<

ffiffiffiffiffiffiffi
265

p

4

Y∞
k=2

1+ 1

16 · 2k
� �

:
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Since the right-hand side of this inequality converges to some number C (independent of

those λwithin the annulus under consideration), we have

lim
n→∞

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jλm+nj2n

p ≤C:

This inequality implies thatGλ(λm)≤ logC. Consequently,

2mGλ

1

4
+ 4λ

� �
≤ logC:

Sincem→∞ as λ→ ∂M, we conclude that

Gλ

1

4
+ 4λ

� �
→ 0

as λ→ ∂M, and� is a propermap.

We see that� has degree one by noting that�−1ð∞Þ= f∞g. We have proved:

Theorem. The complement C−M of the connectedness locus is conformally equiva-

lent to a disk in the Riemann sphere.
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On capture zones for the family
fλ(z)= z2+ λ/z2

P. Roesch

Introduction. This paper originates from the Bodilfest and it is a pleasure to dedicate

it to Bodil Branner. It is motivated by the picture1 shown in Figure 1 of the para-

meter plane of the family fλ(z)= z2 + λ/z2. At the Bodilfest, Devaney presented

this particular parameter plane describing the various behaviours that can appear in

the family (see [B-D et al.]). Besides the unbounded component, all the hyperbolic

components look like holes, we call them capture zones, or seem to belong to copies

of the Mandelbrot set. We solve in this article the conjecture of Devaney that there

are exactly 4n−1 capture zones of order n. Moreover we prove that there is no copy

of the Mandelbrot set attached at the cusp to a capture zone. The ideas of the proof

are not new (see [F, McM, M2]). We construct a parametrization of the capture

zones using surgery. This construction can be adapted to various families. With this

parametrization one sees that there are as many capture zones of order n as there are

solutions of a certain polynomial equation (describing the center of the

components).

Figure 1: Parameter plane of the family fλ.

1 The pictures here are made with a very nice program of Dan Sorensen who I would like to thank.



1. The family and its properties after [B-D et al.]. For λ 6¼ 0, the family

fλ(z)= z2 + λ/z2 is formed by the rational maps of degree 4 that have the following

properties:

• ∞ is a super-attracting fixed point (in particular a critical point);

• the only pole 0 is a critical point;

• the other critical points are λ1/4 and they have the same forward orbit:

fλ(λ
1/4)= (2λ)1/2 and f 2

λ (λ
1/4)= 1

4
+ 4λ;

• fλ has symmetries: fλ(iz)=−fλ(z) and fλ(−z)= fλ(z).

Definition 1.1. Let Aλ = fz | fn
λ (z) −→

n→∞∞g be the basin of ∞, Bλ the immediate

basin of∞, i.e., the connected component of Aλ containing ∞, and let Tλ denote the

preimage ofBλ containing 0. We consider the setsH0 = fλ | 1
4
+ 4λ∈Bλg and

Hn = λ | fn
λ

1

4
+ 4λ

� �
∈Bλ and fn−1

λ

1

4
+ 4λ

� �
∈� Bλ

� �
if n> 0:

Since ∪ n 6¼0Hn is the set of parameters for which the critical points eventually fall into

Bλ, the connected components are called capture zones.

Throughout this section we refer for the proofs to the article [B-D et al.].

Theorem 1.2 [B-D et al.]. For λ∈H0, the critical points all lie in Bλ and the Julia

set is a Cantor set.

Lemma 1.3 [B-D et al.]. For λ∈� H0 the following properties hold:

• Bλ contains a unique critical point which is∞;

• the preimage f−1
λ (Bλ)\Bλ is connected—so f−1

λ (Bλ)\Bλ = Tλ;

• Tλ is a topological disk, and 0 is the only critical point in Tλ;

• there are no critical values in Tλ.

The first three properties of this lemma follow from topological arguments, the last

one is an analytic argument.

Theorem 1.4 [D-L]. For λ∈Hn with n> 0, the boundaries of Bλ and its preimages

are Jordan curves.

For λ∈Hn, n> 0, the map fλ is hyperbolic and J(fλ) is locally connected.

Let ’λ be the Böttcher coordinate near infinity i.e., the unique holomorphic germ

such that ’λ � fλ(z)= (’λ(z))
2, ’λ(∞)=∞ and ’λ(z)∼∞z.

Remark 1.5. For λ∈� H0, the conjugacy ’λ extends continuously to all Bλ and is

holomorphic in (λ, z) over f(λ, z) | z∈Bλ, λ∈� H0g (see [B]).
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Theorem 1.6 [B-D et al.]. The map � : H0 →C\D defined by �(λ)=’λ(
1
4
+ 4λ)

is a conformal homeomorphism.

2. Parametrization of the capture zones.

2.1. The Definition. The classical idea to parametrize the capture zones is to use

the Böttcher coordinate of the first forward iterate of the critical point that enters the

immediate basin of attraction. However, here the iterates of the critical points before

landing on the basin Bλ pass through Tλ which is a ramified double cover of Bλ. So we

choose to take the position of the orbit of the critical points in Tλ using a ‘‘lifted’’

Böttcher coordinate.

Lemma 2.1. For λ∈� H0, there exists a holomorphic map e’λ : Tλ →D satisfying

’λ � fλ = 1

ðe’λÞ2

where ’λ : Bλ →C\D is the Böttcher coordinate near ∞. Two such maps differ by

multiplication by −1.

Proof. The coverings fλ : Tλ\f0g→Bλ\f∞g and z �→ 1/z2 from D\f0g to C\D
have the same action on the fundamental group. Hence fixing a point (x, y)with y 6¼ 0

and x in the fiber of ’−1
λ (fλ(y)) (i.e., 1/x

2 =’−1
λ (fλ(y))), there exists a unique lifte’λ : Tλ\f0g→D\f0g of ’λ : Bλ\f∞g→C\D with e’λ(x)= y. Finally, e’λ extends

to 0 by continuity. �

Lemma 2.2. No connected component of Hn with n 6¼ 0 separates 0 from∞.

Proof. Let U be a connected component ofHn. We prove that if U intersects R+ then

n= 0. Let λ be a parameter in R+ ∩U. The map fλ : R
+ →R+ is real. There is only

one critical point on R+ denoted by cλ and the graph on R+ is like a parabola. If the

parabola stays above the diagonal, the forward orbit of every point tends to∞, so R+ is

a path in Bλ connecting cλ to∞ and therefore λ∈H0. If the parabola crosses the diago-

nal, there are two fixed points. The largest, β, is repelling and [β,+∞[ is a path inBλ (as

before). Let 0<β0 <cλ be a preimage of β, then ]0, β0] is a preimage of [β,+∞[. If the

critical value fλ(cλ) is smaller than β0 then its image f 2
λ (cλ)= 1/4+ 4λ is in

[β,+∞[⊂Bλ and λ∈H0 by Lemma 1.3 (last item). If fλ(cλ) is between β
0 and β, the

interval [fλ(cλ), β] is stable by fλ since fλ(cλ) is the minimum and fλ(β)= fλ(β
0)= β.

This case is impossible since the critical point cannot escape to infinity (λ∈� Hn). �

Lemma 2.3. Let U be a connected component ofHn with n 6¼ 0 and let e’λ be the lift

of ’λ with e’0
λ(0)= 1/

ffiffiffi
λ

p
(see Lemma 2.1), where

ffiffiffi
λ

p
is a branch of the square root

defined on U. Then the map (λ, z) �→ e’λ(z) is holomorphic where defined (i.e., for

λ∈U and z∈ Tλ).
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Proof. The map e’λ is locally defined as e’λ(z)= 1/(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
’λ(fλ(z)

p
)) where

ffiffip
is the

chosen branch. Near a point (λ0, z0)∈U× Tλ0\f0g the function (λ, z) �→’λ(z) is

holomorphic so e’λ(z) is locally defined as a composition of holomorphic maps. Also

notice that ifHλ(z)=
ffiffiffi
λ

p
/z, then e’λ(z)= 1/(’λ �Hλ(z)). �

Definition 2.4. Let U be a connected component in Hn with n 6¼ 0. Define the para-

metrization� : U→D by�(λ)= e’λ(f
n−1
λ (1/4+ 4λ)).

Remark 2.5. For λ∈U, the point fn−1
λ (1/4+4λ) belongs to Tλ, so e’λ(f

n−1
λ (1/4+4λ))

is well defined and holomorphic in λ.

2.2. Isomorphism via surgery.

Proposition 2.6. Themap� : U→D defined by�(λ)= e’λ(f
n−1
λ (1/4+ 4λ)) is a con-

formal isomorphism.

Proof. The map � is holomorphic as it is a composition of holomorphic maps. In

Lemma 2.8 below we show that � is proper, so it is a ramified covering. In fact, � has

no ramification points since, by Lemma 2.9 below we have that � admits locally con-

tinuous sections. Therefore the covering� : U→D is a homeomorphism. �

Lemma 2.7 [B-D et al.]. For |λ| ≤ 2 the immediate basin Bλ contains C\2D and, if

|λ| ≥ 2, then λ∈H0.

Lemma 2.8. Themap� : U→D is proper for any connected componentU ofHn, n 6¼ 0.

Proof. The proof is similar to the one for the Mandelbrot set (see [D-H]).

Let λk ∈U be a sequence of parameters tending to λ0 ∈ ∂U. Our aim is to prove that

|�(λk)|= 1/|’λk
(fn

λk
(1/4+ 4λk))|2 tends to 1.

In what follows, we restrict attention to F = (C\H0). We define Gλ(z)= log|’λ(z)|
if z∈Bλ andGλ(z)= 0 else. We will prove thatWε = f(λ, z)∈F ×C | Gλ(z)< εg is
a neighborhood of (λ0, z0) in F ×C, so that it contains (λk, zk) for k large, where the

points zk = fn
λk
(1/4+ 4λk) tend to z0 = fn

λ0
(1/4+ 4λ0).

The complement (F×C)\Wε is exactly f(λ,z)∈F×C | log|’λ(z)| ≥ εg. By

Lemma 2.7, the map �(λ,z)=(λ,’λ(z)) sends F×(C\2D) into F×(C\D) and is

injective. Moreover its restriction to F×(C\4D) is continuous. Indeed, �’ðzÞ=
(1/�’λ(4/z)) (the map in the chart at infinity) satisfies |( �’λ)

0(z)|≤1 for z∈D (by the

Cauchy formula) so that ( �’λ) is an equicontinuous family for λ∈F . By the uniqueness

of the conjugacy at ∞ there is a unique accumulation point for a sequence ’λn with

λn→λ0. Hence the convergence is uniform on every compact subset ofC\4D and this

implies the continuity of�.
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The image �(F × (C\4D)) contains a tube F × (C\RD) for some R> 0. Indeed,

for λ∈F , there exists rλ such that �’λ(D)⊃ rλD. The existence of R follows from the

equicontinuity of �’λ and the compactness of F . So �−1(F × (C\RD)) is a closed

subset ofF × (C\2D).
Because f(λ,z)∈F×C | log|’λ(z)|≥ εg=f(λ,z)∈F×C | log|’λ(f

p
λ (z))|≥2pεg,

the complement F×C\Wε is f(λ,z)∈F×C |fp
λ (z)∈BλandF

p(λ,z)∈�−1(C\e2pεD)g
with F(λ,z)=(λ,fλ(z)) for (λ,z)∈C×C. Thus (F×C)\Wε is exactly the connected

component that intersects f−1/16g×[2,+∞[ of F−p(�−1(C\e2pεD)), which is

closed inF×C for e2
pε>R (sinceF is clearly continuous). �

Lemma 2.9. The map � : U→D admits locally continuous sections, for any con-

nected component U ofHn with n 6¼ 0.

Proof. Let λ0 be a parameter in U and ζ0 =�(λ0). We construct, for ε> 0 small

enough, a continuous function λ(ζ) satisfying �(λ(ζ))= ζ for |ζ− ζ0|<ε as follows:

We deform fλ0 into a map gζ so that the orbit of the critical points has a Böttcher coor-

dinate ζ (instead of ζ0). The deformation is taken to be continuous in ζ, so that gζ is

quasi-conformally conjugated to a map fλ(ζ) with λ(ζ) continuous.

1. The map fλ0 : Since no critical value is in Tλ0 (λ0 ∈� H0 and Lemma 1.3), f−1
λ0

(Tλ0)

has exactly four connected components. One of them (at least) intersects the orbit of the

critical points; we choose one that we callWλ0
.

2. Definition of gζ: Let D be a disc in Tλ0 such that, for ζ ∈D(ζ0, ε), the Böttcher

coordinate ’−1
λ0
(ζ) is inD. LetD0 be the preimage ofD inWλ0 . OutsideD

0, iD0, −D0

and −iD0, we take gζ = fλ0 and inside D0 we take for gζ a diffeomorphism sending

fn−2
λ0

(1/4+ 4λ0) to ’−1
λ0
(ζ). On the symmetric domains iD0, −D0 and −iD0, gζ is

defined to reflect the symmetry of fλ0 in the sense that gζ(−z)= gζ(z) and

gζ(iz)=−gζ(z).

To construct gζ continuously in ζ starting from gζ0 = fλ0 we take for the diffeo-

morphism gζ (inD
0) the composition of fλ0 by a Möbius transformation (in the model of

the round disc). More precisely, we can assume that ’−1
λ0
(D(ζ0, ε))� D and take the

Riemann map ψ : (D,’−1
λ0
(ζ0))→ (3D, 0) sending ’−1

λ0
(ζ0) to 0 and ’−1

λ0
(ζ) in D. We

define gζ inD
0 as gζ(z)=ψ−1 �Mζ � ψ � fλ0(z)where

MζðzÞ=
z for z∈ 3D\2D ;
z+a
1+az

for z∈D with a=ψ � ’−1
λ0

ðζÞ ;
r

eiθ+pðrÞa
1+pðrÞaeiθ for z= reiθ ∈D\2D:

8><
>:

where p : [1, 2]→ [0, 1] is a smooth map p(1)= 1, p(2)= 0 with all derivatives

vanishing at those two points. Note that for ζ= ζ0, the point a is 0 and Mζ0 = id.

Hence gζ0 = fλ0 and g : D(ζ0, ε)×C→C defined by requiring gζ(z) is differentiable

in (ζ, z).
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3. A complex structure invariant by gζ: We define a complex structure σζ of

Beltrami coefficients µζ as follows: Letµ0 denote the Beltrami coefficient of the stan-

dard structure and set

µζðzÞ=
µ0 if z∈Bλ0 ;

ðgnζ Þ�ðµ0Þ if gnζ ðzÞ∈Bλ0 ;
µ0 if ∈� Aλ0

8<
:

This complex structure is invariant by gζ and has the following properties:

- There exists k< 1 such that ||µζ||∞ ≤ k for ζ ∈D(ζ0, ε). Indeed, gζ is holomorphic

outside ikWλ0 (with k∈N), and gζ passes only once in ikWλ0 where it is a diffeomor-

phism. Hence the dilatation ||µζ||∞ is bounded for each ζ and globally onD(ζ0, ε) by

the continuity of ||µζ||∞ in ζ.

- The symmetries of gζ implies thatµζ(−z)=µζ(z) andµζ(iz)=µζ(z) for z∈C.

4. Themap fλ(ζ): By Ahlfors-Bers’ Theorem, there exists a map hζ : C→C such that

µζ = h�ζµ0 and hζ is continuous in ζ. Moreover hζ can be chosen to be tangent to identity

at∞ and fixing 0. Hence the symmetries are kept: hζ(−z)=−hζ(z), hζ(iz)= ihζ(z).

The map Rζ = hζ � gζ � h−1
ζ is holomorphic (it preserves µ0), and it can be written

Rζ(z)= z2 + az+ b+ cz+d

z2
since hζ preserves the pole 0 with multiplicity and the degree

at∞. From the symmetries of hζ it follows that Rζ(−z)=Rζ(z) and Rζ(iz)=−Rζ(z),

and thereforeRζ(z)= z2 + d/z2. This determines a unique and continuous λ(ζ) such that

Rζ = fλ(ζ). Indeed, Rζ is continuous in ζ since gζ and hζ are continuous by construction

and h−1
ζ is also continuous: if ζi → ζ∞ and hζi → hζ∞ , any accumulation value ζ of

h−1
ζi
(z) onC satisfies hζ∞(ζ)= z i.e., ζ= h−1

ζ∞(z).

5. λ(ζ) is a section of�: OnBλ0 ∪ Tλ0 themap hζ is a holomorphic conjugacy between

fλ(ζ) and fλ0 . Now the Böttcher coordinates on Bλ0 are related by ’λ0 =’λ(ζ) � hζ
because they both conjugate fλ0 to z �→ z2 and have derivative 1 at∞. On Tλ0 the mapse’λ0 and e’λ(ζ) � hζ can differ only by multiplication by−1. But gζ0 = fλ0 so hζ0 = id and

Rζ0 = fλ0 , in particular λ(ζ0)= λ0. Therefore e’λ(ζ0) � hζ0 and e’λ0 coincide since they

both have derivative 1/
ffiffiffiffiffi
λ0

p
at 0. Finally they coincide for every ζ ∈D(ζ0, ε) since the

derivative at 0 is continuous.

Now we can evaluate �(λ(ζ))= e’λ(ζ)(f
n−1
λ(ζ) (1/4+ 4λ(ζ))). First, the critical points

of fλ(ζ) correspond to those of gζ under hζ, since it is a conjugacy. The critical points of

gζ are those of fλ0 , so their image by gnζ inWλ0 is f
n−2
λ0

(1/4+ 4λ0) and by definition of

gζ the image in Tλ0 is ~’
−1
λ0
(ζ). Hence fn−1

λ(ζ) (1/4+ 4λ(ζ))= hζ(~’
−1
λ0
(ζ)).

Finally,�(λ(ζ))= e’λ(ζ)(f
n−1
λ(ζ) (1/4+4λ(ζ)))= e’λ(ζ)(hζ(~’

−1
λ0
(ζ)))= ~’λ0(~’

−1
λ0
(ζ))=ζ.

�

3. Counting the capture zones. We deduce from Proposition 2.6 that there are as

many connected components of Hn (n 6¼ 0) as there are solutions of the equation

fn−1
λ (1/4+ 4λ)= 0 (the centers). We determine this number now.
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Corollary 3.1. The roots of fn−1
λ (1/4+ 4λ) are simple.

Proof. Let λ0 be a solution of fn−1
λ (1/4+ 4λ)= 0 and assume, to arrive at a contra-

diction, that fn−1
λ (1/4+ 4λ)= a(λ−λ0)

k + o((λ− λ0)
k) for λ near λ0 and some

k> 1. Since λ0 belongs to Hn, the map (λ, z)→ e’λ(z) is well defined for (λ, z)

near (λ0, 0) and holomorphic (Lemma 2.1). Its expansion near (λ0, 0) ise’λ(z)= z/
ffiffiffiffiffi
λ0

p + a(z, λ− λ0), since e’λ(0)= 0 for every λ near λ0 (and Lemma 2.3).

Hence �(λ)= e’λ(f
n−1
λ (1/4+ 4λ))= a(λ− λ0)

k/
ffiffiffiffiffi
λ0

p + a (λ−λ0) near λ0, but this

implies that�(λ) has a critical point at λ0 and contradicts Proposition 2.6. �

Remark 3.2. There are exactly 4n−1 solutions of the equation fn−1
λ (1/4+ 4λ)= 0.

Proof. The rational map fn
λ (1/4+ 4λ) can be written in the formPn(λ)/Qn(λ)withPn

andQn coprime polynomials. They are determined byP0(λ)= 1/4+ 4λ,Q0(λ)= 1 and

the relations Pn+1(λ)=Pn(λ)
4 + λQn(λ)

4 and Qn+ 1(λ)=Pn(λ)
2Qn(λ)

2. Note that

Pn+1 andQn+1 are still coprime sincePn(0) 6¼ 0. Therefore, deg(Pn)> deg(Qn)+ 1 for

all n ≥ 0 and deg(Pn)= 4n. �

Corollary 3.3. There are exactly 4n−1 component ofHn for n> 0.

4. Landing points of rays in the capture zones. Using the parametrization of the

capture zones, one can define rays and equipotentials in a component U ofHn just by

pulling back the rays and circles ofD via the isomorphism�.

Figure 2: The connected components ofH0,H1 andH2.
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Lemma 4.1. Let λ0 be a parameter in the boundary of a capture zone U but not of H0.

If λ0 is the landing point of a ray RU(θ) with θ ∈Q then λ0 is a Misiurewicz parameter

(i.e., the critical points of fλ0 are eventually periodic).

Proof. Let n be the order of U. For λ∈U, let Uλ be a component containing cλ one of

the critical points and denote by rλ the center of Uλ i.e., the preimage of∞ by fn
λ . The

points rλ and cλ can be followed continuously in U and rλ admits a limit at λ0 denoted

by r0. We denote by Rrλ(θ) the ray of angle θ in Uλ, it is defined as the inverse image

by fn
λ ofRλ(θ)=’−1

λ (]1, +∞[e2iπθ) stemming from rλ.

The ray Rr0(θ) converges to a point z0 ∈ ∂Uλ0 which is eventually periodic. Indeed,

the angle is inQ and the critical points are not inAλ0
so the ray converges to a periodic

or eventually periodic point of ∂Uλ0 (see [D-H]). If the landing point is periodic, its

iterated images are on ∂Uλ0 but they are also eventually on ∂Bλ0 . This is not possible

since it would imply that there is a ray in Tλ0 and a ray in Bλ0 converging to the same

point and with image the same ray in Bλ0
, so the common landing point should be crit-

ical and this contradicts the fact that it is periodic and on the Julia set.

For λ∈RU(θ) the ray Rrλ(θ) contains the critical point cλ (by definition). Hence,

there is no stability properties of the ray Rr0
(θ) for λ near λ0, so the landing point z0 is

necessarily parabolic or Misiurewicz (see [D-H]).

Assume now that z0 is eventually parabolic. Then 1/4+ 4λ0 would be attracted by

the parabolic point. But 1/4+ 4λ0 is in f 2
λ0
(Uλ0

) since for λ∈U, 1/4+ 4λ∈ f 2
λ (Uλ)

and f 2
λ (Uλ) is obtained by holomorphic motion from f 2

λ0
(Uλ0) in a neighborhood of

λ0. Indeed, on a neighborhood D(λ0, ε) disjoint from H0, the map ’−1
λ (z) defines

a holomorphic motion of Bλ0 , by the�-Lemma it can be extended to Bλ0 and it can be

pulled back to a holomorphic motion of f 2
λ0
(Uλ0).
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Semiconjugacies between the
Julia sets of geometrically finite
rational maps II

Tomoki Kawahira

Abstract. For a geometrically finite rational map f , there exists a perturbation into another geometrically
finite rational map which preserves the dynamics on the Julia set nicely. Indeed, we can perturb parabolic
cycles of f into attracting cycles and repelling cycles in any combination.

1. Introduction. Let f : Ĉ→ Ĉ be a rational map of degree d ≥ 2. We call such

a map geometrically finite if all critical points contained in the Julia set J(f) are even-

tually periodic.

Perturbations of f. Let us fix a small ε0 > 0 and consider a family of rational maps

of degree d, fε : ε∈ [0, ε0]f g with f0 = f and fε → f uniformly and continuously

with respect to the spherical metric. We represent this family in the convergence form,

fε → f , and call it a perturbation of f .

From the viewpoint of J-stability, a good perturbation fε → f is accompanied by

a conjugacy hε : J(fε)→ J(f) for each ε∈ [0, ε0] with h−1
ε → id as ε→ 0. (That is,

the dynamics on the Julia set is continuously perturbed.) In [3], the author gave some

conditions for this as described later in §3. In particular, it is shown that even if a per-

turbation of f is not accompanied by such a conjugacy, it may be accompanied by

a semiconjugacy (that is, continuous and surjective map hε : J(fε)→ J(f) with

hε � fε = f � hε) which still preserves the dynamics of the Julia set except on a count-

able subset.

In this paper, following the result of [3] and as an application of Shishikura’s pertur-

bation in [5], we establish:

Theorem 1.1. Let f : Ĉ→ Ĉ be a geometrically finite rational map of degree d with

J(f) 6¼ Ĉ. Then there exists a perturbation fε → f such that

(1) fε is also geometrically finite;

(2) One can choose the direction of the perturbation such that the parabolic cycles of

f areperturbed into repelling, parabolic andattractingcyclesoffε inanycombination;

(3) For each ε which is sufficiently small, there exists a unique semiconjugacy

hε : J(fε)→ J(f) with sup d
Ĉ
(hε(x), x) : x∈ J(fε)

� �→ 0 (ε→ 0); and



(4) If card (h−1
ε (y)) ≥ 2 for some y∈ J(f), then there exists an n such that fn(y) is

a parabolic periodic point of f and card(h−1
ε (y))= deg(fn, y) ·p(fn(y)), where

deg(fn, y) is the local degree of fn at y, and p(fn(y)) is the number of attracting

petals at fn(y).

(5) hε is a homeomorphism (thus conjugacy) between the Julia sets if and only if none

of parabolic cycles of f is perturbed into an attracting cycle.

The proof is given in the following sections.

Notes.

1. The case when J(f)= Ĉ is somehow easier, since f is postcritically finite. By

Thurston’s theorem, if the orbifold of f is not of type (2, 2, 2, 2), there are only

trivial perturbations by Möbius conjugations.

2. Property (3) of the theorem guarantees continuity of the Julia set along the pertur-

bation with respect to the Hausdorff topology.

3. Property (4) of the theorem implies that the injectivity of hε may break only at

countably many points. (We may say ‘‘hε is almost bijective’’.)

4. Our theorem generalize the results of [2]. One can find a similar result with

a sophisticated investigation in [1].

Notation. Here we list some notation.

• A(f) : the set of all parabolic periodic points of f .

• C(f) : the set of all critical points of f .

• P(f) := fn(c) : c∈C(f), n= 1, 2, . . .f g; the postcritical set of f .
• CP(f) :=C(f)∪P(f).

• n � 0 means that n> 0 is sufficiently large.

• ε � 1 means that ε> 0 is sufficiently small.

2. Shishikura’s perturbation. For a rational map of given degree, M. Shishikura

developed the method of perturbation which makes indifferent cycles into attracting

cycles, and gave a sharp estimate of the number of non-repelling cycles [5]. This

method is well prepared for application, like this:

Proposition 1.1. For geometrically finite rational map f with J(f) 6¼ Ĉ, there exists

a perturbation fε → f with properties (1) and (2) of the Theorem 1.1.

Proof. The rest of this section is devoted for the proof of this proposition.

Assumptions. By the assumption of geometric finiteness of f and J(f) 6¼ Ĉ, there

is at least one attracting or parabolic cycle. By taking a Möbius conjugacy, we may

also assume that ∞ is in the Fatou set and non-periodic. (We will add more precise

condition later.)
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Polynomial η. Let M be the maximal number of attracting petals over all

z∈A(f). (That is, the maximal multiplicity of parabolic cycles is M+ 1.) We take

a monic polynomial η(z) of degree k � 0 such that

• η(z)= 0 when z is inCP(f)∩ J(f)−A(f) or in an attracting cycle; and

• for a parabolic cycle α= z1, . . . , zp
� �⊂A(f)withm (attracting) petals,

- η(zi)= 0;

- η0(zi)= 1, 0, or −1 according to whether we want to perturb α into a repelling,

parabolic, or attracting cycle respectively; and

- η(j)(zi)= 0 for 2≤ j≤M+ 1.

Thus η has an expansion of the form

η(z)= σα(z− zi)+ ai,M+2(z− zi)
M+2 + � � � + (z− zi)

k

about each zi ∈α, where σα = η0(zi).

Quasiregular map gε. Let ρ : [0,∞)→ [0, 1] be a smooth non-increasing func-

tion such that ρ(t)= 1 when t ∈ [0, 1] and ρ(t)= 0 when t∈ [2,∞). In particular, we

can take such a ρ with bounded derivative. Set Hε(z)= z+ εη(z)ρ(ε1/k|z|). Then
Hε : Ĉ→ Ĉ is a quasiconformal map if ε � 1, and satisfiesHε → id and its maximum

dilatation tends to 0 as ε→ 0.

Next we set gε := f �Hε. Then

• gε : Ĉ→ Ĉ is a quasiregular map of degree d with gε → f ;

• gε(z)= f(z) at z in an attracting or parabolic cycle, or inCP(f)∩ J(f); and

• deg(gε, c)= deg(f, c) at c∈C(f)∩ J(f).

Perturbation of non-repelling cycles. For each attracting or parabolic cycle

α= z1, . . . , zp
� �

, we define two open sets E(α) and Eε(α) with f(E(α))⊂E(α) and

gε(Eε(α))⊂Eε(α) as following.

Attracting case. When α is attracting, we define E(α) by a disjoint union of p

small topological disks near α with f(E(α))⊂E(α). Set Eε(α) :=E(α). Then

gε(Eε(α))⊂Eε(α) for ε � 1 since gε converges uniformly to f .

Parabolic case. When α is parabolic withm (attracting) petals, we first consider the

local dynamics near z1. Set λ := (fp)0(z1). (Then λm = 1.) It is known that we can take

a conformal map z=ψ(ζ) defined near ζ= 0 with z1 =ψ(0) and

F(ζ) :=ψ−1 � fp � ψ(ζ)= λζ 1− ζm +O(ζm+1)
� �

:

Fix an r> 0 and set E0 := ζ : 0< |ζ|<r, | arg ζm|<π/3f g. Then one can show that

F(E0)⊂E0 ∪ 0f g if r � 1.
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On the other hand, a basic calculation shows that

Gε(ζ) :=ψ−1 � gpε � ψ(ζ)= λζf(1+ σε)p − ζm +O(εσζ)+O(ζm+1)g,
where σ= σα. For ε � 1, we define an open setE0

ε as following:

• If σ= 1,E0
ε :=E0 ∩ f|ζ|>ε2/(2m−1)g;

• If σ= 0,E0
ε :=E0; and

• If σ=−1,E0
ε :=E0 ∪ f|ζ|<ε2/(2m−1)g.

Then calculations as in [5, §4] show that if ε � 1, Gε(E0
ε)⊂E0

ε when σ=± 1 and

Gε(E0
ε)⊂E0

ε ∪ 0f gwhen σ= 0 (Figure 1).

Finally we setE(α) := Sp−1
j= 0 f

j(ψ(E0)) andEε(α) := Sp−1
j= 0 g

j
ε(ψ(E

0
ε)). Clearly they

have the properties we desired.

Assumptions on infinity (Again). Set E := S
α E(α) and Eε := S

α Eε(α), where

α ranges over all non-repelling cycles of f . Since there is at least one attracting or par-

abolic cycle in the Fatou set, E and Eε are non-empty. Now we may assume that

∞∈ f−1(E)−E by taking a Möbius conjugacy. Then E and Eε are uniformly

bounded if ε � 1. We have that f(∞)∈E and gε(∞)∈Eε for all ε � 1.

Getting rational perturbation. (See Lemma 3 of [5].) Now the quasiregular map gε
is holomorphic except Vε := z : |z|>ε−1/k

� �
. Note that f(Vε)⊂E and gε(Vε)⊂Eε if

ε � 1 by assumptions. Let σ0 denote the standard complex structure on Ĉ. For ε � 1,

we put an almost complex structure σε defined by (gnε )
∗(σ0) on g−n

ε (Eε) and by σ0

otherwise. Then σε is gε-invariant and we can find a quasiconformal map �ε such that

�∗
εσ0 = σε a.e., and thus fε :=�ε � gε � �−1

ε is a rational map of degree d. Since

�ε → id by the definition of gε and the continuous dependence of �ε on its Beltrami

differential, we obtain a perturbation fε → f with (1) and (2) of Theorem 1.1 �

Figure 1: The case of m= 3. The shadowed region is E0
ε, with the boundary of

Gε(E
0
ε) approximately drawn in.
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Remark.

• If f is a polynomial, fε → f preserves the superattracting fixed point of degree d.

Thus we actually have a polynomial perturbation.

• Perturbation of indifferent cycles as in [5, §4] does not guarantee continuity of the

global dynamics in general. However, if f is geometrically finite, we have continuity

of the dynamics at least on the Julia sets. (We need extra care of critical orbits,

though.)

3. Existence of the semiconjugacy. Here we check that the perturbation fε → f

given in the previous section is accompanied by semiconjugacy as in Theorem 1.1.

This is an application of a theorem from [3]. To state the theorem we introduce the

notions of horocyclic perturbation and J-critical relations.

Horocyclic perturbation. We say a perturbation fε → f is horocyclic if each

parabolic periodic point a of f withm petals satisfies the following:

(a) If fp(a)= a and (fp)0(a)= λ (thus λm= 1), there exists aε with f
p
ε (aε) = aε → a,

(fp
ε )

0(aε)= λε →λ as ε→ 0;

(b) There is a neighborhoodD of awith local coordinates φε, φ : D→C such that:

1. aε ∈D and φε(aε)=φ(a)= 0;

2. φε→φ uniformly onD; and

3. If we represent the actions of f
pm
ε and fpm onD by φε and φ respectively, we

obtain the local representation of the perturbation as:

φε � fpm
ε � φ−1

ε (z)= λmε z+ zm+ 1+O(zm+2)

−→ φ � fpm � φ−1(z)= z+ zm+1+O(zm+2): (3:1)

In particular, φ, φε are not necessarily conformal; they can be just homeomor-

phisms fromD to their images.

(c) If we set exp(Lε+ iθε) := λmε , which tends to 1 as ε→ 0, then θ2ε = o(|Lε|) as
Lε, θε→ 0.

Horocyclic perturbation was originally defined as horocyclic convergence of ratio-

nal maps by C. McMullen [4, §7-9].

J-critical relations. Let c1, . . . , cN be all critical points of f contained in J(f), where

N is counted without multiplicity. A J-critical relation of f is a set of non-negative

integers (i, j, m, n) such that fm(ci)= fn(cj).

We say a perturbation fε → f preserves the J-critical relations of f if:

• For all i= 1, . . . , N, the maps fε have critical points ci(ε) (may be in the Fatou set)

satisfying ci(ε)→ ci and deg(fε, ci(ε))= deg(f, ci) as ε→ 0; and

• For each J-critical relation (i, j,m, n) of f , fε satisfies f
m
ε (ci(ε))= fn

ε (cj(ε)).
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For such a perturbation fε → f , if f is geometrically finite, then the maps fε are

also geometrically finite. If f is hyperbolic or parabolic, then C(f)∩ J(f)= ; and

any small perturbation of f automatically preserves its J-critical relations.

Now we can state the following theorem:

Theorem 3.1 ([3]). Let f be a geometrically finite rational map of degree ≥ 2, and

fε → f a horocyclic perturbation which preserves the J-critical relations of f . Then

for each ε � 1, we have a unique semiconjugacy hε : J(fε)→ J(f) with properties

(3), (4) and (5) of Theorem 1.1.

Hence it is enough to show that fε → f in the previous section is horocyclic and

preserving the J-critical relations of f . In particular, since the J-critical relations are

clearly preserved by the construction of fε, we only need to check each condition of

horocyclic perturbation.

Condition (a) is clear by definition. Condition (c) is also easy since λmε =
(1± σε)pm ∈R and θε = 0. For condition (b), since �ε � ψ converges to ψ uniformly

near parabolic points of f , it is enough to consider Gε →F in the previous section.

Now we complete the proof of Theorem 1.1 by claiming this:

Proposition 3.1. By taking suitable local coordinates near 0, the convergenceGm
ε →Fm

can be viewed as in (3.1).

Proof (See also Propositions 7.1 and 7.2 of [4].). First let us check that the original

Gm
ε →Fm has the form

Gm
ε (ζ)= λmε ζ+O(σεζ2)+Cζm+1 +O(ζm+2) and

−→Fm(ζ)= ζ+Cζm+1 +O(ζm+2)

with C=−m. For j≥ 1, we may set

Gj
ε(ζ)= λjεζ+O(σεζ2)+C0

jζ
m+1 +O(ζm+2) and

Fj(ζ)= λjζ+Cjζ
m+1 +O(ζm+2)

with C0
1 =C1 =−λ. By comparing Gε �Gj

ε and F � Fj with Gj
ε �Gε and Fj+1

respectively, we have

C0
j =λλj−1

ε · λ
jm
ε −1

λmε −1
=−jλj(1+O(σε))

and Cj =−jλj. By putting m into j, we have the form of convergence as above. If

σ= 0 then C can be normalized to be 1 by making a linear coordinate change

ζ �→Z=C1/mζ. Thus we consider the case of σ=± 1.

NowGm
ε has the form

Gm
ε (ζ)= λmε ζ+Aεζ

N +O(εζN+1)+Cζm+1 +O(ζm+2)
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where 2≤N≤m and Aε =O(ε). Set �ε := λmε = 1±mpε+O(ε2). Note that �ε

and �ε are analytic functions of ε by the definitions of gε and Gε. Consider a local

coordinate

Z=�ε(ζ)= ζ−Bεζ
N with Bε = Aε

�ε(�
N−1
ε −1)

:

Then �ε converges uniformly to another coordinate change �(ζ)= ζ−BζN near 0 as

ε→ 0. Let us check thatGm
ε →Fm is locally represented as

�ε �Gm
ε ��−1

ε (Z)=�εZ+O(εZN+1)+CZm+1 +O(Zm+2)

−→� � Fm ��− 1(Z)=Z+CZm+1 +O(Zm+2):

One can easily check the form of � � Fm ��−1. For�ε �Gm
ε ��−1

ε (Z), set ~G :=Gm
ε .

Note that ~G(ζ)=�εζ+O(εζN)+O(ζm+1) and thus

~G0(ζ)=�ε +O(εζN− 1) +O(ζm);

~G(j)(ζ)=O(ε)+O(ζm− j+ 1) for 2≤ j≤m; and

~G(j)(ζ)=O(1) for j ≥ m+ 1:

By a careful calculation, we have

~G(ζ)= ~G0(Z+Bεζ
N)

= ~G(Z)+ ~G0(Z)Bεζ
N + � � � + ~G(j)(Z)

j!
(Bεζ

N)j + � � �

=�εZ+AεZ
N +�εBεζ

N +O(εZN+ 1) +CZm+1 +O(Zm+2) (3:2)

and

~GðζÞN = ð�εζÞN 1þOðεζN�1Þ þOðζmÞ� �N
=�N

ε ζ
N þOðεζ2N�1Þ þOðζmþNÞ

=�N
ε ζ

N þOðεZNþ1Þ þOðZmþ2Þ: (3:3)

By (3:2) and (3:3), we have

� � ~GðζÞ= ~GðζÞ � Bε
~GðζÞN

=�εZþ AεðZN � ζNÞ þOðεZNþ1Þ þ CZmþ1 þOðZmþ2Þ:

Since ZN − ζN =O(ζ2N−1)=O(ZN+1) and Aε=O(ε), we have the form of �ε �Gm
ε �

�−1
ε (Z)=� � ~G(ζ) as desired.
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We can iterate this coordinate change until the coefficient of Zm vanishes, and final

linear coordinate changes normalize the coefficients of Zm+1 to be 1. Now we obtain

the convergence of the form (3.1). �
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Homeomorphisms of
theMandelbrot Set

Wolf Jung

Abstract. On subsets of theMandelbrot set, EM ⊂M, homeomorphisms are constructed by quasi-conformal
surgery. When the dynamics of quadratic polynomials is changed piecewise by a combinatorial construc-
tion, a general theorem yields the corresponding homeomorphism h : EM → EM in the parameter plane.
Each h has two fixed points in EM, and a countable family of mutually homeomorphic fundamental
domains. Possible generalizations to other families of polynomials or rational mappings are discussed.

The homeomorphisms on subsets EM ⊂M constructed by surgery are extended to homeomorphisms
of M, and employed to study groups of non-trivial homeomorphisms h : M→M. It is shown that these
groups have the cardinality ofR, and they are not compact.

1. Introduction. Consider the family of complex quadratic polynomials fc(z) :=
z2 + c. They are parametrized by c∈C, which is at the same time the critical value of

fc, since 0 is the critical point. The filled Julia set Kc of fc is a compact subset of the

dynamic plane. It contains all z∈C that are not attracted to ∞ under the iteration of

fc, i.e., f
n
c (z) 6→∞. The global dynamics is determined qualitatively by the behavior

of the critical point or critical value under iteration. E.g., by a classical theorem of

Fatou, Kc is connected iff f
n
c (c) 6→∞, i.e., c∈Kc. The Mandelbrot setM is a subset

of the parameter plane, it contains precisely the parameters with this property.

Although it can be defined by the recursive computation of the critical orbit, with no

reference to the whole dynamic plane, most results onM are obtained by an interplay

between both planes: starting with a subset EM ⊂M, employ the dynamics of fc to

find a common structure in Kc for all c∈ EM . Then an analogous structure will be

found in EM , i.e., in the parameter plane. This principle has various precise formula-

tions. Most important is its application to external rays: these are curves in the comple-

ment of Kc (dynamic rays) or in the complement of M (parameter rays), which are

labeled by an angle θ ∈ S1 =R/Z. For rational angles θ ∈Q/Z, these rays are landing

at special points in ∂Kc or ∂M, respectively. See Section 2.1 for details. When rays

are landing together, the landing point is called a pinching point. It can be used to dis-

connect Kc orM into well-defined components. The structure of Kc, as described by

these pinching points, can be understood dynamically, and then these results are trans-

fered to the parameter plane, to understand the structure ofM.

Each filled Julia set Kc is completely invariant under the corresponding mapping

fc, and this fact explains the self-similarity of these sets. On the other hand, when the

parameter c moves through the Mandelbrot set, the corresponding Julia sets undergo

an infinite number of bifurcations. By the above principle, the local structure ofM is



undergoing corresponding changes as well. But these changes may combine in such

a way, that subsets ofM are mutually homeomorphic. Such homeomorphisms can be

constructed by quasi-conformal surgery. There are three basic ideas (the first and

second apply to more general situations [5]):

• A mapping g with desired dynamics is constructed piecewise, i.e., by piecing

together different mappings or different iterates of one mapping. The pieces are

defined, e.g., by dynamic rays landing at pinching points of the Julia set.

• g cannot be analytic, but one constructs a quasi-conformal mapping ψ such that the

composition f =ψ � g � ψ−1 is analytic. This is possible, when a field of infinitesimal

ellipses is found that is invariant under g. Thenψ is constructed such that it is mapping

these ellipses to infinitesimal circles. (See Section 2.2 for the precise definition of

quasi-conformal mappings.)

• Suppose that fc is a one-parameter family of analytic mappings, e.g., the quadratic

polynomials, and that gc is constructed piecewise from iterates of fc for parameters

c∈ eM ⊂M. If ψc � gc � ψ−1
c = fd, a mapping in parameter space is obtained from

h(c) := d. Then one shows that h is a homeomorphism.

Homeomorphisms of the Mandelbrot set have been obtained in [6], [1], [2], [3], [14],

[8]. We shall discuss the example of the Branner–Douady homeomorphism ΦA, cf.

Figure 1: parameters c in the limb M1/2 of M are characterized by the fact, that the

filled Julia set Kc has two branches at the fixed point αc and at its countable family of

preimages. By a piecewise construction, fc is replaced with a new mapping gc, such

that a third branch appears at αc, and thus at its preimages as well. This can be done by

cut- and paste techniques on a Riemann surface, or by conformal mappings between

Figure 1: A simulation of Branner–Douady surgery ΦA : M1/2 → T ⊂M1/3, as

explained in the text below. In this simulation, gc and egd are defined piecewise explic-
itly, and the required Riemann mappings are replaced with simple affine mappings.
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sectors in the dynamic plane. Since gc is analytic except in some smaller sectors, it is

possible to construct an invariant ellipse field. The corresponding quasi-conformal

mapping ψc is used to conjugate gc to a (unique) quadratic polynomial fd, and the

mapping in parameter space is defined by ΦA(c) := d. Now the Julia sets of fd and gc
are homeomorphic, and the dynamics are conjugate. The parameter d belongs to the limb

M1/3, since the three branches of Kd at αd are permuted by fd with rotation number

1/3. Now there is an analogous construction of a mapping egd for d ∈ T ⊂M1/3, which

turns out to yield the inverse mapping eΦA. The Julia set of egd has lost some arms, and egd
is conjugate to a quadratic polynomial fe again. By showing that fc and fe are conju-

gate, it follows that e= c, thus eΦA � ΦA = id. (The uniqueness follows from the fact that

these quasi-conformal conjugations are hybrid-equivalences, i.e., conformal almost

everywhere on the filled Julia sets [6].)

For the homeomorphisms constructed in this paper, the mapping gc is defined piece-

wise by compositions of iterates of fc, and no cut- and paste techniques or conformal

mappings are used. Then the Julia sets of fc and gc are the same, and no arms are lost or

added in the parameter plane either: a subset EM ⊂M is defined by disconnectingM at

two pinching points, and this subset is mapped onto itself by the homeomorphism (which

is not the identity, of course). Thus a countable family of mutually homeomorphic sub-

sets is obtained from one construction. General combinatorial assumptions are presented

in Section 3.1, which allow the definition of a preliminary mapping g(1)c analogous to the

example in Figure 2: it differs from fc on two strips Vc,Wc, where it is of the form

Figure 2: Application of Theorem 1.1. In this example, the subsets EM ⊂M and

Ec ⊂Kc are ‘‘edges’’ in the sense of Section 4.3. Left: a parameter edge EM ⊂M and the

strip PM . The homeomorphism h is mapping EM to itself, cf. Figure 3. Middle and right:

the dynamic edge Ec ⊂Kc in the strip Vc ∪Wc = eVc ∪ eWc. According to Section 3.1,

these strips are bounded by external rays, which belong to eight angles�±
i . Here we have

�−
1 = 11/56, �−

2 = 199/1008, �−
3 = 103/504, �−

4 = 23/112, �+
4 = 29/112,

�+
3 = 131/504, �+

2 = 269/1008, and �+
1 = 15/56. The first-return numbers are

kw = ekv = 4, kv = ekw = 7. Now gc = g(1)c onKc and the preliminary mapping is given by

g(1)c = fc � ηc, where ηc is mapping Ec to itself in such a way, that it is expanding in the

lower strip and contracting in the upper strip. We have ηc = f−2
c � (−f 5

c )=
f−3
c � (+f 6

c ) : Vc → eVc, and ηc = f−6
c � (−f 3

c ) : Wc → eWc.
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f−n
c � (± fm

c ). Basically, we only need to find four strips with Vc ∪Wc = eVc ∪ eWc, such

that these aremapped asVc → eVc,Wc → eWc by suitable compositions of± f± 1
c .

Theorem 1.1 (Construction and Properties of h). A subset EM ⊂M is defined by its

vertices, the Misiurewicz points a and b. For c∈ EM , the preliminary mapping g(1)c is

constructed combinatorially: strips Vc andWc are defined by external rays at suitable

rational angles, such that the assumptions of Definition 3.1 on p. 7 are satisfied, and

g(1)c is defined by compositions of± f± 1
c :

1: There is a family of ‘‘quasi-quadratic’’ mappings gc coinciding with g(1)c on the

filled Julia setsKc. These are hybrid-equivalent to unique quadratic polynomials.

2: The mapping h : EM → EM in parameter space is defined as follows: for c∈ EM ,

find the polynomial fd that is hybrid-equivalent to gc, and set h(c) := d. It does not

depend on the precise choice of gc (only on the combinatorial definition of g(1)c ).

Now h is a homeomorphism, and analytic in the interior of EM .

3: h is a non-trivial homeomorphism of EM onto itself, fixing the vertices a and b. h and

h−1 are Hölder continuous at Misiurewicz points and Lipschitz continuous at a and b.

Moreover, h is expanding at a and contracting at b, cf. Figure 3: for c∈ EM\fa, bg
we have hn(c)→ b as n→∞, and h−n(c)→ a. There is a countable family of

mutually homeomorphic fundamental domains.

4: h extends to a homeomorphism between strips, h : PM → ePM , which is quasi-

conformal in the exterior ofM.

Figure 3: Left: the parameter edge EM from a := γM(11/56) to b := γM(23/112),

the same as in Figure 2. The homeomorphism h : EM → EM is expanding at a and

contracting at b. The centers of periods 4 and 7 are mapped as h : c07 �→ c4 �→ c007.
Right: the filled Julia sets for c07, c4, and c007 are quasi-conformally homeomorphic.

(Ec ⊂Kc is barely visible in the top right corner.)
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The power of Theorem 1.1 lies in turning combinatorial data into homeomorphisms.

The creative step remaining is to find eight angles �±
i , such that there are compositions

of± f± 1
c mapping Vc → eVc andWc → eWc. When this is done, the existence of a corres-

ponding homeomorphisms is guaranteed by the theorem.

In Sections 2 and 3, basic properties of M and of quasi-conformal mappings are

recalled, and the proof of Theorem 1.1 is sketched by constructing gc and h. Related

results from the author’s thesis [8] are summarized in Section 4. These include more

examples of homeomorphisms, constructed at chosenMisiurewicz points or on ‘‘edges,’’

and the combinatorial description of homeomorphisms.When a one-parameter family of

polynomials is defined by critical relations, homeomorphisms in parameter space can be

obtained by analogous techniques. The same applies e.g., to the rational mappings arising

in Newton’s method for cubic polynomials.

H. Kriete has suggested that the homeomorphisms h : EM → EM constructed by this

kind of surgery extend to homeomorphisms ofM. Thus they can be used to study the

homeomorphism group of M, answering a question by K. Keller. In Section 5, some

possible definitions for groups of non-trivial homeomorphisms are discussed, and

their properties are obtained by combining two tools: the characterization of homeo-

morphisms by permutations of hyperbolic components, and the composition of homeo-

morphisms constructed by surgery. The groups are not compact, and the groups of

non-trivial homeomorphisms have the cardinality ofR.

2. Background. Our main tools are the landing properties of external rays, and

sending an ellipse field to circles by a quasi-conformal mapping.

2.1. The Mandelbrot Set. fc(z)= z2 + c has a superattracting fixed point at

∞∈ bC := C∪f∞g. The unique Boettcher conjugation is conjugating fc to F(z) :=z2,

Φc � fc=F �Φc in a neighborhood of ∞. If the critical point 0, or the critical value c,

does not escape to ∞, then Kc is connected [5], and the parameter c belongs to

the Mandelbrot set M by definition. Then Φc extends to a conformal mapping

Φc : bC\Kc→ bC\D, where D is the closed unit disk. Dynamic raysRc(θ) are defined as

preimages of straight rays R(θ)=fz |1< |z|<∞, arg(z)=2πθg under Φc. Theses

curves in the complement ofKc may land at a point in ∂Kc, or accumulate at the bound-

ary without landing. But they are always landing when θ is rational. Each rational angle

θ is periodic or preperiodic under doubling (mod1). In the former case, the dynamic ray

Rc(θ) is landing at a periodic point z=γc(θ)∈∂Kc, and at a preperiodic point in the

latter case. These properties are understood from the relation fc(Rc(θ))=Rc(2θ),

which follows from arg(F(z))= arg(z2)=2arg(z).

The Mandelbrot set is compact, connected, and full, and the conformal mapping

ΦM : bC\M→ bC\D is given by ΦM(c) :=Φc(c). (When c∈� M, Kc is totally discon-

nected and Φc is not defined in all of its complement, but it is well-defined at the critical

value.) Parameter raysRM(θ) are defined as preimages of straight rays underΦM . Their
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landing properties are obtained e.g., in [17]: each rational rayRM(θ) is landing at a point

c= γM(θ)∈ ∂M, and θ is called an external angle of c. When θ is preperiodic, then the

critical value c of fc is preperiodic, and the parameter c is called a Misiurewicz point.

The critical value c∈Kc has the same external angles as the parameter c∈M. When

θ is periodic, then c is the root of a hyperbolic component (see below).

Both in the dynamic plane of fc and in the parameter plane, the landing points of

two or more rational rays are called pinching points. They are used to disconnect Kc

orM into well-defined components, which are described combinatorially by rational

numbers. Their structure is obtained from the dynamics, and transfered to the para-

meter plane. Pinching points with more than two branches are branch points.

Hyperbolic components of M consist of parameters, such that the corresponding

polynomial has an attracting cycle. The root is the parameter on the boundary, such that

the cycle has multiplier 1. The boundary of a hyperbolic component contains a dense set

of roots of satellite components. Each hyperbolic component has a unique center, where

the corresponding cycle is superattracting. Roots are dense at ∂M, which itself is the

accumulation set of centers inM.

2.2. Quasi-Conformal Mappings. An orientation-preserving homeomorphism

ψ between domains in bC isK-quasi-conformal, 1≤K<∞, if it has two properties:

• It is weakly differentiable, so that its differential dψ= ∂ψ dz+ ∂ψ dz is defined

almost everywhere. This linear map is sending certain ellipses in the tangent space to

circles. The Beltrami coefficient µ := ∂ψ/∂ψ is defined almost everywhere. It

encodes the direction and the dilatation ratio of the semi-axes for the ellipse field [5].

• The dilatation ratio is bounded globally by K, or |µ(z)| ≤ (K− 1)/(K+ 1) almost

everywhere.

The chain rule for derivatives is satisfied for the composition of quasi-conformal map-

pings, and a 1-quasi-conformal mapping is conformal. Quasi-conformal mappings are

absolutely continuous, Hölder continuous, and have nice properties regarding, e.g.,

boundary behavior or normal families [11]. Given a measurable ellipse field (Beltrami

coefficient) µ with |µ(z)| ≤m< 1 almost everywhere, the Beltrami differential equation

∂ψ=µ∂ψ on bC has a unique solution with the normalizationψ(z)= z+ o(1) as z→∞.

The dependence on parameters is described by the Ahlfors–Bers Theorem [5], which is

behind some of our arguments, but will not be used explicitly here.

A K-quasi-regular mapping is locally K-quasi-conformal except for critical points,

but it need not be injective globally. In Section 3.3, we will have a quasi-regular map-

ping g, such that all iterates are K-quasi-regular, and analytic in a neighborhood of∞.

Then a g-invariant field of infinitesimal ellipses is obtained as follows: it consists of

circles in a neighborhood of ∞, i.e., µ(z)= 0 there, and it is pulled back with iterates

of g. Moreover, µ(z) := 0 on the filled Julia set. Now ψ shall solve the corresponding

Beltrami equation, i.e., send these ellipses to circles. By the chain rule, f :=ψ � g � ψ−1

is mapping almost every infinitesimal circle to a circle, thus it is analytic.
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3. Quasi-Conformal Surgery. As soon as the combinatorial assumptions on g(1)c

given here are satisfied, Theorem 1.1 yields a corresponding homeomorphism of EM .

After formulating these general assumptions, the proof is sketched by constructing the

quasi-quadratic mapping gc and the homeomorphism h. For some details, the reader

will be referred to [8].

3.1. Combinatorial Setting. The following definitions may be illustrated by the

example in Figure 2. Further examples are mentioned in Sections 4.2–4.4. When four

parameter rays are landing in pairs at two pinching points ofM, this defines a strip in

the parameter plane. Analogously, four dynamic rays define a strip in the dynamic

plane. Our assumptions are formulated in terms of eight preperiodic angles

0<�−
1 <�−

2 <�−
3 <�−

4 <�+
4 <�+

3 <�+
2 <�+

1 < 1: (1)

• The Misiurewicz points a :=γM(�−
1 )=γM(�

+
1 ) 6¼γM(�

−
4 )=γM(�

+
4 )= :b mark

a compact, connected, full subset EM⊂M; EM=PM∩M, where PM is the closed

strip bounded by the four parameter raysRM(�
±
1 ),RM(�

±
4 ).

• For all c∈ EM , the eight dynamic raysRc(�
±
i ) shall be landing in pairs at four dis-

tinct points, i.e., γc(�
−
i )= γc(�

+
i ). (Equivalently, they are landing in this pattern for

one c0 ∈ EM , and none of the eight angles is returning to (�−
1 , �

+
1 ) under doubling

mod 1.) Four open strips are defined as follows, cf. Figure 2: Vc is bounded by

Rc(�
±
1 ) and Rc(�

±
2 ), Wc is bounded by Rc(�

±
2 ) and Rc(�

±
4 ), eVc is bounded by

Rc(�
±
1 ) andRc(�

±
3 ), eWc is bounded byRc(�

±
3 ) andRc(�

±
4 ). Ec ⊂Kc is defined as

the intersection of Kc with the closed strip Vc ∪Wc = eVc ∪ eWc. Thus for parameters

c∈ EM , the critical value c satisfies c∈ Ec.

• The first-return number kv is the smallest integer k>0, such that fk
c (Vc) meets

(covers) Ec. It is the largest integer k>0, such that fk−1
c is injective on Vc, since Ec con-

tains the critical value c. Define kw, ekv, ekw analogously. They are independent of

c∈EM . Now the main assumption on the dynamics, which makes finding the angles

non-trivial, is that fkv−1
c (Vc)=±f

ekv−1
c ( eVc) and f

kw−1
c (Wc)=±f

ekw−1
c ( eWc) for a choice

of signs independent of c. The ‘‘orientation’’ is respected, i.e., with zi :=γc(�
±
i ) we

have e.g., fkv−1
c (z1)=±f

ekv−1
c (z1) and f

kv−1
c (z2)=±f

ekv−1
c (z3).

If a or b is a branch point ofM, the last assumption implies that EM is contained in

a single branch, i.e., EM\fa, bg is a connected component ofM\fa, bg.

Definition 3.1 (Preliminary Mapping g(1)c ). Under these assumptions, with the unique

choices of signs in the two strips, define ηc := f −(ekv−1)
c � (± fkv−1

c ) : Vc → eVc,

ηc := f −(ekw−1)
c � (± fkw−1

c ) : Wc → eWc, and ηc := id on C\Vc ∪Wc for c∈ EM . Then

define g(1)c := fc � ηc and eg(1)c := fc � η−1
c .
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The three mappings are piecewise holomorphic, thus they cannot be extended

continuously. Each has ‘‘shift discontinuities’’ on six dynamic rays: e.g., consider

z0 ∈Rc(�
−
2 ), (z

0
n)⊂Vc and (z

00
n)⊂Wc with z

0
n → z0 and z

00
n → z0, then lim g(1)c (z0n) and

lim g(1)c (z00n) both exist and belong to Rc(�
−
3 ), but they are shifted relative to each

other along this ray. Neglecting these rays, g(1)c and eg(1)c are proper of degree 2. In the

following section, g(1)c will be replaced with a smooth mapping gc, which is used to

construct the homeomorphism h. Analogously, eg(1)c yields eh= h−1.

3.2. Construction of the Quasi-Quadratic Mapping gc. For c∈ EM , we construct

a quasi-regular mapping gc coinciding with g(1)c on Kc. By employing the Boettcher

conjugation Φc, the work will be done in the exterior of the unit disk D. This is conve-

nient when c∈ EM , and essential to construct the homeomorphism h in the exterior. InbC\Kc we have g
(1)
c =Φ−1

c �G(1) � Φc, where G
(1) : bC\D→ bC\D is discontinuous on

six straight rays, and given by compositions of F(z) := z2 in the regions between these

rays—it is independent of c in particular.

1. First construct smooth domains U, U0 with D⊂U and U⊂U0, and a smooth

mapping G : U\D→U0\D. It shall be proper of degree 2 and coincide with G(1)

except in sectors around those six rays R(�±
i ), where G(1) has a shift discon-

tinuity. The sectors are of the form |arg z− 2π�±
i |<s log |z|, and thereG is a dif-

feomorphism. To ensure that the dilatation bound does not explode at the vertex of

the sector, log G(z)− i2π�±
j is chosen conveniently as a 1-homogeneous func-

tion of log z− i2π�±
i . (This simplifies the construction of [3], which employed

a pullback of quadrilaterals.) The domains are chosen in a finite recursion, relying

on the fact that some iterate ofG(1) is strictly expanding [8, Section 5.2]. Since any

orbit is visiting at most two of the sectors, the dilatation of all iterates of G is

bounded uniformly.

2. Choose the radius R> 1 and the conformal mapping H : bC\U0 → bC\DR2 with the

normalization H(z)= z+O(1/z) at ∞ (which determines R and H uniquely).

Extend H to a quasi-conformal mapping H : bC\U→ bC\DR with F �H =H �G
on ∂U. Define the extendedG : bC\D→ bC\D byG :=H−1 � F �H on bC\U. Now

G is proper of degree 2, quasi-regular, and the dilatation ofGn is bounded by some

K uniformly in n. Finally, extend H to a mapping H : bC\D→ bC\D by recursive

pullbacks, such that F �H =H �G everywhere, then H is K-quasi-conformal.

Cf. Figure 4.

3. Now, set gc := g(1)c on Kc and gc :=Φ−1
c �G � Φc on bC\Kc. Then gc is a quasi-

quadratic mapping, i.e., proper of degree 2, with a uniform bound on the dilatation

of the iterates, with ∂gc = 0 a.e. on its filled Julia setKc, and analytic in a neighbor-

hood of ∞ with gc(z)= z2 +O(1). (It is continuous at γc(�
±
i ) by Lindelöf’s

Theorem.)
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Now suppose that c∈PM\EM with ΦM(c)∈U0. Then Kc is totally disconnected,

and Φc is not defined in all of bC\Kc. It can be defined, however, in a domain mapped

to the six sectors and to bC\U by Φc [3], [8]. Thus gc is defined in this case as well, by

matching g(1)c withΦ−1
c �G � Φc.

In the following section, we shall construct an invariant ellipse field for the quasi-

quadraticgc, and employ it to straightengc, i.e., to conjugate it to a quadratic polynomialfd.

Then we set h(c) := d. If we had skipped step 2, gc would not be a quasi-quadratic

mappingC→C, but a quasi-regular quadratic-likemapping (cf. [6], [8]) between bounded

domainsUc →U0
c. This distinction is related to possible alternative techniques:

Remark 3.2 (Alternative Techniques).

1. The classical techniques would be as follows [1], [2]: after the quasi-regular

quadratic-like mapping gc : Uc →U0
c is constructed, it is not extended to C, but it

is first conjugated to an analytic quadratic-like mapping, employing an invariant

ellipse field in U0
c. Then the latter mapping is straightened to a polynomial by the

Straightening Theorem [6]. With this approach, it will not be possible to extend the

homeomorphism h to the exterior ofM.

2. Here we shall use the same techniques as in [3]: having extended gc to bC, it will be
easy to straighten. Instead of applying the Straightening Theorem, its proof [5] was

adapted into the construction of gc. This approach makes the extension of h to the

exterior ofM possible. By applying this technique to the construction of gc and h(c)

Figure 4: Construction and straightening of gc by employing mappings in the exterior

of the unit disk. (The hybrid equivalence ψc, which is conjugating gc to a polynomial

fd, will be constructed in Section 3.3) If the filled Julia sets are not connected, the dia-

gram is well-defined and commuting on smaller neighborhoods of∞.

Homeomorphisms of the Mandelbrot Set 147



for c∈ EM as well, the proofs of bijectivity, continuity, and of landing properties

(Section 4.1) are simplified.

3. Alternatively, gc : Uc →U0
c could be constructed as a quasi-regular quadratic-like

mapping on a bounded domain, and be straightened without extending it to bC first,

by incorporating the alternative proofs of the Straightening Theorem according

to [6]. This proof is more involved, but it has the advantage that the mapping

H can be chosen more freely on U0\U, e.g., such that it is the identity on R(�±
1 )

andR(�±
4 ) [8]. Then hwould be the identity on the corresponding parameter rays,

which makes it easier to paste different homeomorphisms together.

3.3. h is a Homeomorphism. For c∈ EM , or c∈PM\EM with ΦM(c)∈U0, the
quasi-quadratic mapping gc was constructed in the previous section. Now construct

the gc-invariant ellipse fieldµ by pullbacks with gc, such thatµ= 0 in a neighborhood

of∞ and a.e. on Kc. It is bounded by (K− 1)/(K+ 1), since the dilatation of all iter-

ates gnc is bounded by K. Denote by ψc the solution of the Beltrami equation

∂ψ=µ∂ψ, normalized by ψc(z)= z+O(1/z), which is mapping the infinitesimal

ellipses described by µ to circles. Now ψc � gc � ψ−1
c is analytic on bC and proper of

degree 2, thus a quadratic polynomial of the form fd(z)= z2 + d. In a neighborhood of

∞, H � Φc � ψ−1
c is conjugating fd to F , cf. Figure 4. By the uniqueness of the

Boettcher conjugation, this mapping equals Φd. Recursive pullbacks show equality

in bC\Kd, if Kc and Kd are connected, i.e., for c∈ EM . Otherwise, equality holds on

an fd-forward-invariant domain of Φd, which may be chosen to include the critical

value d.

We set h(c) := d=ψc(c). If c∈ EM , a combinatorial argument shows d ∈ EM . If

c∈PM\EM withΦM(c)∈U0, we have

ΦM(d)=Φd(d)=Φd � ψc(c)=H � Φc(c)=H � ΦM(c): (2)

Denote by ePM the closed strip that is bounded by the four curves Φ−1
M �H(R(�±

i )),

i= 1, 4, which are quasi-arcs. Now h is extended to h : PM → ePM by setting

h :=Φ−1
M �H � ΦM : PM\EM → ePM\EM: (3)

By (2), this agrees with the definition of h(c) by straightening gc, if ΦM(c)∈U0. Now
(3) shows that h is bijective andK-quasi-conformal in the exterior of EM . We will see

that h is bijective and continuous on EM . Let us remark that for c∈ EM , the value of

d= h(c) does not depend on the choices made in the construction of G and H, since

ψc is a hybrid-equivalence [6]. The proof of bijectivity in [2] relied on this indepen-

dence, but the following one is simplified by employingH:

For d ∈ EM , consider eg(1)d according to Definition 3.1, and define the quasi-

quadratic mapping egd with egd := eg(1)d on Kd and egd :=Φ−1
d � eG � Φd in bC\Kd, whereeG :=H � F �H−1. To see that this choice is possible, note that H is mapping the region

V ⊂U\D (corresponding to Vc) to a distorted version of eV . There we have
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eG(1) =F2−kv � (± eFkv−1). Observing thatF =H �G �H−1 andH commutes with± id

on the set in question, we have eG(1) =H �G2−kv � (± eGkv−1) �H−1. Following the orbit

and applying the piecewise definition of G(1) yields eG(1) =H � F �H−1. Together with

the same result in other regions, this justifies the definition of eG, i.e., egd is quasi-quadratic.
Now eh(d) is defined by straightening egd. —Suppose that c∈ EM and d= h(c), then

fd =ψc � gc � ψ−1
c and by its definition in terms of H =Φd � ψc � Φ−1

c , we haveegd =ψc � fc � ψ−1
c . Therefore c= eh(d) and eψd =ψ−1

c . eh � h= id and the converse result

imply that h : EM → EM is bijective with h−1 = eh.
By (3), h is quasi-conformal in the exterior of EM . The interior of EM consists of a count-

able family of hyperbolic components, plus possibly a countable family of non-hyperbolic

components. The former are parametrized by multiplier maps, the latter by transforming

invariant line fields. In both cases, h is given by a composition of these analytic parametri-

zations [2], [8]. It remains to show that h is continuous at c0 ∈ ∂EM: suppose cn → c0,

dn = h(cn), d0 = h(c0). By bijectivity we have d0 ∈ ∂EM = EM ∩ ∂M. It does not matter

if cn belongs to EM or not. (Now we employ the definition of h by straightening gc, which

is equivalent to (3). If some γc(�
±
i ) is iterated to γc(�

±
1 ) the case of c0 = γM(�±

i )

requires extra treatment.) It is sufficient to show dn → d� ) d� = d0. Since the K-quasi-

conformal mappings ψn are normalized, there is a K-quasi-conformal � and a sub-

sequence ψc0n →�, uniformly on bC [11]. We have ψc0n � gc0n � ψ−1
c0n →� � gc0 ��−1

and ψcn
� gcn � ψ−1

cn
= fdn → fd� , thus � � ψ−1

c0
is a quasi-conformal conjugation from

fd0 to fd� . Although it need not be a hybrid-equivalence, d0 ∈ ∂M implies d� = d0 [6].

By the same arguments, or by the Closed Graph Theorem, h−1 is continuous as well.

Thus h : PM → ePM is a homeomorphismmapping EM → EM .

3.4. Further Properties of h. Since h is analytic in the interior of eM and quasi-

conformal in the exterior, it is natural to ask if it is quasi-conformal globally.

B. Branner and M. Lyubich are working on a proof employing quasi-regular quadratic-

like germs. Maybe an alternative proof can be given by constructing a homotopy from

fc to egd, thus from id to h.

The dynamics of h on EM is simple: set c0 := γM(�
±
2 ) and cn := hn(c0), n∈Z. The

connected component of EM between the two pinching points cn and cn+1 is a funda-

mental domain for h± 1. These domains are accumulating at the Misiurewicz points a

and b, and the method of [18] yields a linear scaling behavior. Thus h and h−1 are

Lipschitz continuous at a and b (and Hölder continuous at all Misiurewicz points). For

c∈ EM\fa, bgwe have hn(c)→ b as n→∞ and hn(c)→ a as n→−∞.

4. Related Results and Possible Generalizations. Further results and examples

from [8] are sketched, and some ideas on surgery for general one-parameter families are

presented.
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4.1. Combinatorial Surgery. The unit circle ∂D is identified with S1 :=R/Z by the

parametrization exp(i2πθ). For h constructed from g(1)c according to Theorem 1.1, recall

the mappings F, G, H : bC\D→ bC\D from Section 3.2. Denote their boundary values

by F, G, H : S1 → S1. Thus F(θ)= 2θmod 1 and G is piecewise linear. Now H is

the unique orientation-preserving circle homeomorphism conjugating G to F,

H �G �H−1 =F. H(θ) is computed numerically from the orbit of θ under G as

follows: for n∈N, the n-th binary digit of H(θ) is 0 if 0≤Gn−1(θ)< 1/2, and 1 if

1/2≤Gn−1(θ)< 1. For rational angles, the (pre-) periodic sequence of digits is

obtained from a finite algorithm.

In the exterior of EM , h is represented by H according to (3). Applying this formula

to parameter rays and employing Lindelöf’s Theorem shows: RM(θ) is landing at

c∈ ∂EM , iffRM(H(θ)) is landing at h(c). If c is a Misiurewicz point or a root, then θ is

rational, and H(θ) is computed exactly. In this sense, d=h(c) is determined combi-

natorially. Alternatively, one can construct the critical orbit of g(1)c and the Hubbard tree

of fd. The simplest case is given when the critical orbit meets Ec only once: then the

orbit of c under g(1)c is the same as the orbit of ηc(c) under fc.

Regularity properties of H are discussed in [8, Section 9.2]. H has Lipschitz or

Hölder scaling properties at all rational angles.H andH−1 are Hölder continuous with

the optimal exponents ekv/kv and kw/ekw. Since H is K-quasi-conformal, Mori’s

Theorem [11] says thatH± 1 is 1/K-Hölder continuous. Thus we have the lower bound

K ≥ max (kv/ekv, ekw/kw), independent of the choices made in the construction of

h : PM\EM → ePM\EM . By a piecewise construction we obtain a homeomorphism

h� : M→M, which extends to a homeomorphism of C, but such that no extension

can be quasi-conformal.

4.2. Homeomorphisms at Misiurewicz Points. A homeomorphism h : EM → EM

according to Theorem 1.1 is expanding at the Misiurewicz point a. Asymptotically,

M shows a linear scaling behavior at a. (In Figure 3, you can observe the asymptotic

self-similarity ofM at a, and similarity betweenM at c≈ cn and Kcn at z≈ 0.) Now

h is asymptotically linear in a ‘‘macroscopic’’ sense, e.g., there is an asymptotically

linear sequence of fundamental domains, but this is not true pointwise. These results

are obtained by combining the techniques from [18] with the combinatorial descrip-

tion of h according to Section 4.1: consider a suitable sequence cn → a. If the critical

orbit of fcn travels through Ecn once, then h is asymptotically linear on the sequence,

but it is not if the orbit meets Ecn twice.

Conversely, given a branch at some Misiurewicz point a, is there an appropriate

homeomorphism h? We only need to find a combinatorial construction of g(1)c . This

was done in [8] for all β-type Misiurewicz points. (Here PM and Vc ∪Wc are sectors,

not strips.) The result is extended to all Misiurewicz points in [9]. The author’s

research was motivated by discussions with D. Schleicher, who had worked on the

construction of dynamics in the parameter plane before.
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4.3. Edges, Frames, and Piecewise Constructions. For parameters c in the p/q-limb

ofM, the filled Julia setKc has q branches at the fixed point αc of fc. A connected subset

Ec⊂Kc is a dynamic edge of order n, if f
n−1
c is injective on Ec and f

n−1
c (Ec) is the part

of Kc between αc and −αc. (More precisely, fn−1
c shall be injective in a neighborhood

of the edge without its vertices.) The edge is characterized by the external angles at the

vertices. As c varies, it may still be defined, or it may cease to exist after a bifurcation of

preimages of αc. Now EM⊂Mp/q is a parameter edge, if for all c∈EM the dynamic

edge Ec (with given angles) exists and satisfies c∈Ec, and if EM has the same external

angles as Ec. In Figures 2–3, EM is the parameter edge of order 4 inM1/3.

Mp/q contains a little Mandelbrot set M0 = c0 ∗M of period q (cf. Section 4.4).

If a parameter edge EM is behind c0 ∗ (−1), there is a homeomorphism h : EM → EM

analogous to that of Figures 2–3. Behind the α-type Misiurewicz point c0∗(−2),

edges can be decomposed into subedges and frames [8, Section 7]. These frames are

constructed recursively, like the intervals in the complement of the middle-third Cantor

set. A family of homeomorphisms on subedges shows that all frames on the same edge

are mutually homeomorphic, and they form a finer decomposition than the fundamental

domains of a single homeomorphism. By permuting the frames (in a monotonous way),

new homeomorphisms h are defined piecewise. These may have properties that are

not possible when h is constructed from a single surgery. E.g., in contradiction to

Section 3.4, h can be constructed such that it is not Lipschitz continuous or not even

Hölder continuous at the vertex a of EM . Or it can map a Misiurewicz point with two

external angles to a parameter with irrational angles, which is not a Misiurewicz

point.

The notions of edges and frames can be generalized: for parameters c behind the

root of any hyperbolic component (except the main cardioid), the filled Julia set

Kc contains two corresponding pre-characteristic points, which take the roles of±αc.

4.4. Tuning and Composition of Homeomorphisms. For a center c0 of period p,

there is a ‘‘littleMandelbrot set’’M0 ⊂M and a tuning mapM→M0, x �→ y= c0 ∗ x

with 0 �→ c0. Now Ky contains a ‘‘little Julia set’’Ky,p around 0, where fp
y is conjugate

to fx on Kx [6, 7]. A homeomorphism h : EM → EM according to Theorem 1.1 is

compatible with tuning in two different ways:

• If c0 ∈ EM , then h is mapping M0 to the little Mandelbrot set at h(c0): h(c0∗x)=
(h(c0))∗x. Cf. [2].
• For any center c0∈M, set E0

M :=c0∗EM⊂M. A new homeomorphism h0 : E0
M→E0

M

is obtained by composition, i.e., h0(c0∗x) :=c0∗(h(x)). Now E0
M is obtained by dis-

connectingM at a countable family of pinching points, but h0 has a natural extension to
all of these ‘‘decorations’’ (except for two): the mapping ηc that produced the homeo-

morphism h is transferred by cutting the little Julia set into strips. The required pinching

points do not bifurcate when the parameter y is in a decoration of E0
M , thus the new piece-

wise construction η0y works in a whole strip. An example is shown in Figure 5 (left).
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The same principle applies, e.g., to crossed renormalization [13], or to the Branner-

Douady homeomorphism ΦA : M1/2 → T ⊂M1/3: suppose that EM ⊂M1/2 and

h : EM → EM is constructed according to Theorem 1.1, i.e., from a combinatorial g(1)c

according to Definition 3.1. Then E0
M :=ΦA(EM) is a subset of M1/3, where a count-

able family of decorations was cut off. Again h0 :=ΦA � h � Φ−1
A : E0

M → E0
M extends

to a whole strip by transferring the combinatorial construction of g(1)c . If e.g., h is

a suitable homeomorphism on the edge from γM(5/12) to γM(11/24), then h0 is the
homeomorphism of Figures 2, 3.

4.5. Other Parameter Spaces. In Theorem 1.1 we obtained homeomorphisms

h : EM → EM of suitable subsets EM ⊂M, but the method is not limited to quadratic

polynomials. To apply it to other one-dimensional families of polynomials or rational

mappings, these mappings must be characterized dynamically. The polynomials of

degree d form a (d− 1)-dimensional family (modulo affine conjugation). Suppose

that a one-dimensional subfamily fc is defined by one or more of the following critical

relations:

• A critical point of fc is degenerate, or one critical point is iterated to another one, or

critical orbits are related by fc being even or commuting with a rotation.

• A critical point is preperiodic or periodic (superattracting).

• There is a persistent cycle with multiplier ρ, 0< |ρ| ≤ 1. This cycle is always

‘‘catching’’ one of the critical points, but the choice may change.

An appropriate combination of such relations defines a one-parameter family fc,

where the coefficients and the critical points of fc are algebraic in c. Locally in the

Figure 5: Two homeomorphisms h0 : E0
M → E0

M obtained from a similar construction

as h : EM → EM in Figures 2–3. Left: tuning with the center c0 = − 1 yields an edge in

the limb M1/2 ⊂M. The eight angles �±
i are obtained by tuning those of Figure 2,

i.e., replacing the digits 0 by 01 and 1 by 10. h0 is defined not only on c0 ∗ EM , but on

a strip including all decorations. Right: part of the parameter space of cubic polynomials

with a persistently indifferent fixed point. The connectedness locus contains copies of

a quadratic Siegel Julia set [4]. Again, h0 is defined in a strip containing a countable

family of decorations attached to the copy of EM as explained in Section 4.5.
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parameter space, there is one active or free critical point ωc, whose orbit determines

the qualitative dynamics. The other critical points are either linked to ωc, or their beha-

vior is independent of c. The connectedness locus Mf contains the parameters c, such

that the filled Julia set Kc of fc is connected, equivalently f
n
c (ωc) 6→∞, or ωc ∈Kc. In

general ωc is not defined globally by an analytic function of c, since it may be a multi-

valued algebraic function of c, or since a persistent cycle may catch different critical

points. But looking at specific families, it will be possible to defineΦM and parameter rays

for suitable subsets of the parameter space, and to understand their landing properties.

Then an analogue of Theorem 1.1 can be proved: for a piecewise defined g(1)c ,

a quasi-polynomial mapping gc is constructed analogously to Section 3.2, and

straightened to a polynomial. By the critical relations and by normalizing conditions, it

will be of the form fd, and we set h(c) := d. (At worst, the normalizing conditions will

allow finitely many choices for d.) Note that this procedure will not work, if our family

fc is an arbitrary submanifold of the (d− 1)-dimensional family of all polynomials, and

not defined by critical relations.

When such a theorem is proved, the remaining creative step is the combinatorial

definition of EM and g(1)c . Some examples can be obtained in the following way: when

a non-degenerate critical point is active, the connectedness locus Mf will contain

copies M0 of M [12]. Starting from a homeomorphism h : EM → EM , M0 contains
a decorated copy of EM , and the corresponding homeomorphism h0 extends to all dec-
orations by an appropriate definition of g(1)c —the angles �±

i are seen at the copy of

a quadratic Julia set within Kc, where some iterate of fc is conjugate to a quadratic

polynomial. It remains to check that no other critical orbit is passing through Vc ∪Wc,

then g(1)c is well-defined. An example is given in Figure 5 (right).

The rational mappings of degree d form a (2d− 2)-dimensional family (modulo

Möbius conjugation). Suppose that a one-dimensional subfamily fc is defined by

critical relations. When there are one or more persistently (super-) attracting cycles,

thenKc shall be the complement of the basin of attraction, andMf shall contain those

parameters, such that the local free critical point is not attracted. ∂Mf will be the

bifurcation locus [12]. If the persistent cycles are superattracting, we can define

dynamic rays and parameter rays by the Boettcher conjugation. When the topology

and the landing properties are understood sufficiently well, homeomorphisms can be

constructed by quasi-conformal surgery.

An example is provided by cubic Newton methods: fc has three superattracting

fixed points and one free critical point. Parts of the parameter space are shown in

Figure 6, cf. [6], [19], [15]. By dynamic rays in the adjacent immediate basins of two

fixed points, the Julia set is cut into ‘‘strips’’ to define g(1)c . In both basins, the techni-

ques of Section 3.2 are applied to construct the quasi-Newton mapping gc. It is

straightened to fd, and a homeomorphism is obtained by h0(c) := d. It is permuting

little ‘‘almonds,’’ respecting their decomposition into four colors according to the atrac-

tion of the free critical point to a root. Similar constructions are possible when one or

both of the adjacent components of basins at Ec are not immediate, i.e., when the hyper-

bolic components at EM are of greater depth [15]. Cf. h1, h2 in Figures 6–7.
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Cubic Newton methods are understood as matings of cubic polynomials [19], and

there are analogous homeomorphisms in the parameter space of cubic polynomials with

one superattracting fixed point. Again, the rays used in the piecewise definition of g(1)c

belong to the basins of two attracting fixed points, but one is finite and one at∞ in the

polynomial case. H. Hubbard has suggested to look at quadratic rational mappings with

a superattracting cycle, which contain matings of quadratic polynomials.Whenwe try to

transfer a known homeomorphism of the Mandelbrot set to this family, in general we

will have to use articulated rays to cut the Julia set. Although it may be possible to define

g(1)c , it will not be possible to construct the quasi-regular mapping gc, because the shift

discontinuity happens not only within the basin of attraction, but at pinching points of

the Julia set as well. For the same reason, it will not be possible to transfer a homeo-

morphism ofM to a neighborhood of a copy ofM in the cubic Newton family.

Figure 6: Homeomorphisms in the parameter space of Newtonmethods for cubic polyno-

mials. Left: an ‘‘edge’’ between the ‘‘almonds’’ of orders 3 and 2. Right: homeomorphisms

on edges within the almond of order 2. (The different colors, or shades of gray, indicate that

the free critical point is attracted to one of the roots of the corresponding polynomial.)

Figure 7: Cutting the Julia set with dynamic rays belonging to two different basins,

to define the strips Vc , Wc and the mapping g(1)c . This yields the homeomorphisms

h1 (left) and h2 (right) in the almond of order 2 (cf. Figure 6).
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5. Homeomorphism Groups of M: Denote the group of orientation-preserving

homeomorphisms h : M→M by GM . If two homeomorphisms coincide on ∂M,

they encode the same information on the topological structure ofM. To exclude these

trivial homeomorphisms, some definitions of groups of non-trivial homeomorphisms

are suggested as well.

Definition 5.1 (Groups of Homeomorphisms).

1: GM is the group of homeomorphisms h : M→M that are orientation-preserving

at branch points, and orientation-preserving in the interior ofM.

2: Ga is the group of homeomorphisms h : M→M that are orientation-preserving

at branch points, and analytic in the interior ofM.

3: Gb is the group of homeomorphisms h : ∂M→ ∂M that are orientation-preserving at

branch points, and orientation-preserving on the boundaries of hyperbolic components.

4: Gq is the factor group GM/G1, where G1 is the normal subgroup consisting of trivial

homeomorphisms: G1 := fh∈GM | h= id on ∂Mg.
Gq is the most natural definition of non-trivial homeomorphisms. Ga, Gb, Gq may

well turn out to be mutually isomorphic. On GM, Ga, and Gb, define a metric by

d(h1, h2) := ||h1 − h2||∞ + ||h−1
1 − h−1

2 ||∞
:= max |h1(c)− h2(c)|+ max |h−1

1 (c)− h−1
2 (c)|, (4)

where the maxima are taken over c∈M or c∈ ∂M, respectively. Gq consists of equi-

valence classes of homeomorphisms coinciding on the boundary, [h]=hG1 =G1h.

Since G1 is closed, a metric is given by

d([h1], [h2]) := inf f||h01 − h02||∞ |h01 ∈ [h1], h
0
2 ∈ [h2]g

+ inf f||h01−1 −h02
−1||∞ | h01 ∈ [h1], h

0
2 ∈ [h2]g (5)

= inf f||h1 � u−h2||∞ + ||h−1
1 � v− h−1

2 ||∞ | u, v∈G1g: (6)

It may be more natural to take the infimum of a sum instead of the sum of infima

in (5), i.e., inf d(h01, h
0
2), but I do not know how to prove the triangle inequality in that

case. (6) is obtained from (5) by employing the facts that G1 is normal, and that right

translations are isometries of the norm: ||h1 − h2||∞ = ||h1 � h− h2 � h||∞, since

h∈GM is bijective.

Proposition 5.2 (Topology of Homeomorphisms Groups).

1. GM, Ga, Gb, Gq are complete metric spaces and topological groups, i.e., composition

and inversion are continuous.

2: For G=GM, Ga, Gb, Gq we have: if �1, �2 are hyperbolic components, then

N := fh∈G |h(∂�1)= ∂�2g is open.

Proof. 1. For GM, Ga, Gb, the proof is straightforward. But suppose we had used the

alternative metric ed(h1, h2) := ||h1 − h2||∞, and (hn)⊂GM is a Cauchy sequence in
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that metric. Then it is converging uniformly to a continuous, surjective h : EM → EM .

If h is injective, then h−1
n →h−1 uniformly. But h need not be injective, a counter-

example is constructed in item 2 of [8, Proposition 7.7]. Thus, if we had used ed instead
of d, the topology of GM, Ga, Gb would be the same, but they would be incomplete

metric spaces.

Now suppose ([hn]) is a Cauchy sequence in Gq. It is sufficient to show that a sub-

sequence converges, and without restriction we have d([hn+1], [hn])≤ 3−n. Choose

un, vn ∈G1 with

||hn+1 � un − hn||∞ ≤ 2−n and ||h−1
n+1 � vn − h−1

n ||∞ ≤ 2−n:

Define the sequences

bhn := hn � un−1 � un−2 � . . . � u1 and ehn := h−1
n � vn−1 � vn−2 � . . . � v1:

Since the maximum norm is invariant under right translations onM, they satisfy

||bhn+1 − bhn||∞ ≤ 2−n and ||ehn+1 − ehn||∞ ≤ 2−n,

and there are continuous functions bh, eh with bhn → bh and ehn → eh uniformly. Nowbh � eh and eh � bh are uniform limits of a sequence in G1, thus surjective, and bh is

a homeomorphism. We have bhn → bh in GM and [hn]= [bhn]→ [bh] in Gq, therefore

Gq is complete.

2. Hyperbolic components can be distinguished topologically from non-hyperbolic

components, since only the boundary of a hyperbolic component contains a countable

dense set of pinching points (by the Branch Theorem [16]). Thus every homeo-

morphism of M or ∂M is permuting the set of hyperbolic components or of their

boundaries, respectively. Fix a, b∈ ∂�2, and choose ε> 0 such that no hyperbolic

component 6¼ �2 is meeting both of the disks of radius ε around a and b. This is possible,

since there are several external rays landing at ∂�2. If h0 ∈N and h∈G with

d(h, h0)< ε, then |h(h−1
0 (a))− a|<ε and |h(h−1

0 (b))− b|<ε, thus h(∂�1)= ∂�2.

(Analogously for the classes in Gq.) �

Theorem 5.3 (Groups of Non-Trivial Homeomorphisms). The groups of non-trivial

homeomorphisms ofM or ∂M—Ga, Gb, and Gq—share the following properties:

1: They have the cardinality of the continuumR, and they are totally disconnected.

2: They are perfect, and not compact (not even locally compact).

3: A family of homeomorphisms F ⊂Ga, Gb, Gq is called normal, if its closure is

sequentially compact. A necessary condition is that for every hyperbolic compo-

nent �⊂M, there are only finitely many components of the form h± 1(�), h∈F .

IfM is locally connected, this condition will be sufficient forF being normal.

By composition, the homeomorphisms constructed by surgery according to

Theorem 1.1 generate a countable subgroup of Ga, Gb or Gq. Will it be dense?—For GM ,
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items 1 and 3 are wrong, and item 2 is true but trivial. Hence the motivation to consider the

groups of non-trivial homeomorphisms. The same results hold for the analogous groups,

where the condition of preserving the orientation is dropped.

Proof. We prove the statements for Ga, the case of Gb or Gq is similar. There is

a sequence of disjoint subsets En ⊂Mwith diam(En)→ 0, and a sequence of analytic

homeomorphisms hn : M→M, such that hn = id on M\En, hn 6¼ id. To construct

these, fix a homeomorphism h� : EM → EM according to Theorem 1.1, e.g., that of

Figures 2 and 3. Choose E0 ⊂ EM and a homeomorphism h0 : E0 → E0, h0 6¼ id, such

that E0 is contained in a fundamental domain of h�. This is possible e.g., by the tuning
construction from Section 4.4. Then set hn := hn� � h0 � h−n

� on En := hn�(E0), and

extend it by the identity to a homeomorphism of M. We have diam (En)→ 0 by the

scaling properties of M at Misiurewicz points [18]. —An alternative approach is as

follows: construct homeomorphisms hn : En → En, such that En is contained in the

limb M1/n, then diam(En)→ 0 by the Yoccoz inequality. These homeomorphisms

can be constructed by tuning, or at β-type Misiurewicz points according to Section 4.2,

or on edges (Section 4.3). All of the homeomorphisms constructed below extend to

homeomorphisms ofC, cf. item 3 of Remark 3.2. (IfM is locally connected, all homeo-

morphisms in GM , Ga, or Gb will extend to homeomorphisms ofC.)

1. We construct an injection (0, 1)→Ga, x �→h as follows: expand x in binary

digits (not ending on 1). Set h := hn or h := id on En, if the n-th digit is 1 or 0, respec-

tively, and h := id on M\S En. Although the sequence of sets En will accumulate

somewhere, continuity of h can be shown by employing diam (En)→ 0. —Conversely,

to obtain an injection Ga → (0, 1), h �→ x, enumerate the hyperbolic components

(�n)n∈N, and denote the n-th prime number by pn. Now x shall have the digit 1 at the

place pm
n , iff h : �n →�m. The mapping h �→ x is injective, since the group homo-

morphism from Ga to the permutation group of hyperbolic components is injective:

if h is mapping every hyperbolic component to itself, it is fixing the points of inter-

section of closures of hyperbolic components, i.e., all roots of satellite components.

These are dense in ∂M, thus h= id.—By the two injections, |Ga|= |(0, 1)|= |R|.
If h1, h2 ∈Ga with h1 6¼ h2, there is a hyperbolic component�with h1(�) 6¼ h2(�).

By Proposition 5.2,N := fh∈Ga | h(�)=h1(�)g is an open neighborhood of h1, and

Ga\N = Sfh∈Ga |h(�)=�0g is an open neighborhood of h2, where the union is

taken over all hyperbolic components �0 6¼ h1(�). Thus h1 and h2 belong to different

connected components, and Ga is totally disconnected.

2. We have d(hn, id)≤ 2 diam(En)→ 0 as n→∞, thus id is not isolated in Ga.

Since composition is continuous, no point is isolated, and Ga is perfect.

Choose a homeomorphism h : EM → EM according to Theorem 1.1, which is

expanding at a and contracting at b, extend it by the identity to h∈Ga. The iterates of h

satisfy hk(a)= a and hk(c)→ b for all c∈ EM\fag, thus the pointwise limit of (hk)k∈N

is not continuous. The sequence does not contain a subsequence converging uniformly,

and Ga is not sequentially compact, a fortiori not compact. —IfN is a neighborhood of
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id in Ga, fix an n such that N contains the ball of radius 2 diam(En) around id, then

N contains the sequence (hkn)k∈N. ThusN is not compact, and Ga is not locally compact.

3. When F does not satisfy the finiteness condition, there is a sequence (hn)⊂F
and a hyperbolic component �, such that the period of hn(�) (or h

−1
n (�)) diverges.

Assume hn →h, then hn(�)=h(�) for n ≥ N0 according to Proposition 5.2,

a contradiction. If F satisfies the finiteness condition, a diagonal procedure yields

a subsequence which is eventually constant on every hyperbolic component, thus

respecting the partial order of hyperbolic components. Assuming local connectivity,

all fibers are trivial [16], and lim hn is obtained analogously to [8, Section 9.3]. �

Two rational angles with odd denominators are Lavaurs-equivalent, if the corres-

ponding parameter rays are landing at the same root. Denote the closure of this equi-

valence relation on S1 by ∼. The abstract Mandelbrot set is the quotient space S1/∼
[10], it is a combinatorial model for ∂M, which will be homeomorphic to ∂M ifM is

locally connected. (It is analogous to Douady’s pinched disk model ofM.) Orientation-

preserving homeomorphisms of the abstract Mandelbrot set are described by

orientation-preserving homeomorphisms H : S1 → S1 that are compatible with ∼ .

According to Section 4.1, every homeomorphism h : EM → EM constructed by

surgery defines such a circle homeomorphism (extended by the identity), and the

homeomorphism group of S1/∼ has the properties given in Theorem 5.3. In fact,

these homeomorphisms of the abstract Mandelbrot set can be constructed in a purely

combinatorial way, without using quasi-conformal surgery [8].
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Keller, Hartje Kriete, Fernando Lledô, Olaf Post, Johannes Riedl, Pascale Roesch,

and Dierk Schleicher.

I am especially happy to contribute this paper to the proceedings of a conference in

honor of Bodil Branner, since I have learned surgery from her papers [1], [2].

References

[1] B. Branner, A. Douady, Surgery on complex polynomials, in: Holomorphic dynamics, Proc. 2nd

Int. Colloq. Dyn. Syst., Mexico City, LNM 1345, 11–72 (1988).

[2] B. Branner, N. Fagella, Homeomorphisms between limbs of the Mandelbrot set, J. Geom. Anal. 9,

327–390 (1999).

[3] B. Branner, N. Fagella, Extensions of Homeomorphisms between Limbs of the Mandelbrot Set,

Conform. Geom. Dyn. 5, 100–139 (2001).

[4] X. Buff and C. Henriksen, Julia sets in parameter spaces, Comm.Math. Phys. 220, 333–375 (2001).

[5] L. Carleson and T.W. Gamelin,Complex dynamics, Springer, New York, 1993.

[6] A. Douady, J. H. Hubbard, On the dynamics of polynomial-like mappings, Ann. Sci. École
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Arnold Disks and theModuli
of Herman Rings of the Complex
Standard Family

Núria Fagella∗
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Dedicated to Bodil Branner on her 60th birthday

Abstract. We consider the Arnold family of analytic diffeomorphisms of the circle x �→ x+ t+ a
2π
sin (2πx)

mod (1), where a, t ∈ [0, 1) and its complexification fλ,a(z)=λze
a
2
(z−1

z
), with λ= e2πit a holomorphic self map of

C
�. The parameter space contains the well knownArnold tongues T α for α∈ [0, 1) being the rotation number.We

are interested in the parameters that belong to the irrational tongues and in particular in those for which themap has
aHerman ring. Our goal in this paper is twofold. First we are interested in studying how themodulus of thisHerman
ring varies in terms of the parameter a, when a tends to 0 along the curve T α. We survey the different results that
describe this variation including the complexification of part of the Arnold tongues (called Arnold disks) which
leads to the best estimate. To work with this complex parameter values we use the concept of the twist coordinate,
a measure of how far from symmetric the Herman rings are. Our second goal is to investigate the slice of parameter
space that contains all maps in the family with twist coordinate equal to one half, proving for example that this is

a plane in C
2. We show a computer picture of this slice of parameter space and we also present some numerical

algorithms that allow us to compute new drawings of non–symmetricHerman rings of variousmoduli.

1. Introduction. In this paper we deal with the holomorphic maps of C� =C\f0g
given by

fλ,a(z)= λze
a
2
(z−1

z
),

for λ= e2πit ∈ S
1 and a∈ [0, 1) (to start with). This family is called the complex Arnold

(or standard) family, since fλ,a restricted to the unit circle, corresponds with the well

known Arnold family of circle maps

x �→ x+ t+ a

2π
sin(2πx) (mod 1):

For the given range of parameter values, the maps fλ,a are symmetric with respect to the

unit circle, and they have two critical points which lie on the negative real line. The points at

0 and ∞ are essential singularities. Since the restriction of these maps to the unit circle is

a diffeomorphism of the circle, we may assign a well defined rotation number to each

* Partially supported by CIRIT grant 2001SGR-70, MCyT grants BFM2002-01344 and BFM2003-9504.
y Supported by SNF Steno fellowship.



member of the family. In this paper we consider the maps with irrational rotation numbers.

(See [F] for a description of the dynamics for rational values of the rotation number.)

We consider the level sets of a given rotation number in the (t,a)–parameter plane.

Given α∈ [0, 1) the set T α = f(t,a)∈ [0, 1)× [0, 1) | rot#(fλ,a)=α, λ= e2πitg is

called the Arnold tongue of rotation number α. It is well known that T α is a set with inte-

rior if α∈Q and, if α∈R\Q then T α is a Lipschitz curve connecting (α, 0) with (t0, 1)
for some t0 ∈ (0, 1) [A]. Indeed, the curve can be parametrized as f(t(a),a) | 0≤ t≤ 1g
where the function a �→ t(a) is Lipschitz. See Figure 1.

Let α be the rotation number of fλ,a. It follows from theorems of Poincaré and

Denjoy (see e.g. [1]) that, if α is irrational, then fλ,a is topologically conjugate to the

the rigid rotation Rα(z)= e2πiαz. This means that there exists a homemorphism

φ : S1 →S
1 such that fλ,a � φ=φ � Rα on the unit circle. If φ can be chosen to be real

analytic, we say that fλ,a is analytically linearizable.

If a map can be analytically linearized on the unit circle, then the conjugacy φ extends

(also as a conjugacy) to a neighborhood of the unit circle. As a consequence, there exists

a maximal domain, H, called a Herman ring around the unit circle where the map can

be linearized. That is, there exist a number 0<r< 1 and a conformal map φ : Ar →H

which conjugatesRα to fλ,a, whereAr = fz∈C | r< |z|< 1g. See Figure 2.
The modulus of H is m=mod(H)= 1

2π
log 1

r
and we define the size of H to be

s= size(H)= eπ(H). Observe that Ar is conformally equivalent to an annulus of the

form f1
s
< |z|<sg.

Figure 1: Rational Arnold tongues in the parameter space of the family fλ, a for

λ= e2πit, t∈R/Z, up to denominator 5. Irrational tongues for γ=
ffiffi
5

p − 1
2

and

θ= ffiffiffi
25

p − 1. (Picture made by Lukas Geyer.)
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A natural question, not yet solved for general functions, is to know which (optimal)

conditions on the map and the rotation number allow us to conclude that the map is

analytically linearizable. Works of Rüssmann [Rü], Herman [Her] and Yoccoz [Y]

conclude that an analytic circle map sufficiently close to a rigid rotation and whose

rotation number is a Brjuno number, is always analytically linearizable. In our case,

Figure 2: Herman rings for fλ, a where we have chosen the parameters λ∈ S
1 and

a∈ (0, 1) so that the rotation number equals the golden mean. The unit circle is drawn

inside each of the rings. Range: [−8, 8]× [−8, 8].
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the condition on the map translates into requiring that the parameter a be small

enough. On the other hand, for this particular family, it is known that the Brjuno con-

dition is optimal in the following sense: any member of the Arnold family which is

analytically linearizable must have a Brjuno rotation number. This was proven by

Geyer in [G], using holomorphic surgery to relate the complex Arnold family to the

semistandard mapEα(z)= e2πiαzez, and then establishing the optimality of the Brjuno

condition for the mapsEα (see Proposition 2.1).

The semistandard family Eα is in many ways very related to the complex Arnold

family. It is often fruitful to rescale the Arnold family to make it a perturbation not of

the rigid rotation but of the semistandard map. Indeed, if we change variables by letting

w= az
2
we obtain a rescaled family

gλ,a(w)= λwewe−
a2

4w:

Observe that the invariant circle is now that of radius a/2.When a= 0, the singular limit

of this family is the semistandard map. It is often very convenient to work with the

rescaled Arnold family, and in fact we shall do so in many parts of the paper. Since both

families are conjugate to each other, the linearizability problems are equivalent.

Observe that for all α∈C, the maps Eα(z) are entire transcendental maps which

have z= 0 as a fixed point of derivative λ= e2πiα. Hence for α∈R/Z this is a neutral

fixed point. The linearizability problem for fixed points is very related to the one for

circle maps. As before, it consists of knowing under which conditions the map is con-

formally conjugate to the linear map z �→λz, although in this case we require the con-

jugacy to hold in a neighborhood of the fixed point. When the fixed point is

linearizable, the maximal neighborhood �α where this is possible is called a Siegel

disk (See Figure 3). Hence, if Eα has a Siegel disk�α around 0, there exists a confor-

mal map φ : D→�α mapping 0 to 0, such that Eα(φ(z))=φ(λz). The quantity

rα = |φ0(0) | is called the conformal radius of�α.

The linearizability problem for the semistandard map is completely solved, in the

sense that it is known that Eα is linearizable around z= 0 if and only if α is a Brjuno

number ([Bru, G]).

We now return to the Arnold family. Fix a Brjuno number α. We consider the para-

meter values for which the rotation number of fλ,a is α, and the map is analytically line-

arizable. That is, the piece (or pieces, a priori) of the Arnold tongue T α for which we

find a Herman ring in the dynamical plane of fλ,a. We are interested in understanding

how the modulus or the size of the Herman ring varies in terms of the parameter a, pre-

cisely when a tends to zero. With this goal in mind, we present a survey of the results

that lead to these type of estimates. We do this in two parts: one looking at the ‘‘real’’

parameter space (Section 2) and two, considering its complexification (Section 3), i.e.,

allowing λ and a to be complex and studying the complex version of (the linearizable

part of) the Arnold tongues, calledArnold disks. We see how this last point of view leads

to the best estimate on the variation of the modulus which is the following.

Theorem 1. Let α be a fixed Brjuno number and consider the Arnold tongue T α of

rotation number α. Let (λ(a),a)∈ T α and a be small enough so that fλ(a),a has

164 Núria Fagella and Christian Henriksen



a Herman ring. Let m(a) be its modulus and s(a) the corresponding size. Then, as

a→ 0,

s(a)= eπm(a) = 2rα

a
+O(a),

where rα is the conformal radius of the Siegel disk of the semistandardmapEα.

If we work with the rescaled Arnold family, the moduli of the rings are obviously

the same. But changing variables also in the conjugation plane, we see that the scaled

Herman ring is conformally equivalent to an annulus of the form f a2

4~sðaÞ < |z|< ~sðaÞg
where ~sðaÞ := a

2
sðaÞ. Observe that this annulus has the circle of radius a/2 as the

equator, exactly as the ring does. The quantity ~sðaÞ is not a conformal invariant.

Using this terminology, Theorem 1 for the rescaled Arnold family reads as follows.

Theorem 2. Let α be a fixed Brjuno number and consider the Arnold tongue T α of

rotation number α. Let (λ(a),a)∈ T α and a be small enough so that fλ(a),a and hence

gλ(a),a have a Herman ring whose modulus is m(a) and whose size is s(a). Then, as

a→ 0, the quantity ~s(a) has a limit. More precisely,

~s(a)= rα +O(a2),

where rα is the conformal radius of the Siegel disk of the semistandardmapEα.

Figure 3: Siegel disk of the function Eα(z)= e2πiαzez, with rotation number α, equal

to the golden mean. Some orbits have been drawn inside the Siegel disk. Range:

[− 2, 2]× [− 2, 2].
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Intuitively, one can say that the limitwhen a→ 0, of theHerman rings of rotation number

α of the rescaledArnold family are the Siegel disk of the semistandardmapEα.

The second part of the paper (see Section 4) is devoted to study a particular slice of the

complex parameter space, more precisely the slice containing those maps whose Herman

rings have their boundaries rotated half a turn with respect to each other.We first describe

the location of this slice inC2 (see Theorem 4.1) and show a computer drawing of it.

Finally, Section 5 is dedicated to numerics. The computer drawings in this paper

needed some new algorithms to be developed, given the difficulties that one encoun-

ters when the symmetries of the map are no longer present. In this final part we present

these algorithms which are reusable for other types of functions.

2. Real parameter space. In this section we present two results. The first one concerns

the parametrization of the linearizable piece of an irrational Arnold tongue and it is the ‘‘real’’

version of Theorem 5 in Section 3. The second result is a first estimate of the size of Herman

rings in terms of the parameter awhichwas obtained in [FSV]. Given aBrjuno numberα and

its Arnold tongue T α, we define T AL
α as the analytically linearizable part of T α, i.e., the set

of parameter values (λ; a)∈ T α such thatfλ;a has aHerman ring aroundS
1.

Theorem 3 ([FG]). Fix α a Brjuno number and let fλ;a(z)= λze
a
2
(z−1

z
). Then, there

exists anR�analytic parametrization

F α : (0; 1) −→ T AL
α

δ 7�! F α(δ)= (λ(δ); a(δ))

such that:

(a) for all δ∈ (0; 1), the map fλ(δ);a(δ) has a Herman ring of modulus m(δ)= 1
π log

1
δ

and rotation number α;

(b) δ �→ a(δ) is strictly increasing;

(c) a(δ)→ 0 when δ→ 0 and lim
δ→ 1

a(δ)= a�≤ 1;

(d) for all (λ; a)∈ T α such that a≥ a�, the map fλ;a has no Herman ring.

This theorem describes the sets T AL
α as connected R�analytic curves that might be

the entire Arnold tongue T α. Moreover, it gives the precise modulus of the Herman

ring for each of the parameters δ. On one hand as δ tends to 0, the parameter a tends to

0 and the modulus of the ring tends to infinity (we consider the rigid rotation as having

a degenerate Herman ring of infinite modulus). On the other hand, as δ tends to 1, the

Herman ring gets thinner and thinner, having in the limit a degenerate Herman ring

which contains the unit circle.

Theorem 3 is proven by quasiconformal surgery. We give here an idea of its proof

since it illustrates quite well the complex case of the next section.

Proof. Since α is a Brjuno number, for a small enough the map fλ,a has a Herman

ring. Let us fix a base point, i.e., a pair of parameters (λ1,a1) in the Arnold tongue T α,

such that f1 := fλ1,a1 has a Herman ringH1 whose modulus we denote bym1.
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Now, given any s∈ (0,∞) the goal is to construct a new map fλ(s),a(s) with

a Herman ring Hs of modulus m(s)= sm1. Moreover, we want to do this construction

in such a way that the map s �→ (λ(s),a(s)) is real analytic and has all the required

properties (like monotonicity of a(s)). Once this is proven, it is not hard to see that the

curve can be reparametrized as desired not depending on a base point.

With this goal in mind, we make a surgery construction which consists only of

changing the complex structure of the original map. If H1 is the Herman ring of f1, it

means that there exists a conformal map φ1 : Ar →H1 where r= e−2πm1 , which

conjugates Rα to f1. We now compose this map with a quasiconformal map ’s :
Ar →Ars which maps circles to circles. In particular we want it to leave the unit circle

invariant and to send the circle of radius r to the circle of radius rs. Such a map is not

hard to compute explicitly, especially if we do so in the covering space of the annulus.

It is easy to check that ’s conjugatesRα to itself.

We now proceed to change the complex structure on the dynamical plane of f1.

We first change it on the ring H1 by pulling back the standard complex structure σ0

on Ars by the map ’s � φ−1
1 . This defines a complex structure σs on H1 which has

bounded distortion (it is a pull-back by a quasiconformal map) and is invariant under f1.

We then extend σs to the whole dynamical plane by using the dynamics of f1, i.e.,

pulling back by fn
1 to all the n–th preimages of H1, and seting σs = σ0 at every point

that never falls on H1 under iteration. This process defines an f1–invariant complex

structure σs in all ofC
� with bounded dilatation. By the Measurable Riemann Mapping

Theorem, this structure can be integrated, i.e., there exists a quasiconformal homeo-

morphism ψs : C→C that transports σs to σ0. Hence, the map fs :=ψs � f1 � ψ−1
s is

holomorphic and quasiconformally conjugate to f1. The following diagram commutes.

Hs −→fs Hs

φs|↑ |↑φs

H1 −→f1 H1

φ1|↑ |↑φ1

Ar −→Rα
Ar

’s|↑ |↑’s

Ars −→Rα
Ars

The setHs =ψs(H1) is a Herman ring for fs since the composition ’s � φ−1
1 � ψ−1

s :
Hs →Ars is a conformal conjugacy between fs andRα. From here one can also see that

the modulus of the new ring Hs is equal to
1
2π
log 1

rs
= sm1. Furthermore, fs must be

a member of the complex Arnold family and therefore fs = fλ(s),a(s). This defines the

map s �→ (λ(s),a(s))with the required properties. �

In view of the theorem above one can ask exactly how the modulus of the Herman

ring is tending to infinity, as the parameter a tends to 0. As a first estimate we have the
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following result, which connects the size of the Herman rings with the conformal

radius of the semistandard map of the same rotation number.

Theorem 4 ([FSV]). Let α be a Brjuno number and rα the conformal radius of the

Siegel disk of the semistandard map Eα(z)= e2πiαzez. Let s(a) and m(a) be the size

and the modulus of the Herman ring of fλ(a),a respectively, with (λ(a),a)∈ T AL
α .

Then,

s(a)= eπm(a) = 2

a
(rα +O(a log a)):

The proof of Theorem 4 relies on understanding how the maps of the Arnold family

are related to the semistandard map Eα. We saw in the introduction how one can relate

them by means of a rescaling depending on a, but to really study the limit, it is better to

perform a surgery construction that shows why these two families of maps are related.

The construction is originally due to Shishikura [3] who used it to construct examples of

rational maps with Herman rings starting from polynomials with Siegel disks (and vice-

versa). Later on, Geyer [G] adapted the proof to the Arnold family and the semistandard

map. The result of the construction is summarized in the following proposition.

Proposition 2.1. Suppose f = fλ,a has a fixed Herman ringH with rotation number α.

Then the semistandardmapEα(z)= e2πiαzez has a Siegel disk�α and there exists a quasi-

conformal homeomorphismψ : C→C and anEα–invariant curve� in�α such that

(a) ψ(S1)=� andψmaps bC\D to the unbounded component, V , of bC\�;
(b) ψ conjugates f : bC\D ! bC toEα : V ! bC;
(c) ∂ψ/∂�z= 0 a.e. on bC\Sn≥0 f

−n(D) (in particular ψ is conformal in the interior

of this set).

Observe that this proposition relates, at least qualitatively, the members of the

Arnold family to the members of the semistandard one. More precisely, it relates all

maps in T AL
α to the single mapEα. Any Herman ring of rotation number α can be used

by this procedure to produce a Siegel disk with the same rotation number.

Remark 2.2. The surgery construction also connects a different unrelated problem

for the two families. It is an open problem to find a parameter value α, if it exists, for

which Eα has an unbounded Siegel disk (this is a phenomenon which does occur for

the exponential family, for example). With this proposition, this becomes equivalent

to finding parameter values (λ,a) such that the Herman ring of fλ,a contains the essen-

tial singularities in its boundary. See [DF] for further discussion.

We proceed to sketch the surgery construction.

Proof of Proposition 2.1. For this proof, let us take the standard annulus normalized

in a different way by settingAr = fz∈C | 1=r< |z|<rg for r> 1:
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Let φ : Ar ! H be a conformal map that conjugates the rigid rotation

Rα : Ar ! Ar to f : H ! H. Notice that φ must be symmetric with respect the unit

circle and hence it leaves S1 invariant.

We now extend φ quasiconformally to the unit disk. Denote by φ̂ : Dr ! H ∪D

a quasiconformal mapping that agrees with φ onDr\D, mapsD ontoD, and fixes 0.

Define a new map f̂ : C ! C by

f̂ = f on C\D;
φ̂ � Rα � φ̂−1 on D:

�

The map f̂ : C→C is a quasiregular mapping with an essential singularity at infinity.

It has one critical point (the one of f that is not inside the disk).

The map f̂ is not holomorphic on D, but there it preserves the complex structure

defined by the Beltrami form

µ= �∂φ̂−1

∂φ̂−1
:

Pulling back this Beltrami form via f̂ , we see that there exists a Beltrami form µ̂ that coin-

cides withµ onD, vanishes onC\Sn≥0 f̂
−n(D) and that is invariant by f̂ , in the sense

f̂ �µ̂= µ̂:

By theMeasurable RiemannMapping Theorem, there exists a quasiconformal homeo-

morphismψ : C→Cwhich fixes 0, sendsω (the critical point) to−1 and such that

µ̂= �∂ψ

∂ψ
:

Then, the map ψ � f̂ � ψ−1 : C→C is an entire transcendental map with one critical

point at −1, which fixes 0 and is conjugate to the rotation Rα in a neighborhood of 0.

One can see with some further argument (see [G] or [FSV]) that such a map must be the

semistandardmap, i.e.,

Eα =ψ � f̂ � ψ−1:

Themapψ is the required conjugacy. �

To prove the estimate in Theorem 4 one needs to make this surgery construction

more explicit and quantitative. The idea is to redo the procedure for the rescaled

Arnold family depending on the parameter a and make each of the steps explicit; for

example, finding a convenient extension φ̂a to the disk so that one can compute its

coefficient Ka of quasiconformality. The key part of the proof is finding a good esti-

mate for the quantity (ψa � φ̂a)
0(0) in terms of the parameter a (where we are using the

notation in the proof above).
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3. Complex parameter space. In this section we complexify the parameter space,

to improve the bounds obtained in the previous section. The analog of the analyti-

cally linearizable part of an (irrational) Arnold tongue is an Arnold disk, which we

show to be a disk holomorphically embedded in the parameter space.

Consider the family ffλ,ag for λ∈C
� and a∈C: Even if λ is not contained in the

unit circle and a is not real, fλ,a may have a fixed Herman ring. If this is the case there

is no reason why it should be symmetric with respect to the unit circle and, indeed, this

certainly does not seem to be the case in Figures 4 and 5.

When a vanishes fλ,a becomes a linear map z �→ λz and we consider that map to

have a Herman ring of infinite modulus when λ= e2iπα and α is a Brjuno number.

Definition 3.1. Suppose α∈B: Let
Dα = f(λ,a)∈C

� ×C : fλ,a has a Herman ring of rotation number αg:
We callDα an Arnold disk.

The reason for the choice of the name Arnold disk is given by the following theorem

that shows that Arnold disks indeed are disks embedded inC2:

Figure 4: Herman ring of rotation number equal to the golden mean, in the dynami-

cal plane of fλ,a, where (λ, a)= (e2πi0:622359931841, 0:5i). Range: [−5, 5]× [−5, 5].
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Theorem 5. Let α be an arbitrary Brjuno number and denote by rα the conformal

radius of the Siegel disk of the semistandard map Eα: The set Dα is the image of the

unit diskD under an injective holomorphic mapping

F α : D ! Dα:

This mapping can be taken to satisfy the following.

(a) Fα(0)= (e2iπα, 0), andF0
α(0)= (0, 2rα);

(b) lettingFα(δ)= (λ(δ), a(δ)), we have that λ is even and a is odd, i.e., for all δ∈D

λ(−δ)= λ(δ), a(−δ)=−a(δ);

(c) for all δ∈D, the modulusm(δ) of the Herman ring of fF (δ) satisfies

m(δ)= 1

π
log

1

|δ| ;

(d) for some ε> 0,FαðDεÞ is the graph of a holomorphicmap a �→ λðaÞ;
(e) as |a| ! 0 the modulusmðaÞ of the Herman ring of fλðaÞ;a satifies

eπmðaÞ= 2rα

jaj +OðaÞ:

Figure 5: Herman ring of rotation number equal to the golden mean, in the dynami-

cal plane of fλ,a, where (λ, a)= (e2πi0:642219660059, i). Range: [−4, 4]× [−4, 4].
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Part (d) is a corollary of a more general result by Risler (see [A]). Notice that part (e)

is an improvement of the estimate obtained in the previous section.

We will not prove the properties in the order they are stated. First we see that (d)

and (e) follow from the previous three properties. Indeed, part (d) immediately

follows from (a), (b) and the implicit function theorem. To see (e) we first note that it

follows from (a) that a(δ)= 2rαδ+O(δ2): Since a is an odd function of δ we get

a(δ)= 2rαδ+O(δ3), and by the inverse function theorem δ(a)= a
2rα

+O(a3):

Combining this fact with (c) we get

eπm(a) = 1

|δ(a)| =
2rα

|a| +O(a):

Hence to prove the theorem we need to construct the mapping F α, and establish

properties (a), (b) and (c). To do so it is convenient to work with the family gλ,b(w)=
λwewe−b/4w, where λ∈C

� and b∈C: The map w= a
2
z conjugates fλ,a to gλ,b with

b= a2: Another advantage of working with the g family is that we get rid of the sym-

metry fλ,a(−z)=−fλ,−a(z): When b= 0 the map gλ,b is the semistandard map

w �→λwew and we adopt the convention that the Siegel disk of gλ, 0 is a Herman ring

of (one sided) infinite modulus when λ= e2iπα and α is a Brjuno number.

We define the analogue of the Arnold disk for the gλ,b family as follows.

D0
α = f(λ,b)∈C

� ×C : gλ,b has a Herman ring with rotation number αg
Following our conventionD0

α always contains the point (e
2iπα, 0):

We state the analog of Theorem 5.

Proposition 3.2. There exists a holomorphic injection Gα : D→C
� ×C that maps

the unit disk ontoD0
α, and satisfies

(a0) Gα(0)= (e2iπα, 0);
(c0) for all δ∈D, the modulusm(δ) of the Herman ring of gG(δ) satisfies

m(δ)= 1

2π
log

1

|δ| :

Before giving the proof of the proposition we define an invariant called the twist

coordinate of the Herman ring. This is most easily done when the two boundary com-

ponents of the Herman ringH of gλ;b are quasicircles, each containing a critical point.

(This is the case when α is of bounded type.) Now, there is a conformal isomorphism

φ : H→Ar where Ar is the round annulus fr< |z|< 1g. This map extends as

a homeomorphismH→Ar. We can take this isomorphism to map the outer boundary

to the outer boundary and the critical point there to 1: The inner critical point is then

mapped to a point re2iπ�:We call the number�∈R=Z the twist coordinate of gλ;b:
In general we cannot assume that ∂H consists of two quasicircles each containing

a critical point. But since the boundary components are contained in the closure of the
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forward orbits of the critical points, they are made up of dynamically marked points,

and we can still measure to what extend one boundary is twisted with respect to the

other one (see [BFGH] for details).

When b is real and positive and |λ|= 1 then reflection in the circle with center at the

origin and radius
ffiffiffi
b

p
/2 conjugates gλ,b to itself, and in this case it is easy to check that

the twist parameter equals zero.

Figures 6 and 7 show two examples of Herman rings with a twist coordinate of 1/2

and rotation number equal to the golden mean. The drawings are computed in the

dynamical plane of the lift of fλ,a, that is, z �→ z+ t+ a
2π
sin (2πz), in order to observe

the symmetries better. In fact, these two pictures correspond, once projected back, to

the two rings in Figures 4 and 5.

Proof of Theorem 3.2. A portion of the proposition can be deduced from [McS].

Indeed, from their results it can be shown that each component ofD0
α is a pointed disk.

Here we show that there is only one component and that the puncture corresponds

to gexp (2iπα),0: This is done by an explicit construction.

We will give a rough sketch of how to construct the mapping Gα: To give an idea of

the mapping, we first describe the inverse map � : D0
α →D: The modulus of �(λ,b)

Figure 6: Lift of a Herman ring in the dynamical plane of z �→ z+ t+ a
2π
sin(2πz).

Compare to Figure 4.
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is given in terms of the modulus m of the Herman ring of gλ,b and the argument is

determined by the twist coordinate. More precisely

�(λ,b)= exp(−2πm+ 2iπ�):

We give an outline of the construction of the map Gα. For the details (and there are

quite a few), refer to [BFGH]. First we choose a base point gδ0 with a Herman ring H

with the desired rotation number. The mapping is produced by changing the complex

structure on H and its preimages, as we did in the proof of Theorem 3. This time, we

not only change the modulus of the ring but also introduce a twist of one boundary

with respect to the other one. In this way, for each δ∈D
� we obtain a new member of

the family gλ(δ),a(δ) with a Herman ring whose modulus and twist coordinate are

m(δ)= 1

2π
log

1

|δ|
�(δ)= 1

2π
arg (δ):

This defines the mapping Gα from D
� to the parameter space, satisfying property (c0).

Since the Herman ring separates 0 and one critical point from∞ and the other critical

point we can deduce that when δ tends towards 0; then b tends toward 0 as well. By

a surgery construction one can show that if gλ;b has a Herman ring and b is small then

λ is close to e2iπα: It follows that the constructed mapping extends past the puncture as

Figure 7: Lift of a Herman ring in the dynamical plane of z �→ z+ t+ a
2π
sin (2πz).

Compare to Figure 5.
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required in (a0). Finally one shows that the construction does not depend on the choice

of base point and that� indeed is an inverse.

Let us now finish the proof of Theorem 5.We need to prove properties (a), (b) and (c).

Notice that the mapping (λ,a) �→ (λ,a2) : Dα →D0
α provides a two to one covering

map ramified at (exp(2iπα), 0) above (exp(2iπα), 0): Hence, there exists an injective

holomorphicmapF α : D→Dα such that the following diagram commutes:

D −→fα Dα

δ �→ δ2|↓ |↓(λ,a) �→ (λ, a2)

D −→
Gα

D0
α:

This mapping is unique if we require that the second coordinate ofF α(δ) is real and pos-

itive when δ is real and positive. Letting F α(δ)= (λ(δ), a(δ)) we get from the diagram

that (λ(δ), a(δ)2)=Gα(δ
2): It follows that λ(−δ)= λ(δ) so λ is even. It also follows that

a(δ)2 = a(−δ)2 so a is either even or odd. Then a has to be odd, because otherwise it

would contradict that F α is injective. We have proven property (b). Since the Herman

ring of F α(δ) is conformally isomorphic to the Herman ring of Gα(δ
2) property (c)

immediately follows from property (c’) in Proposition 3.2.

So to conclude we need only show that F0
α(0)= (λ0(0), a0(0))= (0, 2rα): That

λ0(0)= 0 follows immediately from the fact that λ is even. On one hand, we know

from Theorem 1 that

2

a
(rα + o(1))= eπm(a),

for a> 0:On the other hand, we have from (c) that

eπm(a(δ)) = 1

δ
:

Combining these two facts we get a(δ)= 2rαδ+ o(δ): This proves (a) and finishes the
proof of Theorem 5.

4. The slice of twist coordinate equal to 1
2
. As it was already mentioned, in general

it is not easy to locate complex parameters (λ,a)∈C
2 for which the Arnold map fλ,a

has a Herman ring. The main reason is that, as we saw, these parameters live in sur-

faces inC2 isomorphic to disks, one for each fixed rotation number.

There are two exceptional cases where it is not so difficult to locate these parameter

values. The first one is the ‘‘real’’ or symmetric case, i.e., when the Herman rings are

symmetric with respect to the unit circle or, equivalently, the case where the twist

coordinate is equal to 0. Two facts make the computation easier: first, we know that

the unit circle is always an invariant curve in the ring, which allows us to compute the
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rotation number of the map; and second and most important, all these parameters lie

on the plane (or cylinder) f(λ,a)∈R/Z× [0, 1)g. Consequently we can apply, for

example, bisection methods to locate parameter values for which the ring exists and

has a given rotation number (see Section 5 for details).

The second exceptional case turns out to be the slice for which the twist parameter is

equal to 1/2. That is, the two boundary components of the Herman rings are rotated half

a turn with respect to each other (see Section 3). Although the symmetry is broken in this

case (there is another kind of symmetry which we will describe later) we still have the

important property of having these parameter values located on a plane of C2, namely

f(λ,a)∈R/Z× iRg. This is exactly what we show in the following proposition.

Proposition 4.1. Suppose fλ,a has a Herman ring. Then, the twist coordinate equals

1/2 if and only if λ∈R/Z and a= i~a with ~a∈R.

Proof. For the proof we shall use again the rescaled Arnold family gλ, b. Fix a rotation

number α∈B. Recall from Theorem 3.2 that Gα defines a holomorphic bijection

between D and D0
α, such that gλ(δ), b(δ) has a Herman ring with twist coordinate given

by the argument of δ. More precisely,

�(δ)= 1

2π
arg(δ):

The image by Gα of the interval [0, 1) is exactly the piece of Arnold tongue T AL
α , since

it follows from Theorem 3 and the injectivity of Gα that those are the only maps with

Herman rings having twist coordinate equal to 0. But now let us look at the map Gα

restricted to the interval (−1, 1). By holomorphy, both components, λ(δ) and a(δ),

must be real analytic. The first one, δ �→λ(δ) maps (0, 1) into S1 or equivalently,

δ �→ t(δ) maps (0, 1) into the reals (where λ= e2πit). It follows that the Taylor series

of t(δ) must have real coefficients and hence, the whole image t(−1, 1) must be real.

The same argument shows that b(−1, 1)must also be real.

We conclude that parameters (λ, b) for which the Herman of gλ, b has twist para-

meter one half (i.e., the image of (−1, 0) under Gα) lie in S
1 ×R

−.
To return to the non rescaled Arnold family, recall that F α(δ)= (λ(δ), a(δ)) where

(λ(δ), a(δ)2)=Gα(δ
2): By lifting we deduce that a(−1, 0)∈ iR and λ(−1, 0)∈ S

1.

To see the other implication, suppose that fλ,a, λ∈ S
1, a∈ iR has a fixed Herman

ring H. The map fλ,a has a symmetry fλ,a(−1
�z)=− 1

�fλ,a(z)
. So H is symmetric with

respect to τ(z)=− 1
�z.

We claim that a linearizingmapψ : H→ f1
r
< |z|<rgwill have this symmetry aswell.

IndeedRα and fλ, α commute with τ, and hence the map ψ := τψτ : H→ f1
r
< |z|<rg

is another linearizing map of H. With this normalization, such maps are unique up to post

compositionwith a rigid rotation, thusψ=Rθψ for some θ ∈ [0, 2π). Now

ψτ= τRθψ=Rθτψ:
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Hence ψ=Rθτψτ=R2θψ. It follows that 2θ= 0 mod 1 or equivalently, that θ= 1/2

or θ= 0. But the first option is not possible because in such a case,Rθ = τ on the unit circle

and thereforeψτ=ψ on the equator ofH, i.e., onψ−1(S1). This would contradict with the

injectivity ofψ and hence θ= 0.We have then proved thatψτ= τψ.

Observe that, as a consequence, every marked point in the boundary of H will have

the same property, fromwhich we conclude that the twist coordinate must be 1/2. �

Although the symmetry with respect to the unit circle (or to the real line in the lift)

is lost for maps in this slice (where |λ|= 1 and a= i~a, ~a∈R), we just saw that another

symmetry appears. Indeed, it is easy to check that

fλ,i~a − 1

z̄

� �
=− 1

f̄ λ,i~�a(c)

and that the lift Ft, i~a(z)= z+ t+ i ~a
2π
sin (2πz) satisfies

Ft,i~�a(z̄+π)=Ft,i~a(z)+π:

As a consequence, the two critical points of the lift (seen in the cylinder) which are

located at

ω1 =π

2
− i arcsinh

1

~a

� �
and ω2 = 3π

2
+ i arcsinh

1

~a

� �

do not have independent dynamics (as in the general case). It then makes sense to

compute a (t, ~a)–plane picture where we check if the orbit of the critical point escapes
to infinity or otherwise remains bounded. The result is shown in Figure 8, where we

have also superposed the rational tongues of rotation number 1/4, 1/2 and 3/4 and the

irrational curve corresponding to rotation number equal to the golden mean (see

Section 5.4 for the algorithms).

Figures 4 and 5 show the dynamical plane for two of the parameters in the irrational

curve while Figures 6 and 7 correspond to the lifts of these.

We observe from Figure 8 that many of the rational tongues do not seem to cross

this slice. For example, it is easy to check that none of the maps in this parameter plane

can have an attracting fixed point, and therefore, there is no zero – tongue emanating

from the point (0, 0). Similarly, there does not seem to be any rational tongue of odd

denominator attached to the bottom line ~a= 0.

5. Numerical algorithms. In this section we describe the numerical algorithms

used to create the pictures in the paper. The methods are quite general and may be used

to compute the same type of pictures for other families possessing a cycle of Herman

rings (or Siegel disks) as long as it is the only existing periodic Fatou cycle.

We start by assuming we already know the parameter values for which the map has

a Herman ringH. Later on we shall see how to compute them, but first we see how to

draw a dynamical plane picture with these given parameter values.
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Escaping algorithms usually work poorly for holomorphic maps of C� (i.e., those
with essential singularities at 0 and ∞). It is common for their Julia set to have posi-

tive measure and it therefore appears very thick. Moreover, exponentiating repeatedly

makes overflows and underflows appear too often and too soon.

The algorithms used here to draw the dynamical planes are of a different nature.

Given a pixel, we ask wether the corresponding center point eventually falls inside the

Herman ring, in which case it is painted in white. Pixels which do not satisfy this pro-

perty are painted in color.

To be able to answer this key question we must first find what we call a base domain

of the Herman ring, i.e., a set A inside the ring satisfying the following: every point in

the Herman ring has an orbit which eventually intersects A. These base domains are

of a different shape depending on the map we work with.

In all cases, we use the following important fact: the orbit of the critical points accu-

mulates on the boundary of the Herman ring. Hence, we always can compute two lists

of points that correspond to the critical orbits. These points are drawn in the picture so

the boundary of the ring is outlined.

5.1. Symmetric Herman rings (Figure 2). In this case we look for a base domain

in the form of a true annulus around the unit circle, since we know that the unit circle

Figure 8: (t, ~a)− parameter plane where the map fλ,ia is iterated to check if the critical

orbits seem to remain bounded (dark grey). Range: [0, 1]× [0, 2]. All Herman rings of

maps in this slice have twist parameter one half. Superposed, we find the rational tongues

of rotation numbers 1/4, 1/2 and 3/4 and the irrational curve corresponding to rotation

number equal to the golden mean. See Section 5.4.
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is always completely contained in the ring. To find the width of the annulus we use

the symmetry of the ring. Indeed, we find the point on the outer boundary which has

the smallest modulus, say r> 1. Necessarily, the reflexion of this point with respect

to the unit circle is the point on the inner boundary with the largest modulus, 1
r
. Then

every orbit of H meets the annulus A= f1
r
< |z|<rg and therefore A is a base

domain. See Figure 9.

5.2. Siegel disk (Figure 3). If the invariant Fatou component is a Siegel disk with

center p, we may look for a base domain in the form of a disk, centered also at p. To

find its radius, we choose from all the points on the boundary of the disk (i.e., the criti-

cal iterates) the one that is closest to the center of the disk, say at distance r. The disk

D(p, r) is a base domain, and all invariant circles must cross the radial segment that

joints pwith the closest point on the boundary. See Figure 10.

5.3. Non-symmetric Herman rings (Figures 4 and 5). This is the hardest case

since we do not know a priori the location of the Herman ring in the dynamical plane,

nor any orbit (or any point, for that matter) contained inside the ring. We do have,

however, the lists of points that correspond to the approximated boundaries of H. We

will choose a base domain in the form of a round disk with the condition of being

entirely contained in H and touching both boundaries. To do this, we need to find the

minimum (at least a local minimum) of the distance from points on the outer boundary

to points on the inner boundary. One can do this, for example, by picking a point in the

first list (outer), say p1; then finding the closest point to p1 in the other list (inner), say

Figure 9: Herman rings with rotation number equal to the golden mean, for the

map fλ, a for chosen parameters (t, a)= (0:614526385907, 0:5) (left) and (t, a)=
(0:610074404161, 0:8) (right) where λ= exp(2πit). The base annulus is drawn inside

each of the rings. Range: [−8, 8]× [−8, 8]. Compare to Figure 2.
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q1; then the closest point to q1 in the first list, say p2, etc. We stop once the points do

not change any more, and hence we have a pair (pn, qn) whose distance between each

other is at least a local minimum in the following sense: no point in the inner boundary

is closer to pn than qn; and viceversa, no point in the outer boundary is closer to qn

Figure 10: Siegel disk of the function Eα(z)= e2πiαzez, with rotation number α,

equal to the golden mean. The base disk has been drawn inside the disk. Range:

[−2, 2]× [−2, 2].

Figure 11: Herman rings of rotation number equal to the golden mean, in the

dynamical plane of fλ,a, where (λ, a)= (e2πi0:622359931841, 0:5i) (left) and (λ,a)=
(e2πi0:642219660059, i) (right). The base disks has been drawn inside the ring.
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than pn. This assures that the disk of radius |pn − qn|/2 centered at the middle point

between pn and qn is completely contained in H and touches the two boundaries. See

Figure 11. A similar computation can be made for the lift of these rings as it is shown

in Figure 12.

5.4. Parameter space: finding parameters for a given rotation number. To draw

the images in this paper, we needed to locate parameters in a given parameter slice for

which fλ,a has a Herman ring with a given rotation number, say α. We observe that if

fλ0,a0 has a Herman ring with rotation number α of bounded type, then the quantity

ρnt0,a0(ωt0,a0)=
Fn
t0,a0

(ωt0,a0)−ωt0,a0

n

has limit α, where ωt0,a0 ∈ ∂H is a critical point and λ0 = e2πit0 . Also, if ft,a has an

attracting periodic cycle, then ρnt,a(ωt,a) tends to a rational number. Hence we expect

ρNt,a for a givenN large, to be close to a real number for a substantial part of parameter

space.

Suppose we can find (t0,a0), (t1,a1) such that ρNt0,a0 and ρNt1,a1 are close to being

real and

Re(ρNt0,a0)<α<Re(ρNt1,a1):

We then pick points randomly on the segment between (t0,a0) and (t1,a1) until we

find (t2,a2) such that ρ
N
t2,a2

is close to being real, and replace one of the previous pairs

by this pair, as in the classical bisection procedure. If we manage to find parameters

Figure 12: Lifts of the Herman rings in Figure 11, in the dynamical plane of

z �→ z+ t+ a
2π
sin(2πz). The base rings have been drawn inside the Baker domain.
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for which ρNt,a is almost real, the continuity of ρNt,a guarantees the convergence of

ρNtn,an towards α, if the length of the segments decreases to 0.

We do not claim this to be a fullproof method; it is a heuristic one that seems to work

reasonably, especially for initial values (t0,a0), (t1,a1)with Re(a0) and Re(a1) small.
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Stretching rays and their
accumulations, following
PiaWillumsen

Tan Lei

Dedicated to Bodil Branner’s 60th birthday

Abstract. Pia Willumsen did her graduate work with Bodil Branner. Willumsen has written a very beautiful
Ph.D. thesis, [W], containing many interesting results. They have, however, remained unpublished up to
today. We present here a short account of some ofWillumsen’s results, sketch some of the proofs, as well as
some immediate extensions. The main topic is stretching rays, which is the analogue in higher dimensional
parameter space of external rays of the Mandelbrot set. In the space of cubic polynomials, the interaction of
the two critical points create new and interesting phenomena. A typical case deals withmaps with a parabolic
basin containing both critical points. The results we present here provide necessary conditions for accumu-
lation and landing of stretching rays to these maps. Also, discontinuity of the wring operator on the cubic (in
contrast to quadratic) polynomials, is proven.

1. Definitions and statements. All polynomials in this article will be monic and

centered, of degree greater than or equal to 2.

Let P be such a polynomial. Let µ be a P-invariant Beltrami form with ||µ||L∞ ≤ 1.

It induces a family of P-invariant Beltrami forms t ·µ for t running through the unit

disk D. Obviously ||t ·µ||L∞ ≤ |t|< 1. One can thus apply the Measurable Riemann

Mapping theorem to this t-analytic family of Beltrami forms.

For t∈D, we will define χt to be the integrating map of t ·µ normalized so that

χ : D×C→C is a holomorphic motion and that the new dynamics Pt :=χt � P � χ−1
t

is again a monic centered polynomial for each t.

Thus the pair (P, µ) induces an (analytic, see e.g. [PT]) family of quasi-conformal

deformations of P. We are interested in the boundary behavior of such deformations.

A fundamental choice for µ ([W, §5]) is the following: denote by ’P the Böttcher

coordinates defined on a neighborhood U of∞, normalized to be tangent to the iden-

tity at∞, and byB(∞) the basin of∞, define

µP(z) := (log�’P �Pn)� d�z
dz

for z∈B(∞) and for large n such that Pn(z)∈U
0 for z∈� B(∞)

�

One can check easily that the definition is independent of the choice of n. In this case

the holomorphic motion on the dynamical plane χ :D×C→C is called Branner-

Hubbard motion, and the induced operator S : (t,P) �→Pt on the parameter space is

calledwring operator.



Geometrically, tµP corresponds to an ellipse field supported on the basin of ∞
of P, with constant ellipticity, and with the major axis of the ellipse tangent to the

external rays when −1< t< 0 but orthogonal to the external rays when 0< t< 1.

See Figure 1. As −1< t< 0 and t& −1, the ratio of major to minor axis tends to

∞. In this case, as the corresponding integrating map χt maps these ellipses to

circles, it therefore ‘pushes’ the points closer to the filled Julia set along the exter-

nal rays.

The real locus S(P)= fS(t, P), t∈ ]−1, 1[g is called the Stretching ray (or in short
S-ray) through P. As t& −1, the eventual escaping critical points of Pt get closer and

closer to the filled Julia set, so that the polynomials Pt accumulate to the connected-

ness locus of polynomials of the same degree. If an escaping critical point of P sits on

a periodic external ray, one should expect a creation of parabolic points as t& −1 in

order to capture this critical point.

It is quite easy to check that for P in the quadratic family z �→ z2 + c with discon-

nected Julia set, the stretching ray through P is exactly the external ray through P of

the exterior of the Mandelbrot set. And if the escaping critical point of P sits on the

Figure 1: Ellipses of tµP in the dynamical plane, in the Böttcher coordinates and in

the log-Böttcher coordinates.
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0-external ray, the stretching ray Pt converges to the cauliflower polynomial

Q(z)= z2 + 1
4
.

In general, a stretching ray may, or may not, land on a point of the connectedness

locus. One may thus study the accumulation points of such a ray. This paper focuses

on necessary conditions on the pairs (P,Q) such that S(P) accumulates toQ and such

that creation of parabolic points occur atQ.

In the quadratic case, if S(P) accumulates to the cauliflower polynomial

Q(z)= z2 + 1
4
, then the dynamical 0-external ray of P must branch at the critical point,

consequently S(P) coincides with the 0-external of the Mandelbrot set and S(P) actu-

ally lands at Q. This non-trivial fact is closely related to the local connectivity of the

Mandelbrot set at 1
4
, and has several proofs in the literature. See for example [T], and the

remark below.

The situation in the cubic case is considerably more complicated, due the presence

of the two critical points. And this is precisely the focus of the present study.

Denote by A the set of cubic polynomials such that both critical points are con-

tained in the same immediate basin of a parabolic fixed point of multiplier 1 (therefore

with a Jordan curve Julia set and all other periodic points repelling). These polyno-

mials are called cubic cauliflowers. Two examples of such Julia sets can be found on

the right column of Figure 5. And the parameter setA is represented, in some suitable

parametrization, in Figure 2, as well as in the middle picture of Figure 5.

The main purpose here is to study necessary conditions on a pair (P,Q) of cubic

polynomials so that Q belongs to A and is accumulated by S(P). We study also the

continuity or non-continuity of the map (t, P) �→ S(t, P).

Figure 2: The slice Per1(1) and its subset A, which is the two large white butterfly

wings.
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Following A. Epstein, a polynomial Q∈A is called parabolic attracting if any

nearby map has an attracting or parabolic fixed point. Such polynomials are repre-

sented in Figure 3.

Here is the first main result: denote by Acc(S(P)) to be the set of accumulation

points of S(P) as t& −1.

Theorem 1.1. Let (P,Q) be a pair of cubic polynomials such thatQ∈Acc(S(P))∩A
andQ 6¼ P. Then

I. All periodic points ofP are repelling andQ is not parabolic attracting ([W, 6.5]).

II. The filled Julia setKP of P is a Cantor set ([W, 7.13]).

III. (exchange 0 and 1
2
if necessary) The 0-external ray of P branches at a critical

point of P ([W, 7.5]); the left and right limit 0-ray (see definition below) land at

two distinct fixed points of P, which collide to the parabolic fixed point of Q at

the limit; the 1
2
-ray of P lands at the third fixed point, and at any other periodic

point of P lands exactly one external ray, which is periodic.

IV. For the other critical point ofP, either

a) it escapes and falls eventually into the 0-external ray; or

b) it is the landing or branching point of a θ-external ray, with an angle θ satisfy-

ing f3kθ, k∈Ng 63 0 but f3kθ, k∈Ng 3 0.

Conjecturally Case b) never occurs.

Two examples of the pair (P,Q) can be found on the top and bottom row of Figure 5.

The branching 0-external ray for P, and the 0-external ray forQ are also drawn.

Figure 3: The lemniscate inA indicates the parabolic attracting locus.

186 Tan Lei



Remark. As mentioned above, there is a similar statement in the quadratic setting

(the part IV is void). Only part III is non trivial. Most of the existing proofs in the liter-

ature depend on the global combinatorial structure of the quadratic family. But the

proof of Part III presented here can be easily adapted to give a purely intrinsic proof of

its quadratic parallel.

A theorem of Branner-Hubbard shows the continuity of the wring operator

restricted either to the cubic connectedness locus or to the cubic disconnectedness

locus ([BH1, §9]), in fact it acts trivially on the connectedness locus. However, the

second main result presented here claims:

Theorem 1.2. Themap (t, P) �→ S(t, P) is continuous in the space of quadratic poly-

nomials, but is discontinuous on the cubics, more precisely at some points in D×A
([W, 5.7, 5.8]).

Further necessary conditions on landing or accumulation of S-rays toA in terms of

Lavaurs maps will be given in §4, as well as the proof of Theorem 1.2. The proof of

Theorem 1.1 is in §3.

The following concept and result will be interesting for further research in the topic,

but will not be needed nor proved in the present paper. For a given (polynomial,

invariant Beltrami form) pair (P, µ), and χt the suitably normalized integrating maps

of tµ, the associated initial speed of χt and the ground wind at P relative to µ are

defined by

τ(z) := d

dt
χt(z)

����
t= 0

, w(P,µ) := d

dt
Pt

����
t= 0

:

Proposition 1.3 ([W, 5.18]). Assume µ agrees with µP on the basin of infinity. We

then have

w(P,µ)= τ � P−P 0 · τ:

2. Necessary conditions for accumulation.

2.1. Generalized external angles and rays. We need to generalize the notion of

external rays, angles etc. to polynomials with disconnected Julia set. Let P be such

a polynomial, say monic and centered of degree 3. There is a unique univalent map ’P ,

the Böttcher coordinate, defined at least in a neighborhood of ∞, conjugating P to

z �→ z3 and satisfying
’P(z)

z
→ 1 as z→∞. Denote by ψP the inverse map of ’P . Then

the maximal domain of definition of ψP is the complement of D∪YP , where YP is the

union of finitely many radial segments f[1, rθi ] · e2πiθig together with their successive

preimages under the iteration of z3, andψP extends continuously to the tips of segments

in YP . For θ ∈T define the θ-ray by

RP(θ)=ψP(f]rθ,+∞[ · e2πiθg)
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where rθ is the minimal value possible. It is said to be branched with branching

point ψP(rθ · e2πiθ) if rθ > 1; unbranched otherwise. It lands at a Julia point a if

a = limr&1 ψP(re
2πiθ). Due to the countability of radial segments in YP , the following

limits exist and are called left and right limit θ-ray:

R±
P (θ)=

[
r>1

f lim
u→0±

ψP(re
2πi(θ+u))g:

See the middle top and middle bottom pictures in Figure 5 for examples of left and right

limit 0-rays of cubic polynomials.

These limit rays are canonically parametrized by r> 1 and preserved by P, in the

sense that P(R+
P (θ))=R+

P (3θ) and P(R−
P (θ))=R−

P (3θ). Now we define the external

angles arg(a) and the generalized external angleArg(a) by:

a∈KP

arg(a) := fθ | RP(θ) lands at ag
∩
Arg(a) := fθ | R+

P (θ) or R
−
P (θ) lands at ag

8<
:

a∈� KP

arg(a) := fθ | a∈RP(θ)∪ fbranching pointgg
∩
Arg(a) := fθ | a∈R+

P (θ)∪R−
P (θ)g:

8<
:

Clearly

3 ·Arg(a)⊂Arg(P(a)): (1)

Some of these sets might be empty. In case that KP is connected, we have YP = ;,
R±
P (θ)=RP(θ) for every θ and arg(a)=Arg(a) for every a.

Define also

per− arg(a) := fθ periodic | RP(θ) lands at ag: (2)

2.2. Fundamental properties of accumulation of a stretching ray. Let (P,Q) be

a pair of monic centered polynomials of same degree, withQ∈Acc(S(P)). Let tn & −1

be a sequence such that the polynomialsPn := S(tn, P) converges algebraically toQ. We

compare here critical points and periodic points ofP,Pn andQ.

(Most results below are also valid under the more general assumption that Pn →Q

algebraically and Pn are qc-conjugates of a single map P, not necessarily coming from

stretching).

Let α be a periodic point of P. It is associated with a triple (m, λ, k), with:

• m= period of¼: perðαÞ;
• λ := (Pm)0(α)= the multiplier of α; and

• k= the multiplicity of α, as root of Pm(z)− z= 0.

Recall that χtn
is a qc-conjugacy from P to Pn. Let αn :=χtn

(α) denote the corres-

ponding periodic point for Pn. Its associated triple (mn, λn, kn) satisfies mn =m and

kn = k, but λn might be depending on n.
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Taking a subsequence if necessary, we may assume αn →α0. Clearly α0 is again
a periodic point of Q, of period a divisor of m. We denote its associated triple by

(m0, λ0, k0). Thus m0|m. We look for further relations between these triples. We look

also for possible relations between critical orbits of P and those ofQ.

We group the various notations in one tableau:

See Table 1 for a summery of some of the following result.

Proposition 2.1. In the above setting,

1. The escaping critical angles for P are preserved along S(P), as well as the ratio of

escaping critical potential levels (i.e., real part in the log � ’Q-coordinate).

2. More generally a point z and χt(z) have the same set of generalized external

angles.

3. If |λ| ≤ 1 and λ 6¼ 1, then (m, λ, k)= (m0, λ0, k0)= (m, λ, 1) ([W, 7.1]).

4. If λ0= 1 then m0=m, and either |λ|> 1 or λ= 1. On the other hand, if λ= 1 then

eitherm=m0 and λ0= 1, orm>m0, λ0 6¼ 1 and λ
0 m
m0 = 1ð½W; 7:2�Þ.

5. Any critical relation of P is preserved toQ (maybe with a divisor period).

6. The map Q has a connected Julia set. All rational rays of Q land. For every

parabolic or repelling periodic point z0 ofQ, we have argQ(z
0) non empty and con-

sisting of only periodic angles (see [Mi] and [Pe]). If P has connected Julia set then

S(P)= fPg and χt|KP
= id ([BH1, 8.3], see also Lemma 4.1.a) below).

7. If |λ0|< 1 then (m, λ, k)= (m0, λ0, k0)= (m, λ, 1). Consequently if α is repelling

then α0 can’t be attracting.
8. If |λ0|> 1 then |λ|> 1 and (m, k)= (m0, k0)= (m, 1) (but maybe λ 6¼ λ0). Moreover,

for the non-generalized external angles:

per− argP(α)= per− argPn
(αn)⊃ argQ(α

0) 6¼ ;:
Furthermore, the inclusion ⊃ becomes an equality iff for any θ∈ per− argP(α), the

rayRQ(θ) for the polynomialQ does not land at a parabolic point ofQ.

9. If a periodic ray RP(θ) of P branches then the corresponding ray RQ(θ) for Q

lands at a parabolic periodic point (see Figure 5 for examples).

Proof. By uniform convergence,Qm(α0)=α0. Som0|m and

lim
n→∞ λn = lim

n→∞ (Pm
n )
0(αn)= (Qm)0(α0)= ((Qm0)0(α0))

m
m0 = ðλ0 Þmm0 : (3)

(m, λ) (mn =m,λn) (m0, λ0) (period,multiplier)

α αn =χtn
(α) −→sub–sequence α0 periodic point

P S(P) 3 Pn −→ Q

w wn =χtn
(w) −→sub–sequence wQ w escaping critical point

θ θn = θ ? escaping critical angle
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Points 1 and 2 are due to the definition of the wring operator.

Point 3. The fact thatmn =m is due to the global qc-conjugacy χtn
. We prove at first

λn ≡ λ for |λ| ≤ 1. If |λ|< 1, α is an attracting periodic point and the complex structure

is not deformed in the attracting basin. So χtn
is a local conformal conjugacy and

λn = λ. If |λ|= 1, the map χtn
is a topological conjugacy and the multiplier is pre-

served by a (highly non-trivial) theorem of Naishul (see [Na] or [P-M]).

Assume now |λ| ≤ 1 and λ 6¼ 1. Then ðλ0Þmm0 = λ by the above argument and lambda,

so λ0 6¼ 1. By Rouché’s theorem, in a neighborhood of α0 and for n large, Pm
n has

a unique fixed point un, and P
m0
n has a unique fixed point vn. Butm

0|m. So Pm
n (vn)= vn.

By unicity, un = vn =αn. But per(vn)≤m0≤m= per(αn). It follows that m
0=m and

λ0= λ. The part k= k0= 1 is easy.

Point 4. Assume λ0= 1. By Point 3, either |λ|> 1 or λ= 1. We want to show

m0=m. Set α0= 0 for simplicity. Let k be the multiplicity. The local expansions of

Qm0 andQm are:

Qm0(z)= z+ azk + � � � ; Qm(z)= z+ m

m0
azk + � � � ; a 6¼ 0:

Applying Rouchés theorem again, we get that in a neighborhood of α0 and for n large,

Pm
n has exactly k fixed points (counting with multiplicity) u1n, u

2
n, . . . , u

k
n (one of them

must be αn). And Pm0
n has exactly k fixed points (counting with multiplicity)

v1n, v
2
n, . . . , v

k
n. But m

0|m. So vin =αn for some i. But per(vin)≤m0≤m= per(αn). It

follows thatm0=m.

On the other hand, assume λ= 1. Then λn ≡ 1 and ðλ0Þmm0 = 1 by the proof in Point

3. Ifm0=m then λ0= 1. Ifm0<m then λ0 6¼ 1 by the previous paragraph.

Point 5 is easy.

Point 6. The map Q has no escaping critical points, so has a connected Julia set.

The rest are proved in the given references.

Point 7. |λ0|< 1=⇒ |λn|< 1=⇒λ= λn = λ0 andm0=m (due to Point 3).

Point 8. |λ0|> 1=⇒ |λn|> 1=⇒ |λ|> 1 due to Points 3 and 4. The fact thatm0=m

is because λ 6¼ 1. Now Point 6 gives that argQ(α
0) 6¼ ; and consists of only periodic

angles. The set fα0g∪ Sθ ∈ arg(α0)RQ(θ) undergoes a holomorphic motion. So for

θ ∈ argQ(α
0), for Pn close to Q, and for αn the perturbed periodic point, RPn(θ) con-

tinues to land at αn. But argP(α)= argPn(αn). So per− argP(α)⊃ argQ(α
0).

Finally for θ ∈ per− argP(α), we know that θ is periodic, thus the ray RQ(θ) does

not branch and lands at a repelling or parabolic point z0 (Snail Lemma, see for example

[P-M]). If z0 is repelling then by above there is a periodic point z of P with θ ∈ argP(z).

As a consequence z=α and z0=α0. So θ ∈ argQ(α
0).

Point 9. Again RQ(θ)must land and lands at a repelling or parabolic point. The rest

follows from Point 8. See Figure 5 for examples of such pairs (P,Q). �

Table 1 summarizes the results in Proposition 2.1 about relations between a poly-

nomial P with disconnected Julia set (on the left) and an accumulation point Q of its

stretching ray (on the right).
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The next result establishes Part I of Theorem 1.1:

Corollary 2.2. Let (P,Q) be a pair of cubic polynomials such that P 6¼ Q∈
Acc(S(P))∩A. Then all periodic points of P are repelling, and Q is not parabolic

attracting.

Proof. Note that P can not be in the connectedness locus, for otherwise S(P)=
fPg=Acc(S(P)) 63 Q by Proposition 2.1.(6). We use the fact that Q has a unique

non-repelling periodic point β0, whose associated triple is (1, 1, 2), i.e., it is fixed with
multiplier 1, and the multiplicity of β0 as a root ofQ(z)− z= 0 is 2 (this follows from

the assumption that both critical points ofQ are contained in the same attracted basin

of β0, so that β0 has only one Fatou petal).
Let α be a periodic point of P, of associated triple (m, λ, k). We want to prove that

|λ|> 1.

As indicated at the beginning of this section, and due to Proposition 2.1, the point

α induces a periodic point α0 of Q, whose associated triple (m0, λ0, k0) is related to

those of α following Table 1. On the other hand, we know from the property ofQ that

either |λ0|> 1 or α0=β0 and λ0= 1.

λ

m = (α) m′ = perper (α′)

m > m′

m ≥ m′

λ′λ′ = e2πiζ , ζ /∈ Q

|λ| > 1 |λ′| > 1

λ = e2πiζ , ζ /∈ Q

ζ ∈ Q \ Z

λ = e2πiζ , λ′ = e2πiζ ,

ζ ∈ Q \ Z

λ′ = 1λ = 1

|λ| < 1 |λ′| < 1

Table 1: In most cases we have m = m0. The only exceptions are the two diagonal

arrows which are specially labeled.
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We conclude immediately that either |λ|> 1 or λ= 1 by Table 1.

Assume λ= 1. By Table 1, either m=m0 and λ0= 1, or m>m0 and λ0 is a non-

trivial root of unity. Again the latter case is not possible for our Q. So m=m0 and
λ0= 1. This implies that α0=β0 and m=m0= 1. Thus P is in the space Per1(1) of

cubic polynomials having a fixed point of multiplier 1 and P has a disconnected Julia

set. But then S(P) accumulates to the boundary of the connected locus in this space,

which is disjoint fromA. This is a contradiction to the fact thatQ∈Acc(S(P))∩A.
We conclude then |λ|> 1. Therefore all periodic points of P are repelling.

Now let Pn ∈ S(P) with Pn →Q. If Q were parabolic attracting, some Pn would

have an attracting or parabolic fixed point. On the other hand, Pn is a qc-deformation

of P. So, as P, all periodic points of Pn are repelling. This is a contradiction. �

Lemma 2.3. If a critical pointw of P has a rational generalized external angle θ that is

not a preimage of the 0-angle, thenAcc(S(P))∩A= ;.

Proof. If w∈ ∂KP then it must be strictly preperiodic. And this critical relation is

preserved to anyQ∈Acc(S(P)), by Proposition 2.1.(5). This impliesQ∈� A, for other-
wise both critical points of Q would be contained in the attracted basin of a parabolic

fixed point and would not be preperiodic.

Assume now w∈� KP . Assume there is Q∈Acc(S(P))∩A. The fact that Q∈A
implies that the θ-external ray ofQ lands at a prerepelling point. This ray is therefore

stable under perturbation, by Proposition 2.1.(8). This means that for any polynomial

sufficiently close to Q, its θ-external ray is unbranched and lands at a prerepelling

point, in particular it does not contain critical points. On the other hand, the fact that

Q∈Acc(S(P)) implies the existence of a sequence of polynomials Pn converging to

Q, such that the θ-external ray of Pn, as that of P, contains a critical point. This is

a contradiction. �

3. Proof of Theorem 1.1.

Proof. Assume P 6¼ Q∈Acc(S(P))∩A. Part I is already proved in Corollary 2.2.
II. If both critical points of P escape, then KP is a Cantor set (this is classical). If

instead only one critical point escapes, then, letting L be the filled-Julia-component

containing the non-escaping critical point, eitherKP is a Cantor set or L ism-periodic

for some m, in which case Pm|L is hybrid equivalent to z2 + c for some c in the

Mandelbrot set. This is due to Branner-Hubbard theory for cubics ([BH2, 5.3]).

Assume by contradiction thatL ism-periodic.

Then the hybrid equivalent quadratic polynomial z2 + c has a fixed point α̂which is

either non-repelling or repelling without 0 as an external angle. This fixed point

corresponds to a m-periodic point α for P. Let Pn = S(tn, P) so that Pn →Q. Then

αn :=χtn
(α) has a limit α0 (taking a subsequence if necessary). Denote by (m0, λ0, k0)

the associated triple of α0. It is related to that of α following Table 1.
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We use the fact thatQ has a unique periodic point β0 with associated triple (1, 1, 2),
and all other periodic points are repelling. So either α0= β0 and (m0, λ0, k0)= (1, 1, 2),

or |λ0|> 1.

Assume at firstm> 1. By Table 1 we can not have bothm0= 1 and λ0= 1. So α0 6¼ β0

and |λ0|> 1. By Table 1 again we have m0=m. As the Julia set of Q is a Jordan curve,

argQ(α
0) consists of a unique angle θ, which has the same periodm. By Proposition 2.1.(8),

θ ∈ argP(α). Now the hybrid conjugacy sends the germ ofRP(θ) to a fixed external access

to α̂ for the polynomial z2 + c. This in turn implies (using the Böttcher coordinates for

z2 + c) that the 0-external ray lands at α̂, contradicting the choice of α̂.

Assume now m= 1. Assume first c= 1
4
. In this case P is in the Per1(1) slice and

S(P) accumulates to the boundary of the connected locus in this slice, which is dis-

joint from A, and thus gives a contradiction. Assume now α̂ is an attracting or neutral

fixed point (with multiplier 6¼ 1). Then α0 has the same property by Table 1, and is

again not possible for our Q. Assume finally α̂ is repelling with at least two external

rays. Then α is repelling for P. By Table 1 the point α0 is either repelling (and fixed) or
parabolic with multiplier 1. The former case is excluded due to the same argument as

in the casem> 1. So we are left with the case that α0= β0 is the unique parabolic fixed
point of Q. By Theorem 1.(3–4) in [LP], ArgP(α)= fθ1, . . . , θpg with p ≥ 1 and all

θi periodic. The case p= 1 can be treated as above. If p> 1, there is one θi that is not

the 0-angle, and RQ(θi) lands at a repelling periodic point z
0 6¼ α0. Due to the stability

of RQ(θi) under small perturbation, for n large, RPn(θi) is unbranched and lands at

a point zn tending to z0. On the other hand, an unbranched ray is unique, so

zn =χtn
(α)=αn →α0. This is again a contradiction.

III. We group the various notations in the next tableau.

Choose Pn = S(tn, P) with Pn →Q as tn & −1. AsQ has a Jordan curve Julia set,

every external ray lands, and different rays land at distinct points. Recall that β0

denotes the parabolic fixed point of Q with multiplier 1. Assume RQ(0) lands at

β0 (otherwise exchange 0 with 1
2
). Denote by γ 0 the landing point ofRQ(

1
2
).

Clearly γ 0 6¼ β0 and γ 0 is a repelling fixed point. Apply Proposition 2.1.(8) to γ 0, one
proves thatRP(

1
2
) lands at some point γ, and χtn

(γ)=: γn converges to γ
0.

By part II,KP is a cantor set. Thus all fixed points of P are simple. There are there-

fore α 6¼ β two fixed points of P distinct from γ. Set αn =χtn
(α) and βn =χtn

(β).

They are distinct from γn and are bounded away from ∞. Further the limit of any

γ γn γ′ a repelling fixed point
⋃

θ∈Aη
RP (θ)

⋃
θ∈Aη

RPn(θ)
⋃

θ∈Aη
RQ(θ), η > 0

does not contain does not contain does not contain
α, β χtn αn, βn n → ∞ β′ parabolic fixed point
P �→ Pn −→ Q

z �= α, β χtn(z) �= αn, βn z′ �= β′
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convergent subsequence of αn must be a fixed point of Q, distinct from γ 0 (as in

a neighborhood of γ 0 there can be only one fixed point of Pn, which is γn). But the only

fixed points ofQ are β0 and γ 0. Thus the entire sequence αn converges to β
0. We have

ArgP(α)=ArgPn(αn) due to the stretching properties of χt. Similarly for β, βn. By

Corollary 2.2 both α, β are repelling.

Claim 1. The set ArgP(α) is non-empty, closed, and satisfies: 3 ·ArgP(α)⊂ArgP(α).

Proof. The inclusion is due to the fact that P(α)=α and (1). The rest follows from

[LP, 2.1] (or [W, 2.10]) (in fact when KP is a Cantor set, every left or right limit ray

lands, and every Julia point has a non-empty compact set of generalized external

angles, by pulling back disks with equipotential boundaries).

Claim 2. We have 0∈ArgP(α).

Proof. For any fixed η> 0 set

Aη = fθ ∈T | dT(3kθ, 0) ≥ η for all kg,
et let Xη be the set of landing points of RQ(θ) for all θ ∈Aη. Then β0∈� Xη ∪S

θ ∈Aη
RQ(θ) andXη is a compact hyperbolic subset ([ST], Theorem 1.2). Furthermore

Xη ∪ Sθ ∈Aη
RQ(θ) undergoes a holomorphic motion over a small neighborhood of

Q, preserving the dynamics. Therefore for n large, the ray RPn
(θ) is unbranched for

all θ ∈Aη and

αn, βn ∈�
[

θ∈Aη

RPn
(θ):

(And the right hand set does not contain critical points of Pn). So[
η> 0

Aη

 !
∩ArgPn

(αn)= ;:

The same is true if we replace ArgPn
(αn) by ArgP(α) as the two sets are equal. But

ArgP(α) is closed, non-empty and forward invariant by angle tripling (by Claim 1). So

θ ∈ArgP(α)=⇒ 3kθ ∈ArgP(α)=⇒ f3kθ, k∈Ng⊂ArgP(α)=⇒ 0∈ArgP(α),

where the last implication is due to the fact that θ ∈� Sη> 0 Aη. This ends the proof of

Claim 2.

Similarly one shows 0∈Arg(β). So 0 is a generalized external angle for both α and β.

This means that the 0-ray of P is branched at a critical point, that R±
P (0) land at two

distinct fixed points which collide to the parabolic fixed point ofQ in the limit.

Now let z 6¼ α, β be any periodic point of P. Let z0 be a limit point of χtn
(z). It is

a periodic point for Q. We now show that z0 6¼ β0. If per(z)= 1, then z= γ and
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z0= γ 0 6¼ β0. So we may assume m :=per(z)> 1. Either per(z0)<m then z0 is
parabolic but with multiplier distinct from 1 (Table 1). This is not possible for Q. Or

per(z0)=m> 1. In this case z0 6¼ β0.
As all periodic points ofQ other than β0 are repelling, so is z0. AsQ|JQ is topologi-

cally conjugate to z3|S1 we have argQ(z0)= fθ0g and θ0 ism-periodic.

Now let θ ∈ argP(z) be periodic, that is the rayRP(θ) does not branch and lands at z.

Clearly θ 6¼ 0 as the 0-ray branches. But RQ(θ) always lands and lands at a distinct

point than the landing point ofRQ(0), which is β
0. Therefore RQ(θ) lands at a non para-

bolic point. So the equality in Propostion 2.1.(8) holds for z and z0, i.e.,

fθ ∈ argP(z), θ periodicg= fθ0g:
To prove that argP(z)= fθ0g we just need to apply the (non-trivial) result [LP,

Theorem 1.4].

IV. Let w be a critical point of P, escaping or not. The fact that KP is a Cantor set

ensures that ArgP(w) 6¼ ; (see Claim 1). Let θ ∈ArgP(w).

Case 1. There is N such that 3Nθ= 0. Then w must escape for otherwise PN+1(w)=
PN(w) and this critical relation would have persisted toQ. This is Case a) of the theorem.

Case 2. There is η> 0 such that θ∈Aη. This is not possible due to the argument in

III, similar to the proof of Lemma 2.3.

Case 3. The orbit of θ does not meet 0 but accumulates to 0. In this case eitherw∈� KP ,

in which case the θ-ray branches at w, or w∈KP in which case Arg(w)= arg(w) 6¼ ;.
This is Case b) of the theorem. Conjecturally this case never occurs. �

4. Lavaurs maps, Fatou vectors and Theorem 1.2.

4.1. Lavaurs maps and enriched Branner-Hubbard motion. In this subsection,

denote by Q a monic centered polynomial of degree d, with connected Julia set and

with a parabolic fixed point β0 of multiplier 1. We will define the following objects

related toQ:

(Q, β0, B(β0),KQ,BQ(∞),’Q,ψQ,�
±
Q ,�+

Q, g~σ) (4)

where:

• B(β0) is an immediate basin of β0;
• KQ is the filled Julia set

• BQ(∞) is the basin of∞;

• ’Q denotes the Böttcher coordinates ofQ near∞, tangent to the identity at∞. As

KQ is connected, the map ’Q extends to a conformal homeomorphism from BQ(∞)

toC\D.
• ψQ : C\D→BQ(∞) denotes the inverse of ’Q.
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• �−
Q denotes the attracting Fatou coordinates. More precisely, it is at first defined and

univalent on an attracting petal of β0 satisfying �−
Q �Q= T1 � �−

Q. It is then extended

to the entire basinB(β0) using the functional equation (and is nomore univalent).

• �+
Q denotes the repelling Fatou coordinates. It is at first defined and univalent on

a repelling petal of β0 satisfying�+
Q �Q= T1 � �+

Q.

• �+
Q denotes the inverse of this local �+

Q. It is then extended to the entire plane C

using the functional equationQ ��+
Q =�+

Q � T1 (and is not globally univalent).
• T� denotes the translation z �→ z+ �, in particular T1 is the translation by 1.
• For ~σ ∈C, the Lavaurs map g~σ of lifted phase ~σ, is by definition �+

Q � T~σ � �−
Q. It

satisfies g~σ �Q=Q � g~σ .
The Fatou coordinates�±

Q are uniquely defined up to post-composition of a transla-

tion. We may for example choose the following normalizations:

�−
Q has an inverse branch mapping the right half plane univalently onto a region

UQ whose boundary contains β0 and a critical pointw0 (in some sensew0 is the ‘closest’

attracted critical point), and�−
Q(w0)= 0;

�+
Q(0)=ψQ(e

x) for some x> 0 (in other words �+
Q(0) is a point on the 0-ray of

Q), and�+
Q is univalent on the left half plane.

The various maps and change of coordinates are sketched in the following

commutative diagram:

C/Z −→Tσ C/Z

π|↑ π|↑

C
− −→T1 C

− −→T~σ C
+ −→T1 C

+

�−
Q|↑ �−

Q|↑ �+
Q
|↓ |↓�+

Q

B(β0) −→
Q

B(β0) −→
g~σ

C −→
Q

CS S
BQ(∞) −→

Q
BQ(∞)

ψQ|↑ |↑ψQ

C\D −→
zd

C\D
lt
|↓ |↓lt : z �→ z · |z| 2t

1−t

C\D −→
zd

C\D
In the above diagram, the sets C± are two different copies of the complex plane.

The map π denotes the natural projection from C to C/Z. For σ the class of ~σ in C/Z,
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the map Tσ denotes simply the quotient of T~σ . For t∈D, the map lt : z �→ z · |z| 2t
1−t,

C\D→C\D, is a quasi-conformal map commuting with zd.

We may now describe the Branner-Hubbard motion of Q as follows: One checks

easily (see for example [PT]) that the complex structure tµQ defined in §1 coincides

with the pull-back of the standard structure by lt � ’Q. We use as in §1 the map χt to

denote the integrating map of tµQ, uniquely normalized so that χtQχ−1
t is again

a monic centered polynomial.

Part a) of the following Lemma in contained in [BH1, 8.3] (we include a sketch of

its proof for completeness). The rest part of the following two lemmas are inspired

from [PT, §4.2].

Lemma 4.1. Fix any t∈D.

a) We haveχt �Q � χ−1
t =Q, χt|KQ

= id, andχt = id on the ideal boundary ofBQ(∞).

b) χt|BQ(∞) =ψQ � lt � ψ−1
Q , χt � ψQ =ψQ � lt, and�−

Q � χt|B(β0) =�−
Q.

c) Denote byµ+
t := (�+

Q)
�(tµQ), then there is a unique integrating map ξt ofµ

+
t such

that

ξt � T1 = T1 � ξt, χt ��+
Q =�+

Q � ξt: (5)

d) Denote by eK(Q), resp. eBQ(∞), the preimage by�+
Q ofKQ, resp. of BQ(∞). Then

ξt|eKQ

= id, the map �+
Q : eBQ(∞)→BQ(∞)\f∞g is a universal covering, and

ξt = id on the ideal boundary of eBQ(∞).

Proof. a) This part uses only the fact that Q has a connected Julia set, as stated in

Proposition 2.1.(6) above. To prove it, define

ht = ψQ � lt � ψ−1
Q on BQ(∞)

id on KQ:

�
Then one checks easily, using the explicit formula of lt, that ht satisfies a) in place of

χt, and ht is a global homeomorphism. One needs to apply Rickman’s gluing lemma

to prove that ht is actually quasi-conformal, therefore an integrating map of tµQ.

Now ht � χ−1
t : BQ(∞)→BQ(∞) is analytic on z, conjugatesQ to itself, equals to

the identity for t= 0 and depends continuously on t. As there are only finitely many

such conformal selfconjugacies we conclude that ht =χt for all t. This settles a).

b) The first two equalities follow from the explicit construction of χt above. The last

one is also trivial as χt|B(β0) = id by a).

c) As tµQ isQ-invariant, the complex structure µ+
t is T1-invariant. Denote by ζt the

unique integrating map of µ+
t fixing 0, 1,∞. Then ζt � T1 � ζ−1

t is a global conformal

homeomorphism of C, is fixed point free, and maps 0 to 1 by the normalization of ζt.

So ζt � T1 � ζ−1
t = T1.

Now χt ��+
Q � ζ−1

t is analytic in z and conjugates T1 toQ. So it is a repelling Fatou

coordinate. By unicity up to additive constant of such coordinates, there is a(t) such
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that �+
Q � Ta(t) � ζt =χt ��+

Q. Set ξt = Ta(t) � ζt. It is again an integrating map of µ+
t

and satisfies (5). The unicity of such a map is an easy exercise and is left to the reader.

d) Fix z∈KQ and ez∈ (�+
Q)

−1(z). Now the map t �→ ξt(ez) is analytic on t and equals
to ez at t= 0. On the other hand, χt(z)≡ z for all t by a), so ξt(ez)∈ (�+

Q)
−1(z) for all t.

But the latter set is discrete. Consequently ξt(ez)≡ ez for all t. Arguing similarly on the

accesses of ∂eBQ(∞) from eBQ(∞), one proves that ξt is the identity on the ideal boundary

of eBQ(∞). The universal covering property of�+
Q : eBQ(∞)→BQ(∞)\f∞g is easy.

The relations of various maps are illustrated in the following commutative

diagrams:

�

However, the Lavaurs map g~σ behaves badly under the above Branner-Hubbard

motion. In fact the conjugated map χt � g~σ � χ−1
t |B(β0) =χt � g~σ|B(β0) is no more ana-

lytic in z. For this reason, following Douady and Lavaurs we introduce a new

Q-invariant Beltrami form which will be also g~σ-invariant, as follows: define

Bσ(∞) :=BQ(∞)∪ fz| 9n gn~σ(z)∈BQ(∞)g:
It depends only on the class σ of ~σ inC/Z. Set

µQ,σ :=
(gn~σ)

�µQ = (log � ’Q � gn~σ)� d�zdz for z∈Bσ(∞) and for n

such that gn~σ(z)∈BQ(∞);
0 for z∈� Bσ(∞):

8<
:

Fix now t∈D. Note that tµQ,σ=(gn~σ)
�(tµQ), g

�
~σ(tµQ,σ)= tµQ,σ ,Q

�(tµQ,σ)=tµQ,σ

and tµQ, σ depends only on the class σ of ~σ. We use χt, σ to denote the integrating map of

tµQ, σ , uniquely normalized so that the conjugated map, Qt, σ :=χt, σQχ−1
t, σ is again

a monic centered polynomial. ClearlyQt, σ has again a connected Julia set, and a parabolic

fixed point β0t, σ :=χt, σ(β
0) of multiplier 1, with Bt, σ :=χt, σ(B(β

0)) as an immediate

basin.Wemay thus define the corresponding objects in the list (4) forQt, σ , in particular the

corresponding Böttcher/Fatou coordinates ’t, σ , ψt, σ , �±
t, σ , �+

t, σ . We choose the

198 Tan Lei



normalization so that ’t, σ is again tangent to the identity at ∞, �−
t, σ(χt, σ(w0))= 0 and

�+
t, σ(0)= ψt, σ(e

x), with x> 0 independent of t, σ.

Denote by τ0 the standard complex structure. These maps are related as indicated in

the following diagram:

Q↪→ tµQ, σ,C −→hg~σ,Qi tµQ,C⊃BQ(∞) −→’Q C\D
χt, σ

|↓ |↓χt
|↓lt : z �→ z · |z| 2t

1−t

Qt, σ ↪→ τ0,C τ0,C −→
’Q

C\D

Denote byµ+
t, σ := (�+

Q)
�(tµQ, σ) andµ

−
t, σ := T �~σµ

+
t, σ .

Lemma 4.2. Fix t∈D and σ ∈C/Z. The objects ofQt, σ and those ofQ are related as

follows:

a) ψt, σ =χt, σ � ψQ � l−1
t onC\D;

b) For η−t, σ the integrating map of µ−
t, σ fixing 0, 1 and ∞, we have �−

t, σ = η−t, σ�
�−

Q � χ−1
t, σ;

c) There is a unique integrating map η+t of µ+
t, σ , commuting with T1 and satisfying

�+
t, σ =χt, σ ��+

Q � (η+t, σ)−1;

d) the map η+t, σ � T~σ � (η−t, σ)−1 is a translation and χt, σg~σχ
−1
t, σ is a Lavaurs map of

Qt, σ .

e) If, for some t, σ, we haveQt, σ =Q, then χt, σ =χt on BQ(∞) and χt, σ = id on the

ideal boundary ofBQ(∞).

f) If Qt, σ =Q for all t ∈D, then η+t, σ coincides with ξt of Lemma 4.1.c) on eBQ(∞)

and in particular η+t, σ = id on the ideal boundary of eBQ(∞).

Proof. The proof is very similar to that of Lemma 4.1. We give at first a sketch in the

following commutative diagram.

In this diagram, x> 0 is the real number such that �+
Q(0)=ψQ(e

x); the maps g~σ and

T~σ do not necessarily preserve the base points, whereas the other maps do.

(6)
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a) One checks easily that χt, σ � ψQ � l�1t is conformal, conjugates zd to Qt, σ ,

depends continuously on t, is tangent to the identity at∞ when t= 0, and tangent to a

(d− 1)th-root of unity at ∞ for any t. One concludes then for every t, the map χt, σ�
ψQ � l�1t is tangent to the identity at∞, coincides thus withψt, σ .

b) and c). As in the proof of the previous lemma, the structure µ+
t, σ is T1-invariant.

So µ−
t, σ is T

�1
~σ T1T~σ-invariant, thus is T1-invariant. Arguing as for ζt, ξt in the previous

Lemma, one concludes that η−t, σ � �−
Q � χ−1

t;σ coincides with the attracting Fatou coor-

dinates ofQt, σ , whereas χt, σ ��+
Q � (η+t, σ)−1 coincides with the repelling Fatou coor-

dinates ofQt, σ , after suitable normalization of the integrating map η+t, σ .
d) The map η+t, σ � T~σ � (η−t, σ)−1 is a conformal automorphism ofC, as T �~σµ

+
t, σ =µ−

t, σ .

It is therefore of the form az+ c. But it commutes with T1, so it is of the form z+ c, i.e.,

a translation. It follows by definition that χt, σg~σχ
−1
t, σ is a Lavaurs map ofQt, σ .

e) Assume that for some given t, σ we have Qt, σ =Q. This implies Bt, σ =B(β0),
ψt, σ =ψQ,�

+
t, σ =�+

Q and�−
t, σ =�−

Q. So the diagram (6) becomes

It follows from a) that χt, σ =ψQ � lt � ψ−1
Q on BQ(∞). By Lemma 4.1.a), χt, σ coin-

cides with χt onBQ(∞) and is the identity on the ideal boundary.

f) Arguing as in the proof of Lemma 4.1.d), one proves that η+t, σ is the identity on

the ideal boundary of eBQ(∞). Now η+t, σ � ξ−1
t on eBQ(∞) is a conformal automor-

phism (as they integrate the same complex structure) and is the identity on the ideal

boundary. It follows that ξt = η+t, σ on eBQ(∞). �

Although χt leaves Q invariant, χt, σ may deform Q to nearby maps. Even in the

case χt, σ leavesQ invariant, it often deforms g~σ to other Lavaurs maps (see below).

4.2. Fatou vectors forQ∈A. In this subsection, fixQ∈A, i.e a cubic cauliflower.
Denote as before by β0 the unique parabolic fixed point of multiplier 1, and by B(β0)
the unique immediate basin of β0. The following is classical:

Lemma 4.3. For any polynomial P close toQ, there are exactly two fixed points α1, α2

(counting with multiplicity) of P close to β0. For j= 1, 2 denote by λj the multiplier of

P at αj and ~σj = 2πi
1−λj

. Assume that both α1 and α2 are repelling. Then there are two

constants C∈C and C0 ∈R
− depending onQ such that

(7)
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a) ~σ1 + ~σ2 →C as P→Q;

b) |~σi|→∞, as P→Q, for i= 1, 2;

c) C0<=(~σi)<π, for i= 1, 2;

d) exchanging the labeling of α1, α2 if necessary,<(~σ1)→−∞ as P→Q.

Proof. a) is due to the continuity of holomorphic indices. See e.g. [Mi].

b) is due to the fact that λi → 1 asP→Q.

c) By assumption |λi|> 1, i.e., λi ∈C\D. TheMöbiusmap h(w)= 2πi
1−w

mapsC\D onto

f=(w)<πg. Therefore =(~σi)==h(λi)<π. On the other hand, by a), =(~σ1)+=(~σ2)

remains bounded. So each=(~σi) is bounded from below.

d) Combining a), b) and c), we conclude that <(~σ1)+<(~σ2) remains bounded and

|<(~σi)|→∞, for i= 1, 2. Therefore one of<(~σ1),<(~σ2) tends to−∞ asP→Q. �

Definition. For P# a perturbed map of Q without attracting fixed points, we define

the lifted phase ~σ(P#) to be one of the ~σi with large negative real part, as indicated in

Lemma 4.3. Denote by σ(P#) its class inC/Z.

Corollary 4.4. Assume Pn is a sequence of cubic polynomials without attracting fixed

points, and converging algebraically to Q. Then, taking a subsequence if necessary,

we have σ(Pn)→ σ inC/Z.

Proof. By Lemma 4.3 we have ~σ(Pn)= an + ibn with C0<bn <π and an →−∞.

Denote by fang the fractional part of an. Taking a subsequence if necessary we have

fang→ a∈ [0, 1[ and bn → b∈ [C0, π]. Consequently σ(Pn) converges to the class of

a+ ib inC/Z. �

The following is due to Lavaurs Douady:

Lemma 4.5. Another meaning of ~σ(P#) is as follows: there exist Fatou coordinates�
±
P#

for P#, and they can be normalized suitably so that they depend continuously on P# and

that �+
P#
(z)−�−

P#
(z)≡ ~σ(P#). In other words, for suitably chosen z, and some N

depending on P# (tending to +∞ as P# →Q), we have Pk
#(z)= (�+

P#
)−1� T~σ(P#)+k�

�−
P#
(z) for k= 0, 1, . . . , N.

In case Pn →Q and σ(Pn)→ σ, for ~σ ∈C a lift of σ and kn ∈N such that

~σ(Pn)+ kn → ~σ, we have T~σ(Pn)+kn → T~σ , �
±
Pn

→�±
Q , and therefore Pkn

n → g~σ uni-

formly on compact sets ofKQ. Based on this, we have
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Theorem 4.6 (Key continuity theorem, [W, 8.2]). Denote by K(Q, σ), J(Q, σ) the

enriched filled Julia set and the enriched Julia set. More precisely K(Q, σ)=
KQ\Bσ(∞) and J(Q, σ)= ∂K(Q, σ) (see [D2] for more details). Assume

C0. (Q, σ)∈A×C/Z and g~σ sends the two critical points ofQ outsideKQ.

A. Pn →Q∈A, and Pn ∈� A.
B. σ(Pn)→ σ ∈C/Z.

These conditions implyC1.KPn →K(Q, σ), JPn → J(Q, σ) andmes(J(Q, σ))= 0.

Assume furthermore D. tn → t0 ∈D. Then

A,B,C1 andD=⇒
E. tnµPn

−→a:e:t0µQ,σ; =⇒
F. χtn, Pn

→χt0, σ
uniformly onC; =⇒

G. S(tn, Pn)→Qt0, σ
.

Sketch of a proof: Part A+B+C0=⇒C1 is a theorem of Douady-Lavaurs.

PartE=⇒F can be found in [L, Theorem 4.6]. The remaining part should be checked

by hand. �

Definition (three half neighborhoods of β0 and−∞∈C
+).

• Define VQ =�+
Q(f<w< 0g). In other words �+

Q is well defined and univalent on

VQ, mapping it onto the left half plane.

• Define LQ =ψQ(e
R), where R= fs+ iθ |0<s< s0,−θ0 <θ<θ0g is a small rect-

angle so thatLQ ⊂VQ.

•DefineM< 0 large enough so that

f<w<Mg∩ eBQ(∞)⊂�+
Q (LQ)⊂ f<w< 0g, and

�+
Q (f<w<Mg)∩BQ(∞)⊂LQ ⊂VQ:

Definition. Define the Fatou vector v(Q) to be �−
Q(w1)−�−

Q(w0), the difference of

the two critical points in the attracting Fatou coordinates. It depends on the labelling

of the critical points, but not on the normalization of�−
Q.

4.3. Discontinuity of the wring operator.

Proposition 4.7.I ([W, 8.12]). There are Q∈A such that, for any given labeling

w0, w00 of the critical points ofQ, there is ~σ ∈C, such that, for LQ defined as above,

we have T~σ � �−
Q(w

0), T~σ � �−
Q(w

00)∈�+
Q(LQ), g~σ(w

0)∈LQ ∩RQ(0) and g~σ(w
00)∈

LQ\RQ(0).

For any such couple (Q, ~σ), and for σ the class inC/Z of ~σ,
II. σ satisfies C0 and t �→Qt, σ is non constant (a sufficient condition for this is that

the ground windw(Q, σ) does not vanish, [W, 8.12]).
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III. (t, P) �→ S(t, P) is discontinuous at (t,Q) for any t∈D
� with Qt, σ 6¼ Q

([W, 8.5, 8.9]).

Proof. I. In the quotient repelling Ecalle cylinder, the quotient [RQ(0)] of the 0-ray is

the core curve of the annulus [BQ(∞)], of modulus π
log 3

(independent ofQ, this can be

seen in the Böttcher coordinate). For any real polynomial Q∈A with v(Q) 6¼ 0, the

map�+
Q is real,RQ(0)⊂R andKQ is symmetric with respect toR. There is a universal

constant h0 such that �
+
Q maps the strip fu+ iy| |y| ≤ h0g into BQ(∞). Note that �+

Q

mapsR ontoRQ(0) and mapsR− ontoRQ(0)∩VQ. Wemay then choose a realQ such

that |=v(Q)| ≤ h0 and =v(Q) 6¼ 0 (such map exists, see §5). Define the three half

neighborhood of β0 of Q as in §4.2. We have a fourth half neighborhood consisting of

�+
Q(fu+ iy|u<M, |y|<h0g), which is contained inBQ(∞)∩LQ ⊂VQ.

Fix a labelingw0, w00 of the critical points ofQ.

Now choose a translation T~σ so that a := T~σ(�
−
Q(w

0)) is a large negative real number

satisfying

maxfa, a±<v(Q)g<M:

Then

T~σ(�
−
Q(w

00))= T~σ(�
−
Q(w

0)± v(Q))

= T~σ(�
−
Q(w

0))± v(Q)= a±<v(Q)± i=v(Q),

So both g~σ(w
0)=�+

Q � T~σ � �−
Q(w

0) and g~σ(w
00)=�+

Q � T~σ � �−
Q(w

00) are contained

in the fourth half neighborhood of β0, satisfying in particular g~σ(w0)∈LQ ∩RQ(0) and

g~σ(w
00)∈LQ\RQ(0).

II. Clearly σ satisfies C0, that is, g~σ maps the two critical points ofQ outsideKQ.

Assume by contradiction that Qt, σ ≡Q for all t∈D. Then χt, σ commutes with Q,

in particular χt, σ maps critical points of Q to critical points of Q. But t �→χt, σ(z) is

analytic on t and is equal to z at t= 0. We conclude that χt, σ is the identity on the

grand orbit of the critical points. On the other hand, by Lemma 4.2.e) and f),

χt, σ =χt =ψQ � lt � ψ−1
Q on BQ(∞), and

η+t, σ = ξt on eBQ(∞): (8)

Fix−1<t<0. By Lemma 4.2.d) the map η+t,σ �T~σ � (η−t,σ)−1 is some translation Tc. So

±v(Q)=�−
Q(w

0)−�−
Q(w00)= Tc(�

−
Q(w

0))−Tc(�
−
Q(w

00))

= η+t,σ �T~σ �(η−t,σ)−1(�−
Q(w

0))

− η+t,σ �T~σ �(η−t,σ)−1(�−
Q(w

00))

= η+t,σ �T~σ(�
−
Q(w

0))−η+t,σ �T~σ(�
−
Q(w

00))

= ξt �T~σ(�
−
Q(w

0))−ξt �T~σ(�
−
Q(w

00))

=�+
Q �χt �g~σ(w0)−�+

Q �χt �g~σ(w00),
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where the second equality is due to the fact that Tc is a translation, the third is due to the

previous paragraph, the fourth is due to the fact that χ−1
t,σ is the identity on the critical

points, the fifth is due to ∞, and finally the last is due to the facts that g~σ(w
0),

g~σ(w
00)∈LQ⊂VQ (by the construction of ~σ and LQ,VQ) and that LQ is invariant by χt,

−1<t<0 (by the choice ofLQ).

We claim, however, that the right hand side tends to ∞ as −1<t< 0, t& −1.

Because, one of the points χt � g~σ(w0), χt � g~σ(w00), say the first one, tends to the landing
point β0 ofRQ(0)whereas the other tends to the landing point γθ ofRQ(θ) for some θ 6¼ 0.

So limt&−1�
+
Q(χt � g~σ(w0))=−∞whereas limt&−1�

+
Q(χt � g~σ(w00))=�+

Q(γθ)∈C.

This is a contradiction.

III. Fix t ∈D such thatQt, σ 6¼ Q. Let R0 be a compact set contained in the rectangle

R such that

g~σ(w
0), g~σ(w00)∈ψQ(e

R0)⊂ψQ(e
R)=LQ:

By continuous dependence of ψP |R0 on P and continuous dependence of �±
P , one con-

cludes that there is a sequence Pn →Q, kn ∈N such thatPkn
n (w0n), P

kn
n (w00n)∈ψPn

(eR
0
).

Therefore JPn is a Cantor set and all periodic points are repelling. We may thus apply

Corollary 4.4 to conclude that σ(Pn)→ σ (taking a subsequence if necessary). Set

tn ≡ t ∈D
�. Then the conditions A, B, C0, D of Theorem 4.6 are satisfied. So

S(t, Pn)→Qt, σ 6¼ Q≡ S(t,Q), where the last equality is due to Proposition 2.1.(6).

Therefore the wring operator S(t, P) is not continuous at (t,Q). �

This proves in particular the part of Theorem 1.2 about the discontinuity of the

wring operator on the cubic polynomials.

An interesting necessary condition for a S-ray S(P) to land at aQ∈A is the following:

Assume S(t, P) :=Pt converges toQ∈A as t& −1 (withP 6¼ Q). By Theorem 1.1.III,

the rayRPt (0) branches at a critical point denoted bywt. These pointswt have a limitw as

t& −1, which is necessarily a critical point ofQ. Define

�(w)= fσ ∈C/Z | 9~σ, g~σ(w)∈RQ(0)∩ψQ([e
s, e3s])g and

�t = fσ ∈C/Z | Tσ([wt])∈ [RPt (0)∩ψPt
([es, e3s])]g:

They are two closed loops inC/Z.

Lemma 4.8 ([W, 8.7, 8.8]). In the above setting (landing of an S-ray), assume further-

more σ(Pt)∈�t. Then d(σ(Pt), �(w))→ 0 as t& −1. Moreover, if a σ ∈�(w) satis-

fies C0 (i.e., mapping both critical points outsideKQ) thenQt, σ ≡Q.

Proof. By continuity of all involved maps, points, one sees easily that �t →�(w) in

the Hausdorff topology. But σ(Pt)∈�t by assumption. So d(σ(Pt), �(w))→ 0.

Since the real part of ~σ(Pt) tends to−∞ as t& −1, the phase map t �→ σ(Pt) spir-

als asymptotically to the loop �(w). As a consequence, for any σ ∈�(w), there is

a sequence tn & −1 such that σ(Ptn)→ σ.
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Assume a σ ∈�(w) satisfies C0. Then by Theorem 4.6, for−1< t< 1,

Q  �n→∞
St?tn (P)= St(Ptn) −→

n→∞
Qt,σ,

where t ? t0 denotes the group structure in D related to the operator S. Therefore Qt, σ

is constant for t real. But it is analytic on t (cf. e.g. [PT, Theorem 2.7]). So it is also

constant for all t ∈D. �

As for the continuity part of Theorem 1.2, we may apply the following Lemma to the

quadratic family (this proof is somewhat different from the two proofs ofWillumsen).

Lemma 4.9 ([BH1, 7.2] + [PT]). For F an analytic family of polynomials, if S maps

D×F into F , then S is a parameter holomorphic motion. It is continuous if in addition

F ⊂C (by S-lodkovski’s theorem).

Proposition 4.10 ([W, 8.12]). Assume S(P) 3 Pn →Q∈A, P 6¼ Q, σ(Pn)→ σ, and

g~σ(w)∈ BQ(∞) for a lift ~σ of σ and for w a critical point ofQ. Then, for any lift ~σ of

σ, we have g~σ(w)∈RQ(0) and P
l
n(w(Pn))∈RPn

(0) for some l independent of n.

A consequence of this is (improved [W, 8.10]): Assume (Q, σ)∈A×C/Z such

that for one critical point w0 ofQ, we have g~σ(w
0)∈RQ(θ

0), with θ0 6¼ 0. Assume fur-

thermore Pn →Q, σ(Pn)→ σ. Then fPng can not belong to a single S-ray.

Proof. All periodic points of Pn are repelling, by Theorem 1.1.I. So we may apply

Corollary 4.4 to conclude that there is a subsequence such that σ(Pn) converges in C/Z to

some σ. Fix a large integer l so thatQl(w) is in an attracting petal, where�−
Q is injective.

Assume g~σ(w)∈BQ(∞) (this is independent of the lift). Choose ~σ ∈C a lift of σ

such that T~σ+ l(�
−
Q (w)) has a negative real part. There is therefore a θ such that

T~σ+ l(�
−
Q (w))∈�+

Q (RQ(θ)).

There are integers kn → +∞ such that ~σ(Pn)+ kn → ~σ and that Pkn
n (Pl

n(w(Pn)))→
g~σ(Q

l(w)) (cf. [D2, 18.2]). By semi-continuity of KPn on n one concludes that

Pkn
n (Pl

n(w(Pn)))∈� KPn , and is therefore contained in some θ(n)-ray. Hence the
θ(n)

3kn
-ray contains Pl

n(w(Pn)) (cf. [Ta, § 2], beware that the σ there is different from

the σ here). But Pn ∈ S(P). By Proposition 3.(2), applied to z=Pl
n(w(Pn)), we

have argPn (P
l
n(w(Pn)))= argP(P

l(w(P))) and is independent of n. We conclude

that θ(n)= 0 for any n. But θ(n)→ θ. So θ= 0.

From T~σ+ l(�
−
Q (w))∈�+

Q (RQ(0)) on concludes easily that g~σ+N(w)=�+
Q

(T~σ+N(�
−
Q (w)))∈RQ(0) for any integerN ∈Z.

5. Parameter interpretation, comments. The space Per1(1) of cubic polynomials

with a fixed point of multiplier 1 modulo affine conjugacy can be parametrized by
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b2 ∈C with ~Qb(z)= z3 + bz2 + z, as two such maps are conjugate iff b=−b0. Figure 2
represents the b-plane, centered at 0. The set A in this plane consists of the two large

butterfly wings. The locus of parabolic attracting maps in A is the lemniscate

fb, |b2− 1
2
|< 1

2
g (Figure 3). The parameter interpretation of Theorem 1.1.I is that no

S-ray accumulates at this lemniscate.

Figure 4 represent the right wing of A in the b-plane. It is quite easy to check that in

this planeA∩R
+ = ]0, 2[ . The examples constructed in Proposition 4.7 correspond to

b∈ ]0,
ffiffiffi
3
p

[, close to
ffiffiffi
3
p

(see Figure 4). The conclusion is that no S-rays lands at such b.

Komori and Nakane have proved the following closely related results (see [KN]):

There is a monotonic sequence of points bn ∈ [
ffiffiffi
3
p

, 2[, b0 =
ffiffiffi
3
p

, bn ↗ 2 with integer

Fatou vectors. Each of them is the landing point of some S-ray. The in-between real

S-rays accumulate but do not land in [
ffiffiffi
3
p

, 2].

The paper [PT2] contains the following parameterization of each wing ofA:
Denote by B the parabolic basin of F : z �→ z2 + 1

4
, by �− : B→C the attracting

Fatou coordinates normalized so that �−(0)= 0. Then (�−)−1(R) decomposes B into

a chess board structure, mapping each open chess square bi-holomorphically onto the

upper half or the lower half plane, and mapping the borders onto the real line. Denote

byU the component of (�−)−1(Hr) containing the parabolic fixed point on the boundary.

Define ∼ on ∂U by z∼ �z.
There exists a bi-holomorphic map H from each component of A onto B\U/∼ ,

recording the position of the second attracted critical point (the quotient is meant to

cancel the confusing case when both critical points can be considered as ‘first’). One

proves easily v(Q)=�− � H(Q). There is therefore a chess board structure onA (see

Figures 4 and 5). Moreover�− � Hmaps each of the two main chess squares (the ones

in Figures 4 with ]0,
ffiffiffi
3
p

[ as an edge) bi-holomorphically onto the upper-left quarter

and the lower-left quarter plane, and maps each of the other chess squares onto the

upper half or the lower half plane. This implies in particular the surjectivity of

Q �→ v(Q),A→C.

The results listed in this article lead naturally to the following questions:

1. Are the following conditions equivalent?

• Acc(S(P))∩Per1(1) 6¼ ;,
• Acc(S(P))⊂Per1(1), and

• either P ∈ Per1(1) or a fixed ray of P branches.

2. Acc(S(P))∩A 6¼ ;()Acc(S(P))⊂A() the set
S

n P
−n(RP(0)) (or

1
2
)) is con-

nected, and necessarily contains both critical points.

3. In the setting of Lemma 3, is the assumption σ(Pt)∈�t always satisfied?

Comments. This is a free extraction of some of the results in Pia Willumsen’s thesis,

with a different organization and sometimes a different proof. It contains also some

generalizations of the original results. I take the responsibility for all eventual intro-

duced errors. The reader is strongly advised to read the original document, which

206 Tan Lei



Figure 4: The chess board structure inA

Figure 5: Julia sets for pairs (P,Q), left and right limit 0-rays for P and the 0-ray for

Q, and parameter slices containing these maps.
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includes a lot more related results, background material, complete proofs as well as

many impressive figures.
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Conjectures about the Branner-Hubbard
motion of Cantor sets in C

Adrien Douady

Introduction. For c∈C−M, the filled Julia set Kc of z
2 + c is a Cantor set. For

almost all external ray R of M, when c moves on R and tends to M, the point c has

a limit c0, the setKc0 is a dendrite andKc tends toKc0 .

The present paper is a reflection on the following question: Howmuch of this fact is

really related to dynamics? We only present conjectures, we have no results. This is

part of the program ‘‘Dynamics without dynamics’’ (cf [D/V])

Moving inC−M along external rays (and equipotentials) is a particular case of the

Branner-Hubbard motion, which can be defined for any Dirichlet regular compact set

K, providing a family (Kλ)λ∈H+ , whereH+ = fz∈C | Re(z)> 0g, withK1 =K.

We conjecture that, for a large class of Cantor sets in C (which includes the Cantor

quadratic Julia sets), the following holds: for almost all β, the Cantor set Kα+iβ has

a limit Kiβ when α tends to 0, and this limit is a dendrite. We present also variants of

this conjecture in a more extended situation.

The Branner-Hubbard motion has been introduced in [BH2], for cubic Julia sets

with one critical point escaping. It has been used by Binder-Makarov-Smirnov

[BMS]. We have benefited of talks by M. Zinsmeister on [BMS] in the Seminar

COOL (Cergy-Orleans-Orsay-Lille), and of inspiring discussions with him, J.-P. Otal,

P. Haı̈ssinsky, P. Sentenac, Tan Lei, M. Flexor, B. Branner, Ch. Henriksen, C. Petersen

and others. We thank C. Petersen for many comments, resulting in improvement and

clarification of earlier versions.

1. The euclidean harmonic metric. Let K⊂C be a Dirichlet regular compact set.

This means that there is a functionG=GK : C→R+, called the potential, satisfying:

(i) G is continuous onC and vanishes onK:

(ii) G is harmonic onC−K;

(iii) G(z)=Log|z|+O(1)when z tends to∞.

In fact, G(z)=Log|z|−LogR+ o(1) for some R called the capacity radius of K.

We shall always suppose that K is monic, i.e., with capacity radius 1. Then we can

always center K, i.e., translate it so thatG(z)=Log|z|+ o( 1
z
).

The equipotential of level s is the set G−1(s). An equipotential component is

a connected component of an equipotential. A critical equipotential component is an

equipotential component which contains a critical point ofG. The set C− (K∪ S
Ei),



where the Ei are the critical equipotential components, has one unbounded connected

component, called the overcritical annulus, the other components are the intercritical

annuli.

The level of separation of two points x and y inK is the smallest level of an equipo-

tential component which encloses both x and y. If K is a Cantor set, the level of sepa-

ration is an ultrametric distance on K which defines its topology. The level of

separationGsep(K) of K is the level of the highest critical point of G, it is the level of

the inner boundary of the overcritical annulus.

A harmonic chart is a C-analytic homeomorphism φ : U→φ(U) such that

Re(φ)=G|U , with U an open set in C−K. On a neighbourhood of any point

z∈C−K which is not a critical point ofG, there is a harmonic chart defined. The har-

monic charts form an atlas on �=C− (K∪Crit(G)) called the harmonic atlas, in

which the change of charts are of the formZ �→Z+ ib, with b∈R locally constant.

We define the harmonic euclidean metric on � as the riemannian metric whose

expression in the harmonic charts is the standard metric |dZ|. The distance defined by
this metric extends to a distance on C−K, compatible with its topology. In a neigh-

bourhood of a critical point ofG of multiplicity k, the spaceC−K, provided with this

distance, is locally isometric to the space obtained by sewing 2k+ 2 half planes.

IfK is connected, then C−K is isometric to R�+ ×R/2πZ. In the general case, the

overcritical annulus is isometric to R�+ ×R/2πZ, each intercritical annulus A is iso-

metric to an open cylinder ]0, h[×R/‘Z, with h=G+ −G− whereG+ (resp. G−) is
the level of the upper (resp. lower) boundary of A, and ‘= 2πω(KA) where ω denotes

the harmonic measure andKA is the part ofK enclosed byA.

Figure 1: Equipotentials and critical rays.
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Still supposingKmonic, there is a holomorphic map β= βK : V →CwithV a neigh-

bourhood of ∞ in C, having ∞ as a fixed point, such that G=Log|β| and β(z)=
z+O(1). This generalizes the Böttcher coordinate of a polynomial (the harmonic charts

generalize the LogBöttcher coordinates). IfK is centered, βK(z)= z+ o(1).

The quotient tree is the quotient TK of C−K by the equivalence relation contract-

ing each equipotential component to a point. It is a rooted tree (root at infinity); the

branch points correspond to critical equipotential components.

2. The quadratic case and the dyadic case. Consider fc : z �→z2+ c with c∈C−M,

setK=Kc=K(fc), andG=Gc=GKc
. The potential of cwith respect toM is

GM(c)=Gc(c)=2 ·Gc(0):

Let θ be the external argument of c with respect to M, which is also its argument with

respect toKc.

The quotient tree is a dyadic tree. Each cylinder has 3 marked points: one critical

point of G on its upper boundary (except the overcritical cylinder), and two on its

lower boundary to be collapsed to one point. The cylinders are labeled by words in the

alphabet f0, 1g; each cylinder Cw has two ‘‘children’’ Cw,0 and Cw,1, and f induces

a C-analytic isomorphism of Cw onto Cα(w) where α(w) is w with the first letter

removed. The cylinder C; is not the whole overcritical annulus, but the cylinder

bounded above by the equipotential passing through the critical value c (which is then

a marked point). The cylinders of order k (corresponding to a word with k letters) are

mapped onto C; by fk. Such a cylinder has height 2−(k+1)GM(c), circumference

2−k · 2π, thus modulus GM(c)

4π
, and the arguments of the two lower marked points,

taking as origin the point just below the upper marked point, are− θ
2
and− θ+1

2
.

The dyadic case is more general. Again, the quotient tree is a dyadic tree. Each

cylinder has 3 marked points: one critical point ofG on its upper boundary (except for

the overcritical cylinder), and two on its lower boundary, to be collapsed to one point.

The cylinders are labeled by words in the alphabet f0, 1g; each cylinder Cw has two

‘‘children’’Cw,0 andCw,1.

One can make a model for a Cantor set of dyadic type (or rather for its comple-

ment). Take the dyadic tree with nodes corresponding to the elements of the set S of

words in f0, 1g (that carries no information). Assign to each node s a heightG(s) and

two arguments θ0(s), θ00(s). We require that G(s0)<G(s) if s0 is after s, and that G(s)

tends to 0 along an infinite branch of the tree. We then associate to each segment of

the tree a cylinder. To the root segment, a cylinder with one-sided infinite height and

circumference 2π; on the lower boundary we mark two points with the assigned argu-

ments (and we take record of the generatrix of argument 0). To any other segment Ew

a cylinder Cw with one marked point on the upper boundary and two on the lower

boundary. The height of Cw is the difference between the heights of the nodes corres-

ponding to its boundary, the arguments of the lower marked points taking the point
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just below the upper one as origin are the assigned arguments. The two lower marked

points are pinched to one point, transforming the lower boundary into a figure eight,

of which each component is sewn isometrically to the upper boundary of one of the

children cylinders attaching marked point to marked point. This determines the cir-

cumferences of all cylinders, and also the moduli.

This way, according to a model given by the data (G(s), θ0(s), θ00(s))s∈ S we can

construct a Riemann surface X. We say that a model is quasi-quadratic if the moduli

of the cylinders are bounded away from 0 and above, and the ratio of circumference of

children cylinders to their parent bounded away from 0 and 1, or equivalently the

angle |θ0(s)− θ00(s)| is uniformly bounded away from 0 and 1.

Figure 2: The Euclidean harmonic metric

212 Adrien Douady



Proposition 1. The Riemann surface given by a quasi-quadratic model can be

imbedded in C as the complement of a Cantor set in a unique way, up to postcomposi-

tion with an affine map.

For a proof, see [AB]. Ahlfors and Beurling prove a stronger theorem: it suffices that

the sum of the moduli of the intercritical annuli surrounding any point ofK is infinite.

3. The Branner-Hubbard motion. Consider the right half-plane H+ =
fλ∈C | Re(λ)> 0g. For λ∈H+, let φλ : C→C be the R-affine map which induces

the identity on iR and maps 1 to λ, i.e., φλ(z)= 1
2
((λ+ 1)z+ (λ− 1)z); let µλ denote

the Beltrami form ∂
∂
(φλ), i.e., µλ = λ−1

λ+ 1
dz/dz. We denote by µK

λ the Beltrami form on

C−K whose expression in the harmonic charts is µλ (undefined at critical points ofG).

ExtendµK
λ toC by taking it equal to 0 onK. By the integrability theorem, there is a quasi-

conformal mapping’K
λ : C→C such that ∂

∂
’K
λ =µK

λ .We normalize’K
λ in the following

way: For the closed unit disc D, define ’D
λ by ’D

λ � exp= exp � φλ. For K arbitrary, we

have µK
λ = (βK)�µD

λ with βK defined above, so for any choice of ’K
λ the map η=

ηKλ =’K
λ � (βK)−1 � (’D

λ )
−1 is holomorphic at the neighbourhood of∞; we chose’K

λ so

that η(z)= z+ o(1).

Proposition 2. For each z∈C, the point ’K
λ (z) depends holomorphically on λ.

Proof. The map ’D
λ depends holomorphically on λ, and so does the Beltrami form

µK
λ . Define ~’K

λ by ∂
∂
~’K
λ =µK

λ , ~’
K
λ (0)= 0, ~’K

λ (1)= 1. By Ahlfors-Bers, λ �→ ~’K
λ (z) is

holomorphic for each z. The map βK does not depend on λ. So the map ~ηKλ =
~’K
λ � (βK)−1 � (’C

λ )
−1 is a holomorphic map whose graph undergoes a holomorphic

motion parametrized by λ∈H+. It is known ([PT]) that this implies that

(λ, z) �→ ~ηKλ (z) is holomorphic where defined (say for λ close to some λ0 and z close

to ∞). One can write ~η(z)= a(λ):z+ b(λ)+ o(1) when z→∞. Then a(λ) and b(λ)

depend holomorphically on λ, and so does ’K
λ (z)= 1

a(λ)
(~’K

λ (z)− b(λ)). �

We set Kλ =’K
λ (K). As we have supposed K monic, Kλ is monic for each λ, for

the harmonic measure we have ωKλ
= (’K

λ :)�(ωK), and for the separation level

Gsep(Kλ)=Re(λ) ·Gsep(K). It follows that, if (λn) is a sequence of parameters such

thatRe(λn)→ 0 andKλn has a limitL, thenL is connected.

When we restrict λ to take values in ]0, 1], we speak of Branner-Hubbard compres-

sion. If we restrict it to values in 1+ iR, we speak of Branner-Hubbard turning.

4. Dendrites

Proposition 3 and Definition. Let X be a metrizable compact space, connected and

locally connected (thus arcwise connected).
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The following conditions are equivalent:

(i) X is homeomorphic to a compact set inR2, full with empty interior;

(ii) X is uniquely arcwise connected;

(iii) X is a projective limit of finite trees, with retractions.

If these conditions are satisfied, we say thatX is a dendrite.

Comments. The condition ‘‘K is full’’ means thatR2 −K is connected.

Condition (ii) means that, for any two distinct points a and b in X, there is a unique

topological arc [a, b]X inXwith endpoints a and b.

Condition (iii) means that there is a sequence (An) of finite topological trees, with

inclusions in : An →An+1 and continuous retractions ρn : An+1 →An, andX is homeo-

morphic to lim (An, ρn). Note that this condition implies thatX is locally connected.

Proof (i)) (ii). Let I and J be two arcs from a to b, suppose I /⊂ J and let ]c, d[I be

a connected component of I \ J . Then �= [c, d]I ∪ [c, d]J is a Jordan curve contained

in X, it bounds a disc � which is contained in W since X is full. This contradicts the

fact thatX has empty interior (cf [D/M])

(ii)) (iii): Since X is compact and locally connected, it is uniformly locally con-

nected, i.e., there is a function h : R+ →R+, continuous at 0 with h(0)= 0, such that

diam([x, y]X ≤ h(d(x, y)). If A⊂X is a closed connected subset, define a map pA :
X→A in the following way: choose a point a0 ∈A; for any point x∈X, the set

[a0, x]X ∩A is of the form [a0, y]X, then set pA(x)= y. The map pa does not depend

on the choice of a0, and it is a retraction. If pA(x) 6¼ pA(y), one has [x, y]X =
[x,pA(x)]X ∪ [pA(x), pA(y)]X ∪ [pA(y), y]X, therefore d(pA(x), pA(y))≤ h(d(x, y))

and pA is continuous.

Let fangn∈N be a dense set in X. For each n, the set An = [a0, . . . , an]X =S
i≤ n [a0, ai]X is a finite tree in X. Set pn =pAn : X→An and denote by ρn the

restriction of pn to An+1. Then x �→ (pn(x))n is a homeomorphism of X onto

lim (An, ρn).

(iii) ) (i): Suppose X= lim (An, ρn). Choose a sequence εn of positive numbers

such that
P

εn <∞. By induction, construct an imbedding ιn : An →R2 so that

ιn+1|An
= ιn and (8x∈An+1) d(ιn+1(x), ιn(ρn(x))≤ εn. Then, for any x= (xn)∈X,

the sequence (ιn(x)) converges to a point ι(x)∈R2, and the map ι defined this way is

a continuous embedding of X in R2. The space X has topological dimension 1, there-

fore ι(X) has empty interior inR2. �

Proposition 4. LetX be a dendrite.

a) Any closed connected subset Y ofX is a dendrite.

b) LetR be an equivalence relation onX. Suppose that

• the graph ofR is closed inX×X;
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• each equivalence class is connected.

ThenZ=X/R is a dendrite.

Proof. a) Write X= lim (An, ρn) and denote by Bn the image of Y in An. Then, for

each n, the set Bn is a finite topological tree, ρn induces a continuous retraction

Bn+1 →Bn and Y = lim Bn.

b) Since R is closed, Z=X/R is Hausdorff. Denote by p the projection X→Z.

Since X is compact, connected, locally connected and arcwise connected, the same

holds for Z; let us show that Z is uniquely arcwise connected. Let a and b be two

points in Z, a0 ∈p−1(a), b0 ∈p−1(b) and γ an arc from a to b. Since the fibers of p are

connected, the compact set �=p−1(γ) is connected, so � contains the unique arc

γ 0= [a0, b0]X and p(γ 0)⊂ γ. But the set p(γ 0) is connected and contains fa, bg, so
p(γ 0)= γ. Now the arc γ 0= [a0, b0]X does not depend on the choice of γ, therefore

γ=p(γ 0) is unique. �

5. Bridging Cantor sets. LetK be a Dirichlet regular compact set inC (we are think-

ing of a Cantor set), denote byG the potential. An external ray is a line inC−K orthog-

onal to the equipotentials; when oriented towards decreasing potential, we call it

a descending ray. A descending ray may tend to K or bump on a critical point of G.

A critical link is an arc of external ray joining a critical point of G to another critical

point ofG. A descending line is a piecewiseR-analytic topological arc (compact or not)

which is a union of arcs of external rays and critical links, oriented towards decreasing

potential. When continued, a descending line tends to K, it may land at a point of K or

wander in a connected component. If K is a Cantor set, any descending line lands at

a point ofK.

For z and z0 two points in C−K, we say that z0 is below z if there is a descending

line from z to z0. For a a critical point ofG inC−K, the bridge of a is the closure inC

of the set of points in C−K which are below a (including a itself); the bridge of a is

compact, connected and contains at least two points ofK.

We denote byKbridged the union ofK and the bridges of all critical points ofG.

Proposition 5. IfK is a Cantor set,Kbridged is a dendrite.

Proof. For ε> 0, let Lε be the union of G−1([0, ε]) and the bridges of critical points

of level >ε, and Xε the quotient of Lε by the equivalence relation contracting the

region enclosed by each equipotential component of level ε to a point. Then, each Xε

is topologically a finite tree, andKbridged = lim Xε is a dendrite. �

On Kbridged we consider the equivalence relation ∼ �B algebraically generated by

collapsing each bridge: x and y are equivalent if there is a finite sequence

(x0 = x, . . . , xn = y) such that xi−1 and xi are in the bridge of a common critical point

ofG for i= 1, . . . , n.

Conjectures about the Branner-Hubbard motion of Cantor sets inC 215



We define the equivalence ∼ B by its graph, which is the closure of that of ∼ �B, and
we denote byK• the quotient spaceKbridged/∼ B.

We say that there is a landing coincidence at a point x∈K if there are two descend-

ing lines from different critical points ofG, not contained in one another, both landing

at x. If there is no landing coincidence, x∼ �By means that x= y or x and y belong to

a common bridge; then the graph of ∼ �B is closed, and ∼ B coincides with ∼ �B.

Proposition 6. IfK is a Cantor set,K• is a dendrite (possibly reduced to a point).

Proof. In view of Proposition 4, (b), it suffices to prove that the classes of ∼ B are

connected. If x∼ By, one can find sequences (xn) tending to x and (yn) tending to y

such that xn ∼ �Byn. For each n, one can find a connected compact set�n (a finite union

of bridges) containing x and y, and contained in their ∼ �B class. From the sequence

(�n)n, one can extract a subsequence converging for the Hausdorff metric to a con-

nected compact set�, containing x and y and contained in their ∼ B class. �

Definition. LetK be a Dirichlet regular Cantor set in C. I say thatK is dendrogenous

if, under Branner-Hubbard compression, Kλ has a limit L when λ∈ ]0, 1] tends to 0,

andL is homeomorphic toK•.

6. Examples from quadratic Julia sets. We set fc(z)= z2 + c and Kc =K(fc).

For c∈C−M, the Branner-Hubbard compression of Kc gives (Kct )t ∈ [0, 1], where

ct is the point on the external rayRM(θ) passing through cwithGM(ct)= t ·GM(c):

For c∈R+\M= ] 1
4
,∞[, the bridge of 0 is an infinite tree whose closure contains

Kc, the setK
•
c is reduced to a point. The point ct tends to

1
4
alongR+, we are in the situ-

ation of parabolic implosion, Kct does not have a limit but a family parametrized by

T of possible limits, none of which is reduced to a point ([D/AMS], [L]). For such

a c, the Cantor setKc is not dendrogenous.

Let θ be an irrational angle such that the external ray RM(θ) lands on a point c0 on

the boundary of a hyperbolic component of M. For c∈RM(θ) the set Kct tends to

Kc0 ([D/AMS]), butKc0 either has non empty interior or is not locally connected, so

Kc is not dendrogenous. Note that, if c0 is on the main cardioid, αc is linked to −αc

by the bridge of 0; in fact α is linked by bridges to an infinity of its iterated prei-

mages, and by finite chains of bridges to all its iterated preimages. In that case, K•
c

is reduced to a point; and there are infinitely many infinite landing coincidences.

If RM(θ) accumulates on an infinitely renormalizable point c0 ∈M, the set Kc0 can

be locally connected (for instance if c0 ∈R) or not locally connected ([S]). In case

ct → c0 andKc0 is locally connected, it is a dendrite,Kct tends toKc0 , but I don’t know

ifKc0 is necessarily homeomorphic toK•
c .

The following theorem gives examples of dendrogenous Cantor Julia sets.
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Theorem 1. Let θ ∈T be an angle such that the external ray RM(θ) lands at a point

c0 ∈M such that the map fc0 is not renormalizable and has no indifferent fixed point.

Then, for any c∈RM(θ), the Cantor setKc is dendrogeneous.

Proof. By hypothesis, ct tends to c0 when t→ 0. By results of Yoccoz ([B/AMS],

[H/M], [Y]), the setK(fc0) is a dendrite (the proof involves some facts which are spe-

cific of degree 2). The map f �→K(f) is continuous at fc0 ([D/AMS]); so Kct →Kc0 .

It remains to show thatKc0 is homeomorphic toK•
c . To fix the ideas we shall introduce

the Yoccoz puzzles:

Let τ1, . . . , τq be the external arguments of the fixed point αc0
of fc0 (the one which

does not have 0 as external argument). For c close to c0, the rays Rc(τi) land at αc. Fix

a potential s. The puzzle pieces of depth r for fc with c close to c0 are the closures of the

connected components of f−r(G−1
c ([0, s[)\(fαcg∪Rc(τ1)∪ . . . ∪Rc(τq))). The result

ofYoccoz is that the puzzle pieces of various depth containing a pointx∈Kc0 forma funda-

mental system of neighbourhoods of x (if x is a preimage of α0, take for each r the union of

pieces of depth r containing x). For each r, there is a neighbourhood Vr of c0 such that, for

c∈Vr, the puzzle for fc has the same combinatorics as the puzzle of fc0 down to depth r.

Let x be a point in Kc and for t ∈ ]0, 1] let xt be its image under B-H compression.

For each level r, for t suficiently small xt is in a puzzle piece for Kc correponding to

a piece Pr ofKc0 . These pieces nest down to a point x0 ∈Kc0 and xt → x0 when t→ 0.

This way we define a continuous map ρ : Kc →Kc0
.

Given x, y, z in C, with x a critical point ofGc or a repelling periodic point of f , we

say that x separates y from z (with respect to f ) if the union of fxg and the rays des-

cending to x separates y from z.

If x and y inKc are linked by a bridge, they are not separated by preimages of αc, and it

follows that ρ(x)= ρ(y). So ρ gives amap ~ρ : K•
c → Kc0 . It is clear that this map is con-

tinuous and surjective, let us show that it is injective (thus a homeomorphism).

Lemma 1. Under the hypotheses of the Theorem, let c be a point of RM(θ) and ω0,
ω00 two critical points of Gc of different level (i.e., Gc(ω

0) 6¼ Gc(ω
00)). Then there is an

iterated preimage of αc separating ω
0 from ω00.

Proof. The points ω0 and ω00 have external arguments θ0, θ00 (with respect toKc), with

2k
0
θ0= 2k

00
θ00= θ and k0 6¼ k00. Then Rc0(θ

0) and Rc0(θ
00) land at points ω00 and ω000 such

that fk0
c0
(ω0)= fk00

c0
(ω00)= c0. The point c0 is not periodic since Kc0 has empty interior,

so ω00 6¼ ω000. By the result of Yoccoz, ω
0
0 and ω

00
0 are separated by an iterated preimage

α00 of αc0 . There is a point α
0 whose external arguments with respect to fc are the same

as those of α00 with respect to fc0 , and this point α
0 separates ω0 from ω00. �

End of the proof of Theorem 1: Let x and y be two distinct points of Kc such that

ρ(x)= ρ(y). This means that x and y are not separated by iterated preimages of αc. Let

ω be the highest critical point ofGc separating x from y. The bridge of ω lands at points

x0 and y0 in Kc, on the side of x and y respectively. Suppose x 6¼ x0. Then there is
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a highest critical point ω0 separating x from x0, and Gc(ω
0)<Gc(ω). By the lemma,

there is an iterated preimage α0 of αc separating ω from ω0, and this point α0 separates
ω and y from x. This is a contradiction, therefore x= x0. Similarly y= y0, so x and y

are linked by a bridge, they have the same image inK•
c .

This proves that the map ~ρ is injective. �

Corollary. For almost all c on an equipotential in C−M, the Cantor set Kc is

dendrogenous.

Proof. The values of θ such thatRM(θ) accumulates on a point c such that fc is renor-

malizable or has an indifferent fixed point are given by algorithms described in [D/A].

They form a set of measure 0. For the other values of θ, the ray RM(θ) lands at a point

ofM (Yoccoz), and we are in the conditions of the theorem. �

7. Two conjectures. The case of quadratic Cantor Julia sets suggests the following

conjecture:

Conjecture 1. Let K be a quasi-quadratic Cantor set, and let (Kθ) be the family

obtained from K by Branner-Hubbard turning. Then, for almost all θ, the Cantor set

Kθ is dendrogenous.

The Branner-Hubbard turning consists, for each cylinder Ci, to turn the lower

boundary with its marked points by an angle−b · hi, where hi is the height ofCi.

More generally, we can turn the lower boundary ofCi by an angle−σi, these angles

being chosen independently. We remain in the quasi-quadratic case. This way we

obtain a family (Kσ) with σ= (σi) ranging in TI , where I=Crit(GK) is the set of

nodes of the quotient tree.

The space TI carries a natural uniformly spread measure, so we can formulate:

Conjecture 2. In this situation, the Cantor setKσ is dendrogenous for almost all σ ∈TI .

8. The semi-hyperbolic case. A point c∈ ∂M is called semi-hyperbolic if fc has no

parabolic cycle and the critical point 0 is not recurrent under fc (note that, for c∈ ∂M,

attracting cycles are excluded). A dendriteK∈C is called a John dendrite if

(9λ> 0)(8θ ∈ T)(8z∈RK(θ)) d(z;K)≤ λ|z− γK(θ)|:
Here RK(θ) denotes the external ray of K of argument θ and γK(θ) its landing point.

L. Carleson, P. Jones and J.-C. Yoccoz have proved ([CJY]) that, for c∈ ∂M, the filled

Julia setKc is a John dendrite if and only if c is semi-hyperbolic.

Theorem 2. For θ ∈T, the following conditions are equivalent:

(1) θ is non-recurrent under doubling;

(2) RM(θ) lands at a semi-hyperbolic point c0 ∈ ∂M;
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(3) For c∈RM(θ), the Cantor setK=Kc has no critical link and satisfies the follow-

ing properties:

(3:1) There is an α> 0 such that 8i the arguments in Ci of two rays descending

from higher critical points ofGK differ by at least α;

(3:2) There is a µ∈N such that two rays descending from critical points of GK

cross together at mostµ consecutive cylinders.

Lemma 2. Let c0 ∈ ∂M be an accumulation point of an external rayRM(θ).

a) If c0 is of the form c0 ? c00 (c0 tuned by c00), where fc0 has a superattracting cycle of
order k and c00 does not admit a dyadic argument, then (9n> 1) |2nθ− θ| ≤ 2−k.

b) If c0 is infinitely renormalizable, then θ is recurrent under doubling.

c) If fc0 has an indifferent cycle, then θ is recurrent under doubling.

Proof. a) We use the tuning algorithm for external arguments ([D/A]): Let θ0 and θ00

be the root arguments of c0, and t the (by hypothesis non dyadic) argument of a ray

accumulating on c00 corresponding to θ, then, knowing the expansions in base 2

θ0= · u1 . . . uk θ00= · v1 . . . vk t= · s1s2 . . . sn . . . , we get for θ:
θ= ·w1,1 . . .w1,kw2, 1 . . .w2,k . . .wn,1 . . .wn,k . . .

wherewn, i = ui, if sn = 0 and vi, if sn = 1. Take n> 1 such that sn = s1 (this is possible

because in particular c00 6¼ −2), then θ and 2knθ have the same k first digits.

b) It is an immediate consequence of (a), as c0 can be written as c
0 ? c00 in infinitely

many ways, with c00 not having a dyadic external argument inM.

c) If fc0 has an indifferent fixed point with multiplier e2πis, then θ is given by the stair-

case algorithm ([D/A], [BS]). It follows that any initial sequence of digits is repeated

somewhere. Thus θ is recurrent under doubling. If fc0 has an indifferent cycle of order

k> 1, then the point c0 is of the form c0 ? c00, where fc0 has a superattracting cycle of

order k and fc00 has an indifferent fixed point. Then θ is given by the tuning algorithm.

With the notations of (a), in the expansion of t any initial sequence of digits is repeated,

so in the expansion of θ any initial sequence of length nk is repeated somewhere. �

Proof of Theorem 2. a) (1)=⇒ (2): Suppose θ is non recurrent under doubling and

let c0 be an accumulation point ofRM(θ). By Lemma 2, fc0 is not infinitely renorma-

lizable and has no indifferent cycle. Then by Yoccoz ([H/M]),M is locally connected

at c0, the rayRM(θ) does land at c0, andKc0
is a dendrite. Let us show that 0, or equiv-

alently c0, is not recurrent under fc0 . If c0 has only θ as external argument inKc0 , then

fn
c0
(c0) cannot approach c0.

Suppose that c0 has two external arguments, θ and another one θ0, in K=Kc0
.

A priori, it might happen that θ is not recurrent, but θ0 ∈ω(θ) (ω limit set under doubling),

making c0 recurrent. Let us show that this is impossible. Let τ= p

2k
∈ ]0, 1[ be the lead-

ing dyadic number (i.e., with kminimal) between θ and θ0. Let z0 be the landing point of
Rc0(τ), set zn = fn

c0
(z0) (so that zk = β, the landing point ofRc0(0)) and zk−1 =−β, the

landing point of Rc0(1/2), and let A= [z0, . . . , zk]K be the connected envelope of
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fz0, . . . , zkg in K. Then A is a finite tree, 0∈A, because 0∈ [−β, β]K and c0 ∈A

because the rayRc0(τ) landing at z0 is separated from zk byRc0(θ)∪Rc0(θ
0)∪ fc0g. It

follows that fc0(A)⊆A and hence the orbit of 0 is in fc0(A)⊂A, since

fc0(f0, z0, . . . , zkg)= fc0, z1, . . . , zkg. For each n, the rays Rc0
(2nθ) and Rc0

(2nθ0)
land at the same point xn = fn+1

c0
(0). Moreover they are on opposite sides of the branch

of A passing through xn, because they have different arguments (they could only have

the same argument at some time n, if they previously passed through the critical point 0,

which would make 0 periodic). Therefore, if 2nj θ tends to θ0, then xnj tends to c0 and

2nj θ0 tends to θ, so θ ∈ω(θ0) and finally θ ∈ω(θ), countrary to the hypothesis.

If c0 has at least three external arguments θ1, θ2, θ3 with 0<θ1 <θ2 <θ3 < 1, we

can consider the leading dyadic numbers τ1 in ]θ1, θ2[ and τ2 in ]θ2, θ3[, the landing

points z1 ofRc0(τ1) and z2 ofRc0(τ2), and the connected envelope A of the union of

the orbits of z1 and z2. Then as aboveA is a finite tree, 0, c0 ∈A, fc0(A)⊂A, the point

c0 is a branching point of A, and so is fn
c0
(c0) for each n. As the number of branch

points is finite the orbit of c0 is finite and c0 is a Misiurewicz point.

b) (2)=⇒ (1): If c0 is semi-hyperbolic, Kc0 is locally connected ([CJY]). Then the

Caratheodory loop γ : T→Kc0
is continuous. If θ were recurrent under doubling,

then c0 were recurrent under fc0 .

c) (1)=⇒ (3:1): Note first that critical links occur only for θ periodic under doubling,
i.e., rational with odd denominator. Suppose θ is non recurrent under doubling and set

α= d(θ, ω(θ)). Let C be a cylinder with G(∂−C)= G(0)

2k
, and let R0 and R00 be two

consecutive descending rays in C, coming from precritical points x0 and x00 with
fk0
c (x

0)= fk00
c (x00)= c. We have k0 6¼ k00, because an equipotential component contains

at most one critical point ofG. Suppose k00<k0. LetC0,C
0 andC00 be the cylinders hav-

ing c, x0 and x00 in their upper boundary. InC0, the rays f
k0
c (R0) and fk0

c (R00) have argu-
ment θ and ~θ= 2k

0−k00θ respectively, these arguments differ by at leats α. The map fk0
c

induces an isomorphism C0→C0 preserving argument differences, so in C0 the raysR0
and R00 have arguments which differ by at least α. The strip between R0 and R00 goes
down toCwithout hitting a precritical point, becauseR0 andR00 are consecutive. So the
metric width of this strip remains the same, and its argument width is multiplied by

2k−k0 . We have seen that the difference of arguments between two descending rays is at

least α along an arc on which they are consecutive. Naturally this holds also without this

consecutiveness hypothesis.

d) (2)=⇒ (3:2): SupposeRM(θ) lands at c0 ∈ ∂M semi-hyperbolic. By (2)=⇒ (1)

and Lemma 2, fc0 is only finitely renormalizable and has no indifferent cycle. By

[H/M], the pieces of Yoccoz puzzles containing c0 form a fundamental system of

neighbourhoods of cO. So, in Kc0 there is a finite number of repelling preperiodic

points zi(c0)which, together with the external raysRc0(ti, j) landing on them, separate

c0 andRc0(θ) from fn
c0
(c0) andRc0(2

nθ) for n> 0. For each n> 0, if c is close enough

to c0, the corresponding preperiodic points zi(c) together with the rays Rc(ti, j)

separates Rc(θ) from Rc(2
nθ). Actually this holds for any c∈RM(θ), since the
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combinatorics of external rays does not change when cmoves on an external ray ofM.

Fix c∈RM(θ), let si be the separation potential between c and zi(c), choose

s< min(si) a non critical level, let E be the equipotential component of level s ofKc,

which intersectsRc(θ) and C1 the cylinder which contains E. Then no ray of the form

Rc(2
nθ) with n> 0 crosses C1. There is a µ∈N such that fµ

c (C1)=C0 (the cylinder

with c on its upper boundary). LetR ansR0 be two distinct rays descending from pre-

critical points x and x0 with fk(x)= fk0(x0)= 0, k0≤ k. Let C be the cylinder with x on

its upper boundary, so thatR crosses C. Then fk+1
c (C)=C0, and f

k+1
c induces an iso-

morphism of C together with everything below to C0 together with everything below.

Suppose that R0 also crosses C, which implies x0 6¼ x and k0<k. In C0,

fk+1
c (R)=Rc(θ) and fk+1

c (R0)=Rc(2
k−k0θ), since they are rays descending from c

and fk−k0
c (c) respectively. These two rays can be continued downwards without hitting

a critical point. (there is no critical link, so no ray descending from a postcritical point of

fc can hit a precritical point). IfR andR0 stay in the same cylinderµ0 times, then so do

Rc(θ) andRc(2
k−k0θ). Therefore µ0≤µ, sinceR(θ) crosses C1 andR(2k−k0θ) cannot

enter it.

e) (No critical link) and (3:2)=⇒ (1): The angle θ is not periodic under doubling

(i.e., not rational with odd denominator) because there is no critical link. Suppose,

by contradiction, that θ is recurrent under doubling and choose θ0 with 2θ0= θ, so that

Rc(θ
0) bumps on the critical point 0. For any k, there is an n such that 2nθ= θ+ ε is

so close to θ that there is no t with 2lt= θ, l≤ k, between θ and 2nθ. Set

θ00= θ0− ε
2n+1. Then 2n+1θ00= 2nθ− ε= θ, so Rc(θ

00) bumps on a precritical point ω0

with fn
c (ω

0)= 0.

Suppose that a rayRc(t
0) with t0 (strictly) between θ0 and θ00 bumps on a precritical

point w with fm
c (w)= 0. Then t= 2nt0 lies between θ and 2nθ. We cannot have m≤ n

because 2m+1t0= θ and we would have t= 2n−mθ. Neither can we have n≤m≤ n+K

because 2lt= θ with l= n−m. Som>n+ k.

Therefore the raysRc(t
0)with t0 between θ0 and θ00 span an open strip which crosses

n+ k+ 1 consecutive cylinders without hitting a critical point of the potential (i.e.,

a precritical point of fc). Below the level of ω0, this strip is bounded by a ray descend-
ing from ω0, and by another ray descending from 0, and these rays stay together across

k consecutive cylinders.

As k is arbitrary, this contradicts (3.2). �

Remarks. 1) We have proved more than stated: the statement says f(3:1) and

(3:2)g=⇒ (1), and we have proved (3:2)=⇒ (1). But we have in view the conjecture

below. In the quadratic case, the conditions (3:1) and (3:2) are more or less equiva-

lent; it is not clear that the same holds for general quasi-quadratic Cantor sets, and we

shall be happy if we prove this conjecture as stated.

2) We use Lemma 2 (c) only to get local connectivity, which is convenient in the proof

of (1)=⇒ (2). Then we just want to exclude parabolic cycles, which is much easier. It

might be possible to improve this proof by avoiding this contortion.
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Conjecture 3. If a quasi-quadratic Cantor set satisfies (3:1) and (3:2), it is dendro-
genous, and under Branner-Hubbard compression it tends to a John dendrite.

Note that none of the above conjectures implies obviously any other.
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